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Abstract 

A complex inversion formula for the generalized Stleltjes transform of a function f(r) s I. ( 0 , ~ )  defined by 

wnverges for complex ."-plane cut from the origin along the negative real axis is extended to a certain class of 
generalized functions interpreting convergence in the weak distributional sense. 
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I. Introduction 

The conventional Stieltjes transform of a function f(t) t L(0,m) defined by theintegral 

converges for complex s-plane cut from the origin along the negative real axis. The general- 
ized form of the transform ( I .  1) is given by the convergent integral 

in which p e Risfixed,-~<args<rr.  theprinciple,valueof(sf r)-Pistakenand ( I f  t ) - q f ( t )  
E L (0, m, is assumed. The generalizations of the transform ( I .  I) have been made by various : 
mathematicians from time to time. Some generalizations of the transform (1.1) have been 
studied in the distributional sense by Ghosh', Tiwari2 and others. The transform (1.1) and 
(1.2) have also been studied in thedistrihutionalsense by Pandey3 andPathak4 respectively. 
The transform (1.2) has also been extended to generalized functions both by direct approach 
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and the method of adjoints and the resulting extension are correlated and inversion formulae 
are  also developed, as the application of fractional integration to these transforms by 
ErdelyiJ. The simple generalization of (I. I) given by the integral 

converges for complex s in the cut plane has not so far been extended to generalized 
functions. 

The inversion formula for (1.3) is given by the following: 

Theorem 1.1: Let tmu-'" f ( t )  6 L(0,m)and let f ( x )  be.ofbounded variation in theneighbour- 
hood ofthepointx=l.~etf(s)bedefned by(1.3)ands""" F( . , )EL(O.m)where l=o+i~ .  
Then 

where 

and 

provided 

and 

M(1) is absolutely convergent 

Proof: This can be easily proved by using Mellin's inversion theorem. 

Pandey3 and Pathak' extended the real and complex inversion formulae for the Stieltjes 
transforms (I. I )  and (1.2) respectively to the same space of generalized functions. But tpe 
object of the present paper is to extend the inversion formula (1.4) for the more generalized 
Stieltjes transform ( 1.3) to a different space of generalized functions interpreting the Conver- 
gence in the weak distributional sense. Also we adopt a different technique to those of 
pandey3 and Pathak'. The notation and terminology follow that of zemanian6. 

L.et I be the open interval (0.m) and D( I) the space of smooth functions on I having 
compact supports. The symbol D '(I) stands igr the space of distributions defined overthe 
testing function space D( I). The topology of D(1)  is that which makes its dual thespawof 
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~ ' ( 1 )  of Schwartz distributions. € ( I )  denotes the space of smooth functions o n  I. Its dual t' 
( I )  is the space of distributions with compact supports on I. 

1. The testing function space J e , B  (I) 

Let /3 be a suitably restricted real number and let p , ( t )  be the function 

An infinitely differeutiably complex valued function + ( I )  defined over I = (0 .m)  belongs 
to the testing function spaces Jm,B ( I )  if 

for all k = 0,1,2, ... and a is a fixed real number less than o; equal to p. We assign to  J , , ( I )  
the topology generated by the collection of seminorms f yx]r==o. J.,o ( I )  is sequentially 
complete Hausdorff locally convex topological linear space. The dual .I:,# ( I )  of .Ia ( I )  is 
also sequentially complete. The members of Jh,@ (I) are called generalized functions. The 
topology of D ( I )  is stronger than that induced on it by J = , , ( f ) .  The restriction ofany f c J.,s 
( I )  to D ( 1 )  is in D r ( I ) .  

3. The distributional generalized Stieltjes transformation 

Fur a complex .$ not negative or  zero. 

belongs to  J..p ( I )  where a I p and m a  f P 2 mp. 

Therefore, the distributional Stieltjes transformation F ( s )  of an arbitrary elementf E Jba  
( I )  for a 5 p  and m a  + p 2 m p  is defined by 

b 
F ( s )  = < f ( ~ ) ,  K ( s , t )  > 

uhtre s belongs to  the complex plane cut along the negative real axis including the origin. 

