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On some transcendental equations of astrophysical interest 
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In thk paper, we report rapid numerical methods for computing the roots of certain commonly occurring 
lnluandental equations of astrophysical interest. W c  have tabulated the roots at different values ofthe variable 
and ukulated approximate values of H-functions with the roots of one olthe transcendentaleqvationa considered 
hex. 
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1. Introduction 

We often come across certain types of transcendental equations in problems concerning 
radiative transfer and neutron diffusion. For example, Chandrasekhar's H-function, which 
is a very important function in radiative transfer problems, has poles at * I / k where k is the 
root of a transcendental equation. The form of this transcendental equation again differs 
with the different types of phase functions and scatterings. The roots of such transcendental 
equations are thus frequently required in the numerical calculations of H-functions and 
absorption line profiles. In this paper, we report rapid numerical methods for computing the 
roots of some commonly occurring transcendental equations. 

2. Transcendental equations and their solutions 

The equations discussed in this paper are 

This equation, which occurs in neutron diffusion problems I, may be rearranged to a more 
convenient form by putting w = 1 / 20, k = I /& viz. 



Another equation of common occurrence in the problems of isotropic scattering of ra&ia. 
tion2 is of the type 

Yet another equation is 

For a given value of w, equations (21, (3)  and (4)  may be written as f ( k )  = 0. In principle, 
the roots may becalculated to any desired degree of accuracy by Newton Raphson's method. 
This, however. turns out to be extremely laborious unless a good first approximation to kis 
used. This has been achieved by developingapproximate formulae for the roots asafunction 
of w.  These approximate formulae were obtained by appropriate rearrangement of transcen- 
dental equation followed by power series expansionand neglecting higher order terms in the 
expansion. This may be demonstrated by the approximate root for equation (2). 

The equation may be written as 

I 1 
tan (-) = - 

wk k  

U+tg the trigonometric identity 

3 tanx- tan3 x 
tan 3 x  = 

1 - 3  t an2x  
(5a) 

with x =  113 wk, together with power series expansion for tan x in terms of xand neglecting 
terms of the order xS and higher (for a large range of w ,  3  wk > 1 i.e., x < 1 ) we obtain 

Putting 2 = I/xz, equation (6) transforms to a quadratic eqn. viz., 

5 ( w - 1 ) Z 2 - 1 5 w ~ - ( 1 o w - l )  = 0  

lh is  gives 
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+ 0.0005 
This equation gives k correct within - 0.0010 of the actual value in the range w = 1 to w = 5. 
using this as the first approximation to k in the Newton Raphson's method, roots correct to 
7 digits may be obtained only in 2-3 iterations. 

Using similar expansions and approximations, the following expressions for approximate 
roots of equations (3) and (4) have also been obtained. 

For equation (3) 

where 

x =)(I /0) / [ (1  - W )  (3.4 + 7.2 w + 1.44 ~ ~ ) l ' ~ ~  (9a) 

For equation (4) 

Using the values given by equations (9-10) as the first approximations, the rootsat any value 
of w may be obtained to 7-8 digit accuracy with only 3-4 iterations. The values of roots k as 
function of w for equations (Z), (3) and (4) are given in Tables 1-111. Roots at any interme- 
diate w-values may be obtained by interpolation or, more accurately, by direct application of 
Newton's method using the values given by the approximate formulae. In most cases, asingle 
iteration gives values of sufficient accuracy. 

3. Calculation of H-function approximately 

Karanjai and sen3 have developed some approximate forms for the H-function for isotropic 
scattering. Using one of their forms viz. 

H (w,p) -- I + a p  + bp2 + cp' 

which satisfies the relation 

alongwith two other relationst vide eqns. (2.2) and (2.3) of ref. (3)]. In this equation, kisthe 
'Oat of eqn. (3) .  Using the tabulated values of w and k (Table II), approximate values 
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Table I 

Table I1 

of H f W.P) may becalculated fromeqn. (2.8) of ref. 3. Comparison of the calculated valuemf 
H ( w . f i )  by this method with the exact values given by chandrasekharZ shows good 
aEmmntt. H-functions for values of w not given in ref. 1 are given in Table IV. ThesevalueJ 
are correct almost to four places of 4ecimal. 
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Table in 

, ,  k w k w k 
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Appendix I 

Consider equation ( 3 )  viz. 

Expanding in power series, the above equatiop becomes 
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Table IV 

0.225 0.275 0.325 0.375 0.425 

where x = k' 

Rearrangement of equation (3) to the form 



ON SOME TRANSCENDENTAL EQUATIONS 101 

Expanding in terms of a power series in y about y = 0 (where x = k2 = 0) we have 

x = sly + au2 + aY3 + ..... 
while the co-efficients may be related to the derivatives, i.e.. 

1 d"x an=- -  - 
n! dy" 

In view of the Taylor's theorem, it is more advantageous to evaluate the values of the 
co-efficients for approximation to x by using a limited number of terms, e.g., three to four. 

Let us now consider a four-tern expansion for x, e.g., 

Substituting x from equation (16) in equation (13) we have 

fwy<< 1, all tenns of order higher than y Z  may be neglected in equation(l7) and equating 
the ca-efficients of each power of y on both sides, we have a  g = 3; a2 = -2.4 

At Y = 1, x reaches the maximum value of 1, which gives 
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wherefrom we get a3 = 0.2; a4 = 0.6 

Equation (16) then becomes 

= 3~ - 2.4y2 - 0 .2~ '  + 0 . 6 ~ ~  

= ( I - w ) ( I + w +  1.6w2-0.6w3) 

Hence k = [ ( 1 - w ) ( 1 + ~ + 1 . 6 w ~ - 0 . 6 ~ ~ ) ] ~ ~ ~  

Use of the expression (14) gives k correct within * 0.0008 in the entire range and may now be 
easily corrected to 8 digits within 2-3 iterations using Newton Raphson's method. 

Appendix I1 

Let us consider the equation 

which may be rearranged as 

Power series expansion followed by slight rearrangement gives 

In the range wk 4 1, one may neglect higher order terms, so that 

which gives the positive root as 
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F ~ C  w <  1.5, this gives good first approximation t o  k. In order to correct this expression for 
higher values of w, additional terms in equation (22) were u ~ e d  with empirical co-efficients to 
give k correct to 3 digits at  w --- 5. With this the final expression for k becomes 


