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Abstract 

The unsteady flow of dusty visco-eladc liquid (Kuvshmiski type) between two mcdlating plates is considered in 
wcw ot 11s growmg ~mportance ~n vat lous techalcal problems. The analyt~cal expressionsfortheveloc~ttes ofliquid 
and dust particles are obtained by t h e  technique of Laplace transform. The rffccts of elastic elements in the I ~ q u ~ d ,  
the mass concentralion and the rclaxatiort t m c  oidust  partlcle on the veloc~ty fields, thesklnfrlctionat thelower 
plate and the volume no* in between the plates are presented numerically/ graphmlly. It is found that both skin 
friction at thelnwer p!ate wall and volumcflow ill between the plates increase Inthe presence 01 theelastic element in 
thc liqusd. 

Kay words: tlusty las. lammar flows. Kuvshiniski type vim-elastxc liquld, Lapiace transform, elastic element, 
skm fiiclion. 

1. Introduction 

lnterest in problems of flow of a dusty gas i.e. a mixed system of fluid and particles have 
increased enormously in recent years. A model equation describing the motion of such 
mixed system has been given hy ~ a f f m a n ' .  Based upon Saffman's model, numerous 
a ~ t h o r s ' , " ~  investigated a number of dusty gas flow problems /n different situations. 

There is another class of flow problems which concerns with thc study ofthe flow ofdusty 
nowNewtonian fluids such as latex particles in emulsion paints, reinforcing particles in 
polymer melts and rock crystals inmolten lava. However. thestudy on thisclass of problems 
and rheological aspects of such flows have not received much attention although this has 
some bearing on the problems of petroleum industry and chemical engineering interest. 
Srivastava*, Sharma and I3ube6, Bagchiand ma it^', Mukherjeeetals havemadean attempt 
to make an entry in this field. 

In the present paper, we consider the unsteady laminar flow of visco-elastic (Kuvshiniski 
type) liquid containing unirormly small solid particles between two infinitely extended 
parallel plates when the lower plate is at rest and the upper one begins oscillating harmoni- 
cally in its own plane. The velocity fields for the dusty liquid and dust particles are obtained 
explicitly by using the technique of Laplace transform. The effect of elastic element in the 
liquid, the mass concentration and the relaxation time of dust particle on the velocity profiles 
are studied graphically. The skin friction at  the lower plate wall and the totalvolume flow in 
between the plates are also obtained. 

This problem is likely to have some industrial and chemical engineering applications on 
the problems of transport of solid particles suspended in visco-elastic fluids through 
channels. 

Present addrrss: Hydraulic Study Field Organisation, Calcutta Port Trust. Berharnpore, Mumhidahad. West 
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2. Basic equations swd %heir ~olutions 

We suppose that the dusty visco-elastic liquid fills the space between two infinite parallel flat 
plates a t  a distancc h apart. The lower plate is kept at  rest and the upper one begins to 
perform harmonic oscillations with a frequency u, in its own plane. In our  analysis we takea 
co-ordinate system such that the r-axis  coincides with thclower fixed plate and the z-axis is 
perpendicular to it. The dust particles are assumed to be spherical in shape and uniformin 
yizc and the number density of dust particles is taken as constant throughout the flow and let 
it be No. Since the plates are infinite, the velocities will depend on z and time r only 

Fur the constitutive cquation we adopt Kuvshiniski type liquidY, given by 

1) 
where pet is stress tensor and p:i the deviatoric stress tensor. (- ) is the convective 

n t - .  

timederivative rollowinga liquid tlemcnt, and I,, is t!revcioc~ty ofliquid particle Furthcr ha 

and p denote the elastic coefficient and xiscucity of thc liquld rcspccti\,ely. 

Following Saffman' and usinp equatmn ( I )  we get the equation of nu<tion of  dusty 
visco-elastic liquid as (dropping dashes) 

where vis  theveloc~ty of dust part~clesand u' = A , 
h w  

f (mas concentration) = *, 

mu,  relaxation time) = - 
k 
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The initial and boundary conditions in non-dimensional form are 

1 0 :  

Bu 
u = - = 0 for ail 2. 

at 

1 > 0 :  

u = a s i n c a r r =  I 
u = O  a t z = O .  

Taking I.aplace transforms of (2) and (3). using (4) and (9, we get 

I _ ii = ----- . , 
1 + p r  

where ii = T u P-"' dr. V = 1 v c" dl. 
0 0 

Transformed boundary conditions are 

- a 
u = -------- at z = I  

I + p 2  

; = O  a t z = O  

Substituting (7) into ( 6 )  we get 

R e - i i [ z ] p ( l + a p ) = D  d z 

wheref + I = F. 

