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The idea of a 'separated' fourth-order differential expression has been mtroduced. It has been proved that if a 
fourth-order symmrtrlc differentlal expression is separated then ~t satisfies the Dirichlet property and hence lt'is in 
the strong limit-2 case at inlinity. The above results have been generalized to symmetric even-order differential 
esprcsams. 

Key words: Strong limit-? case at infinity, Dir~chlet property, separation 

I. We consider the fourth-order differential expression 

L [ f ]  -- (rf"')''' - (Pf ' l ' ) i i '  + qf on  [0, m), 

where the real-valued coefficients r , p  and  q satisfy the following: 

(i) q is locally Lebesgue integrable on 10, m), 

(ii) r"' and p are locally absolutely continuous on [O,m) and 
(iii) r (x) and p ( x )  are positive for all x e 10,-). (1.2) 

The linear manifold A C L' ( 0 , m )  may be defined as,ftA if(i) f~ ~ ' ( 0 , - ) ( $  f ' 31  is locally 
absolutely continuous o n  [O,m) and (iii) L[.fl e L* (0,m). (1.3) 

We define the linear monifoldAr C A C L"0,m) as/c AL, iffsatisfies (i) -(iii) of(1.3) 
and in addition (iv) f(0) =f"' (0) = f (" (0) = 0 (1.4) 

Then both A and A r  are dense in L~ (O,m) [d l  

The operator I. [.] is said to  satisfy the Dirichler properly if 
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for all f ,g c A. 

From $3[I], if (1.9) holds for real-valued functions, then it is also true forcomplex-valued 
functions. Hence. though A and A ~ a r e  defined for complex-valued functions it is sufficientif 
we consider our results for real-valued functions only. 

Some properties of functions, square integrable on  [O.ca) are enlisted in the following 
lemmata. 

Lemma I. Iff  e L2 (0,m) or f e L (O,m), and f "' absolutely continuous on any compact 
subinterval of LO,") thenf (x),.f"' (x) ,  f 12' (x)  tend to 0 as X- m. 

Proof: If lim f ( x )  = q # 0, then I f ( x )  - 7 I < c for x > X 
i .e. ,  9 X>m<f(x) < q + c for x > X. 

which is contradictory to the above result. 

Hence y_m, f ( x )  = 0 .  A similar proof holds iff e L(0,m). 

Lemma 2. Iff e L2 (0.m). andf: f I', f are continuous on [O,m), then for large ~ , f ( x ) f ~ "  
( 1 )  < 0 andf"' ( x )  f'" ( x )  < 0. 
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proof: ~ f f " '  (x) > 0, thenf andf "I are of the samesign,sayf(x)>oand f w(x)>O; then 
A,) > 0 a n d f  is increasing. 

~ " t  f t  L 2  (O,m)=> $a f ( x )  = 0 by lemma I. This leads to a contradiction. 

a similar argument. we can prove that ,fU) (x)f ''1 ( x )  < 0 for large x, 

Lemma 3. For any.f e A L  and 9 satisfying (1.2) if qf c L' (O,m), then / q ( 112 f e ~ ' ( 0 , m ) .  

rhe poof is exactly similar to that of lemma I ,  $ 3[2] and hence is omitted here. 

In this paper we prove the following theorem 

Theorem. I f '  L [.] is separated in 2 (0, w ) ,  then L [.] sot~sfies rhe Dirichlet property and 
hence L [.] is in the srrong limit-2 case at infinity. 

proof: We assume that LC.] is separated i.e., LC.] satisfies (1.6). 

Since P L  is dense in A, it is sufficient if we prove the theorem forf c AL.  So we considerany 
f  e AL. 

From (1.6) we knowthat qfc L2(0,m).  Hencefromlemma3, we have 1 q 1 "'fe L2(0,m) V 
fsAr.  (1.11) 

X I Y 

~ o w [ ~ f " '  g ' l ' d . ~  = p ( X )  f ( X )  g'" ( X )  +l f[-(pg'")"' + qg] d x  -{qfgdx (1.12) 

for all f, g c AL as f(0) =g" '  (0) = 0. 

