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Let (2,973 be a uniform space and rr be an outer measure an the power ~t oftheset x satisfyingeenainaxioms. We 
introduced the definitions of p-separated setsand density ofsets withrespect to the rncasump. We haveshown that 
almost all the results on p-separated sets and density of sets in R" or metric space or topological group can be 
extended in uniform space. 
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1. lnboduction 

In this paper, we have extended the notions of p-separated sets and derpity of a set with 
respect to an outer measure p defined on the power set of the set Xin the uniform space (X,%). 
Lahiri ' extended these notions to_topological groups for an invariant measure. These notions 
have been extended to metricspace2, to measure space3 and to Romanovski space4~'. In these 
cases, extensive use has been made of Vitali type Theorem6 and of regularity condition in 
some cases. In ous case, we have assumed that p is o-finite and it satisfies outer regularity 
axiom (see 2.7) and Vitali axiom (see 2.6). In section 5, we have constructed an outer measure 
on a metric space satisfying the axioms (iii), (iv) and (v) of 2.8. 

2. Preliminary definitions and assumptions 

k t  ( X,'&) be a uniform spaceand let p bean outer measure on the power set of the set X. We 
denote by u a fixed collection of symmetric members of% which are open in the product 
space X X X such that v forms a b+se for the uniformity '&. 

2.1 Definition: Let A heasubset of X. If A X A C  Vforsome Vinu, wesaythatdiameter 
of A is less than Vand write 6 ( A )  < V. 

2.2. Definition: Let ( A " :  n t  D, t] be a net of subsets of X. If for every Vin v ,  there isan 
element no in D such that 6 ( A . )  < Vfor all n in D with n2no,  we say that diameters of A. 
tend to zero and 6 ( A " )  - 0. 
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2.3. Definition: A net ( En: n e D, 2 1 of subsets of Xissaid to convergeto thepoint tc~ifb  
e n ( E n : n r D ] a n d 6 ( E n ) - 0 .  

2.4. Definition: For V e u and x c X, let 

S ( x , V )  = ( , v : y e ~ a n d ( x . y )  t V) 

S ( x  V) = (y:ye X and (x, y )  e V) 

S (x,  V) and 2 ( x  V) are called open and closed bays respectively withxas centre and radius 
V_ We also write V[x] and V[x] for S ( x ,  V) and S (x, V) respectively. It maybe noted that 
u x ]  need not be the closure of V [x]. 

2.5. Definition: Let E be a subset of X a n d 9  be a family of closed balls in X. Wesaythat 
the family P covers the set Ein  the sense of Vitali if for every point xe  Ethere is a net of closed 
balls in 9 converging to x. 

2.6. Vitali axiom: If a family 9 of closed balls in X is a Vitali converging of a set EC Xwith a E  
< f m, then for every positive number c, there exists a countable family of painvise disjoint 
closed balls ( F j )  in 9 such that 

I i  pF,  < p E  + t and & ( E l  UiFj )  = 0. 

2.7. Outer regularity axiom: For every set E C  Xand  for every e>O, there existsanopen 
set G >  E s u c h t h a t p  G 5 p  E + e .  

2.8. Conventions and assumptions: 

(i) Sets under consideration are subsets of X unless otherwise stated. 

(ii) 2 means the complement of the set A in X. 

(iii) Outer measure p is a-finite and satisfies Vitali axiom and outer regularity axiom. 

(iv) Every open set in X i s  p-measurable. 

(v) For every x in X there is a member V in v such that p [x] < + w. 

From Vitali axiom the following result may be deduced which we call Vitali Theorem. 

2.9. Virali Theorem : Let E be a subset of X with p E<+w and let @be a family of closed 
balls in X which covers the set Ein thesense of Vitali. Then forevery e>0 thereexistsafinite 
family of pairwise disjoint closed balls { F,.  Fz, ..... . F, ] C .%'such that 

I ; = ,  fi ( E fl Fi) > p E-e and XI=, p Ft < p E f r. 

3.1. Definition: Two sets El  and E2 are said to  be p-separated if for every 6 > 0, there 
exist open sets GI. Gz such that E l  C Gz, E2 C G2 and p ( G I  f? G2)  < e. 

From the above definition we see that if E I  and E2  are p-separated, thenany subset of Elis 
p-separated from any subset of E2. 
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3.2. Lemma: For any set E, thereexists a#-measurable set A 3 Esuchthat ,, A = p E. The 
get A is called a p-measurable cover of E. 

3.3. Lemma: Let E be any p-measurable set and let r be any positive number. Then there 
exists an open set G 3 E such that p (GI E) < E .  

3.4. Theorem: A set E is p-measurable if and only if E and Ea re  p-separated. 

3.5. CoroNary: Let S he a p-measurable set and A C S, B = S /  A. If A and B are 
p-separated, then A and B are p-measurable. 