Thus the solution of (9) is 

u = A cosh Mz + B sinh Mz 

On using boundary Conditions in (8) and taking inverse transform, we get 
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where y is greatcr than the real part of thesingularities of the integrand in (1 I ) .  The integrand 
is a n  integral function of p and has singularities at  p = I i and at  the 7eros of sinhM. 
Calculating the reqidues and simplifying further, we obtain the expression for u as 

where EI = sin N2Z cosh N I  Z, 
EI = cos N, 2 sinh N I  2, 
Ej = sin N? cosh N I ,  
E4 = cos N2 sinh NI. 

and pbs are those roots of the cubic equation 

pf . r a + p ? ( r + o ~ ) + p b ( ~ + n Z ~ 2 ~ r ) + ~ n 2 1 r 2 = ~  

which are having negative real parts, 

Q ( p 2  = (1  + p l ~ ) ' / i t p b r ( l  + u p a + ( I  + 2 u p 3  

X ( F f  r p @ I - r p l ( F - t  rpk) ( l  + a p % ] .  

By the convolution theorem, we obtain from (7) 

a 
y = --- 

E: + E: 
~ ( E I E ~  + E2E4) [ ( l / r s in t - cos t )+e -""  1 

+ ( E I E ~  - E Z E P )  ( (sin; + 117 cost) - 117 e-1'- ) ] 

+ 2Rrr z0 " 3, ' [ P* Q ( P ~  sin ( n ~ z )  

x ( e ~ "  - <-'I 3 1- 
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The dimensionless shearing stress T, at the lower plate due to the dusty visco-elastic liquid 
is 

6 au 
T~ = [ ( I - a  - ) - ],to 

a t  a z  

C s i n f  ( ( E l E i  + E z E r ) +  n ( N l E 4 -  N I E I ) ) ]  

ra i 

Q (p:J d ' k '  (1 - a p:) (16) 

The volume flow of dusty visco-elasticliquid discharged per unit breadth of the plateis given 

by 

X (Ni sin N2 sinh N I  - N2 cos h'2 cash N I  + 2N2)  

+ (E4s lnr -E1 cost)  ( N ,  c o s N 2 s i n h N 1  + N z s i n  N2coshiV1)] 

I - 2 Ra . 2 ------ . Q ( p : )  - CP~! I  

'*I ( 1  + s P )  a 
where n = 1, 3, 5 ,  ... . 

3. Discussion 

The present analysis reveals that the solution contains three pertinent non-dimensional 
Parameters viz u (elastic parameter of the liquid particle),  relaxation time of dust particle) 
and F (= (f+ I) ,  f is mass concentration of dust particle). The behaviour of these parameters, 
therefore, yields a physical insight into the problem. Numerical computation is made to 
observe the effects of these parameters on velocity profiles, skin friction at the lower plate 
and volume flow in between the plates. 

Figures 1 and 2 depict the velocity profiles of liquid and dust particles against 2 for 
different values of mass concentration and elastic parameter when T is fixed. It is interesting 
to note that both u and "increase with the increase infin thecase of Newtonianfluid(a =0) 
but behave in a reverse fashion when the fluid is visco-elastic. I t  is also to be noted that 
velocity profile of both dusty fluid and dust prticles decrease with the increase in elastic 
Parameters. Figure 3 reveals that u decreases with the increase in relaxation time 7. (with F 
fixed) when u = 0 but in  the presence of elastic element u increases with the increase in 7. 

Figure 4 shows that the effect of relaxation time is to increase the velocity of dust particles 
irrespective of whether the fluid is Newtonian or non-Newtonian. It is also to be remirked 
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FIG I. Velocity profile of d u l y  nuid against r a t  FIG. 2. Velocity preBlcal.durr panieleaagainsl ~ a t  
r = S a n d r =  0.5. 1=5  and r = 0.5. 

that the influence of relaxation time ( r )  is more on the velocity of dust particles than that of 
dusty liquid. But the mass concentration has very little effect on both u and v irrespective of 
whether the fluid is Newtonian or non-Newtonian. 
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Table I 

Finally, for  some representative values of F and r, skin friction at the lower plate and the 
volume Row in between the plate walls are calculated numerically for  different values of a. 
Table I reveals that the magnitude of shear stress and total flux incrcase with the increasein 
the value of elastic parameter. 
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