In particular for f = g 

Since, by the definition of separation, (pf (")"'and q f are in ~ ' (0 ,m)fora l l  fc h ~ a n d  by 
lemma 3, 1 q I I" f e L Z  (O,m), each of the integrals on the right hand side of (1.13) tends to  a 
finite limit as  X -=. Sincep(x)> 0 by (1.2) (iii), the left-hand side of (1.13)is positive and 
tend to + m if and only if (pffil') ( X )  - + m as X -  =. But this is not possible, a s p ( x )  > 0 
and f r L' ( 0 , ~ )  implies fand  f ''I cannot have the same sign. ~ e n c e p f i " ' ( ~ ) -  afinite limit 
as X -  m. So f ( I J  6 L' ( 0 , ~ )  for all f e AL. (1.14) 

In fact, it can be shown that this limit of (1.15) is zero [with the help of a lemma analogous 
to a lemma in 6 2 131 1. 
Hence 

l i m p ( x )  f ( ~ ) ~ ' "  (X) = 0 for all f , g  c AL 

Now 
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As L[.] is separated, (rf'2')'2' E .L2 (0,m) and f e L~ (0.m) and so 

4 .f (rfi2') '" < m as X - m. 

By (1.2) (iii), r ( x )  > 0 and hence 

Now r('",f"' ( X )  - (rf"2')"1,f( X)  - +m would mean at least one of the terms willtendto 
+=a. We shall show that this leads to a contradication. 

Suppose - (rf "')"' /(x) - + LC., ( r f " ' ) ' " . f ( ~ )  - - as X -  w. Then f(X) and 
(rf121)'1' ( X )  must be of different sign i.e., if,f(X)>O, then (rf '")"'(X)<O. By lemmal,fc 
L2 (0.00) imp lie^ f (X)- 0 as X - m. Hence it must bethat (rf "')"' ( X )  --mas X-m.But 
this implies rf "' ( X )  - - m as X - -. Again, as r ( x )  > 0, f 12' ( X )  must be < 0 which, by 
lemma 2, is impossible, sincef(X) > 0. The case f ( X )  < 0 may be similarly discussed. 

1f rf ''I f "' ( X) - + *, r (  X)  being positive, it follows that f 'I), f "' are of the same sign. But 
by lemma 2 this is not possible. Hence rf "'f ''I ( X )  $. m as X - + -. 

Therefore, not only rf"' f f 2 '  ( X )  - (rf l")" ' f(  X )  - a finite limit as X- m, but both 
rfU'f'" ( X )  and (rfi2')"'f( X) must tend to finite limits as X- w. It thenfollowsfrom(l.l7) 

In fact, we shall show that !;hWrfil' f"' ( X )  = $Fm(rf12')'1' f ( ~ )  = 0. (1.19) 

If possible, suppose lii X)=+-. Then lim rf'" (X)=+mi.e., given M>O, there 
x-= ' 

exists X>O, such that r ( x )  f"' ( x ) > M f o r  x>X.  So, for x>X, (note that r(x)>O 
r 

F'xa[~,-)) , /f '~ '  (XI >/ M/r( t )  d t  
Y 

This implies that 

f ' l '  ( X )  - + m as X - a ,  which is contradictory to lemma 1 

A similar contradiction can be obtained forthecase lim (rf  '2i)"'(X) =-m. ~ence,(rf'~')"' 
( X )  tends to afinite limit as X -  + =. As f e L' (0,m)dj;: therefore follows that Ijm (rf"')'" 
( x ) f  ( X )  = 0. 

Now suppose, 9 ~ -  rf12' f "' (X) = finite = C (say) and C # 0. 

Then I rf"'fi2' ( x )  1 > CI > 0 for large X. 
Y 

This implies,for X >  X O ~  rfi2j2 dx> CI [logfil '  (Xa)-log f ' l ' (X)] -+-asX-f  m , b ~  
> b  'i 

lemma 1. On the other band, by (1.18), Iii- rfr2~'  < m. 
4 

This is a contradiction and hence I& rfI2' f "' (X)  = (?land (1.19) follows. In panicular 

!&- (6"' g"' ( X )  -(rf12')'l' g(X) ) = 0 for a1lf.g r A r .  (1.20) 
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(1.1 1). (1.14). (1.16). (1.18)- and (1.19), it may be see that L [.] satisfies the 
~ i ~ i ~ h l e t  conditions and is in the Strong limit-2 case at  infinity. 

2. The above theorem can be generalized to the case of linear ordinary differential 
expression M [ . I  of order 2 n  ( n =  1.2,3.), given by, M[ f'] = (-1)" (p , f  + qf' on 
[O,@J)* (2.1) 

where the coefficientsp and q are real valued on [O,m) and satisfy the following 

(i) is continuous on  [O.m) and p ( x )  > 0 ( 0  5 x < m) 
(ii) q is locally Lebesgue integrable on  [O,m) 

ID fact, it can be shown that if Mr.] is separated in L' (O,m), thenp'"f1"' and 

1 ~ 1 ' ' ~  f e L2 (0.w) and M [ . ]  is in the strong limit - n case at infinity. 

Proof is similar to that of the theorem in Q I 
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