3.6. Theorem: If the sets El and E t  are p-separated, then ~ ( E I  U Ez) = ~ E I  + pE2. 

3.7. Theorem: Let El and E2 be any two sets with pE1 and pE2 finite. If p ( E 1  U E2) = 
P E L  + pEt, then E l  and E t  are p-separated. -..= 

The above results can be proved in the usual way. For the proofs of the results of this 
section, Vitali axiom is not necessary. 

4. Density of sets 

4.1. Definition: Let E C X, 6 e X and V r v 

W r i t e A ( f . V ) = ( p [ f ] :  W e u a n d  W C  V) ,  

A ( f )  = ( WCf]: w s u ). 

p' (E, 6 )  and D, [E, 6) are called upper and lower densities of E at f. If D* ( E  f) = D, 
E , f ) ,  the common value is denoted by 4(E,6)  and is called the density of Eat  6. If D( E, I ) =  

1, we calf f a density point of E and if p (E , f )  = 0, 6 is called a dispersion point of E. 

For U and V in v,  let us define U 2  b is U C V. It is easy to see that v ,  2) becomes a 
firected set. For a member Vo in u we brite 
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4.2.  Lemma: Let E be a set and E a Eand A be a positive number. If D, ( E, ( ) < A ,  the,, 
there exists a Vo e v and a net ( F . :  V E u ( VO) } of closed balls with f a s  centre and converging 
to  g such that 

4.3. Lpmma: Let Ebe  a set and t e  Eand letO<A< 1. If D*( E.E)>A, thereexistsa Voau 
and a net { Fv: V e u( VO) } of closed balls with Pas  centre and converging to fsuch that 

The proofs of the Lemmas are easy and omitted. 

4.4. Theorem: Almost all points of a set E are density points of E. 

Proof: First suppose that P E < + m 

Let (Ap} be a strictly increasing sequence of positive numbers converging on 1. For each 
positive integer v, let A" denote the set of points of E where the lower density of Eis less t h a ~  
A,. Take any positive integer n and consider the set A,. If x 6 A,, then by Lemma 4.2, there 
exists a net { F,: V t  v(  V o )  ]of closed balls with centre at xand  converging onxsuchthat for 
all V a v ( Vo) 

Let .9' denote the family of all closed balls ( F,)  thusassociated with the points of theset An. 
Then the family 9 covers the set A,, in the sense of Vitali. Choose any r>O. By Vitali 
Theorem there exists a finite family of pairwisedisjoint closed ballsf FI.  Fz. ... ..... Fx]  C 9 such 
that 

X?I fi ( A , n F , )  > PA,-c and X ~ I  &Fi< & A n  f 6 

Using the relations ( I )  and ( 2 ) ,  we get 
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Since e > 0 is arbitrary, it follows that PA. = 0. Now, let A denote the set of all points of E 

where the lower density of E is less than unity. The A = U Z 1  An. So p~ = 0. 

The general case can be proved using the o-finiteness of the measure p. 

4.5. Theorem: If the sets El and E2 are p-separated, then at almost all points ofone set the 
density of the other is zero. 

4.6. Theorem: Let El  and E2 be any two sets. If at almost all points of E l  the density of E2 
is zero, then El and E2 are p-separated. 

Proceeding as above and using the Lemmas 4.2 and 4.3, the results can be proved. 

Let A and B be any two sets. We denote by AB[BA] the part of A [B] where the upper 
density of B [A] is positive. 

4.7. Theorem: Suppose that the sets A and Bare not p-separated. Then the sets Asand 
BA have positive outer measures; also no part of AB with positive outer measure is p- 
separated from BA and no part of BR with positive outer measure is p-separated from As. 

The result can be proved in the usual way. 

4.8. Theorem: Let F be any closed ball. 

Thenp ( A n n  F ) =  p (BA fl F )  = p , t ( A n U  BA) n F] (3) 
Proof: If A and B are p-separated, then by Theorem 4.5, p An = 0 and ~ B R  = 0 and (3) 

follows. 
Suppose that A and B are not p-separated. 

WriteAn=Asn F, B o = B A n  Fand  c o = ( A s U B ~ ) n  F. 

We have p AO I p CO and p Ba 5 p Cn. 

Assume that @Ao < p Co. Let A be any open ballcontaining F. By outer regularity of p we 
can choose an open set G C A such that Ao C G and p G < p Co. 

Let E =  A/ G. Then Eand G are p-separated. So, sameis true forthesets E n  Co and GO 
A& Again, E(- co c  and ~n ABC A/ F ;  so the sets E n  Co and E n  As are p-separated, 
Hence, E n  Co is p-separated from the set ( GnAe)U (EnAs)=AnAs.  The sets Aand A 
are p-separated; hence, so are the sets E n  Co and A n  As. Therefore E n  Co is p-separated 
from (AnAB)  u ( E ~ A ~ )  = As. Clearly EOCoCAs U BA and # ( E n  Co) > 0. 

Write E l  = E n  C o n A a a n d  E z = E n C o n B R . T h e n ~ l U E Z = E ~ C o . S o e i t h e r p E ~ >  
0 Or p E2 > 0 or both. 