Theorem 3. I :  For an  arbitrary f e Jb.8 ( I ) ,  a 5  pand m u  + 0'. m p  let F ( s )  be defined by 
3.2). Then for r = 0,1,2, ... 
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where K(s, r )  is as defined by the equation (3.1). 

Roof: Using the fact that for n 5 p and ma f P 2 m p  

where s belongs to the complex plane Gut from the origin along the negative realaxisand by 
using Cauchy's integral formula one can prove the result. 

4. Complex inversion formula 

Before going to prove the main theorem, we shall first prove some lemmas. 

Lemrno 4.1: The function as a function of u is a member of J q  (I) if rn-ma-85 
m R e  (I) < m-ma.  

Proof: It is clear that urn'-" is differentiable function of u. 

Consider 

sup ( 1  + u m y  1 P J u )  umk (u'-"'&)ku*'-" 
a<"<- 

I 

= sup ( I + u m ) "  I p 8  ( u )  urn* m k  (1-1) (1-2) ... (I-k) urn'-"'-" 
a<"<- 

I 

under the condition stated in Lemma 4.1 

Hence urn'-"' E Jc.,8 (I). 

Lemma 4.2: Forf e J& (I), 

/ Proof: By using the technique of Riemann sums one can eas~ly show that 

R 

~ S ~ ' - ~ < ~ ( U ) ,  K ( s , u ) > d s  = <f(u),[sml-rn K ( ? . u ) d ~ $ >  ( 4  21 
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one can easily justify taking limits as R - in (4.2) to  obtain (4.1) 

Lemma 4.3: Let @ t D ( I ) ,  and set 

w 

9, U )  = 4 (Y) Y‘"' + dy 

where I =  a - k i T a n d  f t Jb ,o( I )  thenforany f ixedr  with O < r < m a n d  m - r n a - p s  m u <  
m-m N, 

LPmma 4.4: If @ 6 D ( I ) ,  then 

mo-"+I 
( + l f g ( y ) (  ) ~ U ~ o g ( z ) m ~ - l [ ~ i n ( r l o g (  Y I ~ Y  

Y 
(4.4) 

converges in Jn,B (I) to  g as r - m- 

The proofs of lemmas 4.3 and 4.4can be proved o n  the similar lines by changing suitable 
variables from lemmas 3.5 1 and 3.5.2 of zemanian6 (pp. 64-66). 

Theorem 4.1 (Complex mversion formula): Le t f (y)  6 Jb ,( I)  where u 5 p, m a f P? m p 

and F (s) be the generalized Stieltjes transform off (y) as defined by (3.2). Then for each 
$ ( y )  E D ( I ) ,  we have 

o+,r 

5 < ( 2 r i ) - '  Q(1) M(I)  y-"'+"-' dl, g ( y )  > 
0-8, 

Proof: Let g 6 D ( I )  and choose realnumbers a a n d  psuchthatm-ma-flSnzo<rn-ma 
and a 5 P. Our  object is to  show that equation (4.5) is true. Since the integral on /is aconti- 
nuous function of y, the left hand side of (4.5) without the limit notation can be written as 

AS $(y) is of bounded support and the integrand is acontinuous function of (J: T), the order 
of integration may be changed. 
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This y~elds, 

provided 
I - p < R e ( l ) < l  

on using a result 

By Lemma 4.3, 

(29r-l j,'< f (u) ,  > 6 ( y )  y-m'im-l d~ d T 

The order of integration for the repeated integral herein may be changed because again '$0 
is of bounded support and the integrand is a continuous function of ( y ,  T). Upon doingthi 
wc obtain, 
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The last expression tends to <f (g), d (y )>as r  - because f e J,8andaccording tolemma 
4.4, the testing function in the last expression converges to +(y) in J..r(l). 

mis completes the proof. 

5. Illnstration of the inversion formula by mews of numerical example 

Consider the delta functional 6(t-k), concentrated at a point k, O<k<-. Since 6(t-k) t 

dr(l), I= (0, m )  and e ' ( 1 )  is a subspace of J'..r(l), the generalized Stieltjes transform of 6 
(r-k) is given by 

Now by inversion theorem, for any O(y) t D(I),  

On using a result 

on further manipulation it can be shown that 
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This illustrates the inversion formula. 
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