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Non-lcncar behavmr of an aniiymmerrlc oitholrop~ circular plate at elsvated temperature lor both clamped 
movable and immovable cdges has been studled. using generalmed dyrlamical field equatrons (in the von  arma an 
vnsl docwed in terms nfdi~placement componenLF. Relawe time-periods for linear and "on-linearribrations are 
uen lo depend an relatwe .mplitudes and lhcrmal loading parameter Cr~tieal buckling temperatures for both the 
boundary eonditinna have hccn obtained in the Iinnling case and corresponding results for isutrop~c plates haw 
*an comnaicd with known results. 

1. Introduction 

With the increased use of #Prong and light-weight structures. especially In aerospace engi- 
neering, and in the vibrations of machine parts, many problems of non-linear vibrations 
arise where complementary stresses in the  middle plane of the plate must be taken into 
account for deriving the governing field equations of the plate. 

Extensrve studies on  the large amplitude (non-linear) vibrations of elasticcircular plates 
have been made by Rerger's method as well as by von Karman's method '-'. Berger's method 
hassome advantages over von Karman's method since it leads t o  decoupled equations. 
However. Nowinski and Ohanabes  and pra thap9 have pointed out certain inaccuracies in 
Bergerk equations and in view of this von P a r m a n 3  method should be resorted t o  tmul3ornc 
ahnative theory is set forth. 

In the present investigation. non-linear behaviourof an  axisymmerricorthotro~iccircular 
Plate at  elevated temperature for both clamped movable and immovable boundary condi- 
tions has been studied. using generaked dynamical field equations (in the von Karman 
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sense) derived in terms of displacement components. Relative time-periods for linearand 
non-linearvibrati~ns areseen to depend on relativeamplitudesand thermal loadingparame. 
ter. Critical buckling temperatures have been deduced in the limiting case and compared 
with known results for the isotropic plates. 

2. Governing equations 

Considering equilibrium equations of the non-linear theory for the case of an axisym~nct~e 
orthotropic circular plate subject to  thermal stresses and with notations as in N~winski",~h 
basic governing equations for the dynamical analysis in terms of displacement componenb 
can be expressed in  the forms 

= q - I / r  d / d r  ( r  dw/dr N,) + (811 - 6 2 2 )  N T +  811 rdMr/dr  (21 

3. Free vibrations 

For free \ihrations q = 0: however, it is not exactly true that M r  = 0: it is an assumption 
based on the neglect of temperature variation in depth due to compression even though 
Jones er a!" assume Mr = 0. For free thermal vibrations, the'temperature Aeld should 
taken to depend on the radial co-ordinate r as considered by buck en^'^. Accordingly. M r  
disappears from equation (2) and only N r  survives in equation ( I ) .  

4. Method of solution 

The deflection w(r,t) is expressed in the separable form 
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A is the maximum deflection at the centre of the plate and the constants A and A a 

be determined from the boundary conditions. 

where C,, C2 and C3 are known Constants and Co is a constant of integration to be 
determined from in-plane boundary conditions for movable and immovable edges,t ( r )  is 
the particular integral for the thermal loading terms on the right-hand side of equation (1) 
and k' = C22/ CII .  

Assuming the temperature distribution B (r.2) to depend on the radial co-ordinate in the 
form1' given by 

one gets the expressions for N T  and accordingly $ ( r )  is determined. 

We now substitute the expression for w (r.t)given by equation(3.l)as wellas the required 
expression for N,, given by 

into equation (2) and applying Galerkin procedure one arrives, after a lengthy but simple 
calculation, the following time-differential equation in the form 

~ ( P ~ x - B I I )  Tg I A A CIZ 6(P22-2P11) 
Cll 

x (- + -5 + P)(I+--)- 
I - k 2  2 4 6 C I S  CII (4 - k2)  
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5. Determination of the constant of integration C ,  

For clamped immovable edges of the plate we have u = 0 a t  r = a and for movable edgesofa 
plate we have N ,  = 0 at r = a. Required expressions for the constant Co for the twocasesa~ 
obtained by inserting the above boundary conditions in equations (4)  and (5) .  With these 
values of Co inserted into equation (6) one gets, finally, the tirnc-differential equation in the 
form 

6. Boundary conditions-clamped plate 

For a plate clamped along the boundary 
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and 
equation (3.1) one gets A2 = -2 and A ,  = 1. 

values of A2 and A I  for simply-supported edges can be determined by 
considering the conditions 

,, = 0 = M ,  (moment) at  r = a 

7. Solution of time-differential equation 

lhe solution of equation (7) with initial conditions 

has been given hy Nash and Modeer l 3  with the help of Jacobian elliptic functions and hence 
the ratio of the non-linear and h e a r  time-periods T* i T is given by 

8. Numerical results and discussion 

For both movable and immovable cdges of the circular plate variations of non-dimensional 
time-periods T*l T for different variations of non-dimensional amplitudes A l h  and 
non-dimensional temperature A'? = - P I I  TO/ CLI have been computed and presented in 
Tables I and 11 considering the set of values. 

From the tables, it is observed that for both the edge conditions the effect of N*ris to 
diminish the non-dimensional time-periods. The effect of temperature on non-dimensional 
time-periods is more for plates with immovable edges than for plates with movableedges for 
the corresponding variations of non-dimensional amplitudes. As it should be, the non-linear 
behaviour of the plates due to elevated temperatureobtained here, issimilar in natureas that 
of the plates subjxted to in-plane compressive forcesi4. 

Table I 
Circular plate with movable edge 

Aih 0 0 4 0.8 1.2 1.6 2.0 

T'l T(N*,=  0) I .99?50 97099 ,938052 .897102 ,8515666 
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Table 11 
Circular plate with irnmovahle edge 

- 
A Ih 0 0.4 0.8 1.2 1.6 2.0 

- 

T-1 T ( N * , = O )  I ,97433 ,90778 -82189 .73442 65451 - - 
T*,' TiN*, = .OW) I ,96356 .87429 ,76842 .6692 .58455 -- 
T a / T i N * ~ = . O I )  I .93718 30214 ,66713 ,55757 .4733? 

- - - 
9. Buckling criterion and critical buckling temperatures 

Considering the foregoing set of values of elastic constants and required expressions for 
and 8 one gets 

0 / a (for movable edges) = l2(A / h )  ' (.000624) / (-079 --N*, ) (101 

a (for immovable edges) = 12(A / h12 (.0004522) 1 (.01626 - fi ) (11) 

Tables I and I1 have been constructed for the pre-buckling state by consideringvaluesoffl 
sufficiently near to ,079 and ,01626 for movable and immovable edges respect~vely. 

Buckling occurs when 

@ = .079 (movable edges) 

@ = .01626 (immovable edges) 

which give the critical buckling temperature for the above two cases. 

10. Results for simply-supported plates 

Results lor the non-linear dynamic analysis of simply-supported orthotropic circular plates 
at elevated temperature can be obtained by considering the values of A and A 4 given Mow 

where vi  is the Poisson's ratio in the 4 direction. 

T h e  analysis of the preceding section may be followed by using the same equations and 
expressions where the values of A2 and A ,  should be considered from equation (14). 
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n i s  pper has been condensed as suggested by the Editor. As a result many equations and expressions have been 
omie~d. lntcrcsted readers may write to  the authors for additional information. 