Let p El > 0. Since El C A4 by Theorem 4.4, at almosrall points for El, the density of Asis 
unity. This contradicts Theorem 4.5. If p EZ > 0, thenit contradicts Theorem4.7. Thus in any 
case we arrive at a contradiction. SO p Ao = a Co. 

Similarly, we can show that p Bo = p Co. 

4.9. Corollary: Suppose that the sets, A and B are not p-separated. l k n  at almost all 
points of the set As [BA] the density of BA [An] is unity. 
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4.10. Theorem: Let E be any set. Then E has density either 7ero or unity almost 
everywhere. 

4.11. Theorem: Let A be any set. If A contains almost all its points of density, then A is 
p-measurable. 

The above results can be proved in the usual way using the previous resdlts. 

4.12. Theorem: Let A and B be two sets. Suppose that at each point of Bthe density ofA is 
unity. Then at any point n e x ,  

Proof: We prove the result by the following steps. 

(I) Let E denote a measurable cover of A. Write BI = B n E and Bz = B f3 Since E and 
Ea re  p-separated, it follows that A is p-separated from E. So A has density zero at ahnostall 
points of $, This givesthatpB2=0andso P B = ~ B I .  S i n c e B ~  C ~ , w e h a v e ~ = ~ ~ , % ~ i  
= MA. 

(11). Let G be any open set. A. = G n A  and Bo = G n B .  We show that 

p B o 5 p A a  (4) 

If BO is void, then clearly (4) holds. Let xeBo. 

Then we can choose a member V in u such that 

M v [ x ] < +  w a n d  V [ x ] C G .  

Let F be any closed ball with x as centre and FC VEX]. 

Then A o n F  = A n G n F  = A n F .  So, 

This gives that AO has unit density a t  each point of Bo. So by step (I) we have 
-. 

PBO = pAo 

(111) Let u e X and let V be any member of with F [x ]  < + m. Take any closed ball1 
with a as centre and F C V [a]. 

For each positive integer n, we can choose an open set G, 3 Fsuch that pG. < F F t  ! I n  

We can choose the sets GI, G2. G,, .... such that GI 3 Gz > GI 3 .... Let E = ny=, Gm. 
Then F C E C  G,. S o g F S p E 5 p G n < p F + . l / n  

Letting n - -, we get 
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lim pG, = p E  = pF. 
n- -  

This gives that 

This gives that 

5. Construction of an outer measure on n metric space which is G-finite, outer regular and 
satisfies Vitnli's axiom 

Let ( X ,  d )  be a metric space such that every closed ball in Xis  connected. For any positive 
number r, let W,={(x.y): r y e  Xand d ( x , y ) < r )  and let u =  ( w,:~>oJ. Denote b y a t h e  
collection of all subsets of Xx X such that if Ue*, then W,C Ufor some r>O. It is easy to 
verify that* is a uniformity on X and v is a base for%. 

Since for each x e   and r >o, W, [XI= (y:y  and d(x ,  j ~ ) <  r j = B(x, r )  an openball 
in X withxascentreand radiusr, it follows that the topology induced by the uniformity%on 
Xis identical with the topology induced by the metric d. Clearly each member of u is 
symmetric and open in the product space X x X. Thus the open and closed balls in the 
uniform space (X, %) are same as those in the metric space ( X ,  d) .  

Denote by CP the collection of all countable families of pairwise disjoint closed balls in X. 

-et the function @:[O,m) - [O,m) satisfy the following axiom. 

A I ) : ~  is strictly i.lcreasing, continuous and 4 (0) = 0. 

For any closed ball Fwith  radius r we define A (F) = q(r).  For any family9 ewwe write 
( Y ) = x ( h ( i ' ) :  F e d } .  

low, for any non-void open set G we define 

A ( G ) = s u p ( h ( 9 ) : d e % f a n d  U t F : F c 9 J C G l .  

'learly A(G) > 0. We also define A($) = 0. 
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We assume that the function A satisfies the following axioms. 

(A2): 1f Po is aclosed ball ,9&is finiteand Uf F : F e g I C  int ( F o ) , t h e n A ( 9 ) < ~ ( ~ ~ ) .  

( A , ) :  If Fisaclosed ball and ( G. )is acountablefamily of open sets with F C U n ~ , , t h e n  
A ( F )  5 X. A(G.). 

A 

(A,): There is\a positive number M such that A( F) S MA( F) for all closed balls Finx, 
where F denotes the closed balls concentric with F and with radius five times that of 

F. 

We now define the mapping p: 9 (X) - [O,m] as follows: 

Let E be any subset of X. We define 

p ( E )  = inf { A (G): G is opeo and E C  G 1. 
We can verify the following: 

(i) The mapping p is an outer measure and p G = A  Gfor any open set G and p F =  AFfor 
any 'closed ball F. 

(ii) g is a metric outer measure and so every open set is p-measurable. Further p is o-finil 
and outer regular. 

(iii) The outer measure p satisfies Vitali's axiom. 
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