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Abstract

Graph theory is used and an ath order symmetric nratrix based on ‘distance” is defined to represent a simple and
multiple jointed n-link kinematic chain. Based on Faddeev-Leverrier method a computer program is used for
generating the coefficient of the characteristic polynomial of the matrix associated with the kinematic chain. A
comparison of characteristic polynomials of the matrices detects the isomorphic chains. A method is illustrated
by application to single and two degree of {recdom linkages,
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1. Infroduction

Recognition and identification of equivalence of kinematic chains is generally done
either by graphical methods based on visual inspection of various forms of simplified
schematic diagraras or by using mathematical techniques based on the theory of graphs'™'2,
However even to-date a conclusive and easily applied test, for possible isomorphism
(equivalent topology) of two kinematic chains, is lacking.

Using graph theory, Uicker and Raicu'! have represented a simple jointed kinematic
chain by an nth order symmetric zero-one adjacency matrix. When two links are
conpected it is indicated by one in the matrix while zero indicates that the links are not
connected with each other. Later, Mruthyunjaya and Raghavan'? have presented a
generalized matrix notation to represent simple as well as multiple-jointed kinematic
chains. According to this notation the value of the matrix element is taken equal to the
number of joints if two links are connected with each other and taken as zero if
otherwise. The characteristic polynomial of the above matrices is expected to be of use in
the detection of isomorphism. But in the literature™® examples are known where
non-isomorphic graphs have identical characteristic polynomials. Thus the comparison of
characteristic polynomials of adjacency matrices do not Jead to a fool-proof method in
detecting possible isomorphism. Here it is proposed that the characteristic polynomial of
distance matrix can serve as a reliable invarant for both simple- as well as
multiple-jointed kinematic chains. '

" First presented at the National Conference on Machines and Mechanisms held at the Indian Institute of
Science, Bangaiore, during Febroary [9-21, 1985.
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2. Di mairis repr tation

Tn this matrix representation the elements of the matrix are taken equal to the distance
i.e. minimum number of edges between the vertices of the graph'®. Figures 1a and b
represent respectively a four-bar chain and its graph in which the vertices correspond to
links and the edges indicate the connection between vertices. The distance matrix A for
the graph (fig. 1(b)), will be as follows.

[o
1
A=

Ll

1t may be noted that similar to adjacency matrix the distance matrix also comes out to be
a square Symmetric one.

[ I e
_ O = N
D = N

3. Characteristic polynomial computation

Uicker and Rajcu'! have presented a recursive method for the calculation of the
coefficients of characteristic polynomial. Later, Mruthyunjaya and Raghavan*® have
presented an altemative method based on Bocher’s formylae having the advantage.of
simpler calculation. In this method, powers of matrix are used and hence is limited to 2
low order matrix. The reason for this is that the raising matrices to various powers, in
addition to requiring a great number of calculations, in many cases result in.Joss of
accuracy as the elements of the new matrices require more significant figures*>. Here
Faddeev-Leverrier method™® is presented which is simple and an efficient technique for
generating the polynomial coefficients when the order of the matrix is large.

Let the characteristic polynomial of the matrix A be represented by (— D
(_/‘\”—pl)\’"l—pzz\"*z—p3)\"'3 -+ . Pa) = 0 where the factor (—1)" js used merely t0
give the terms of the polynomial the same signs that they would have if the pOl)’HOmia-l
wete gencrated by expanding a determinant. The polynomial coefficients p,(k = 1, 2,
3, - .. n)values are determined, by forming a sequence of matrices B , By, Bs - - - - Bn
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as follows:
B =A and Py = trace B,
B, = A(By~pil) and P = %:race By
By = A{By— Pyl and Py = %trace 8,
By = A(Ber — Prl) and P o= % trace By
B, = A(Boey~ Poid) and po =L trace B,

n

where [ is the identity matrix of the order of A. For example consider matrix A of the
four-bar chain shown in fig. 1{a).

0121'1
Lol 102

2101
1210,

B, = A and P; = trace By = 0.

By = A(By—pi1)
or
6 4 2 4
4 6 4 2
B, = 24 6 4 andpzzézraceli’zzu
4 2 4 6

By = A(B,~Pyl)
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of _
o121 6424/ -[12 0 0 0
101 2 46 4 2 6 12 0 0
B= 101 2 4 6 4 6 0 12 o0
\1210 42 46 0 0 0 1]
or
[12 4 -4 4
4 12 4 -4 1
- | d ps == trace By = 16
B; 4 4 12 4 and pz 3 race B
4 -4 4 12
By= A(Bs—ps)
or
0000
000 0
By= Ooooandp4=%‘trace34=0.
0000

On  substiwting  values of p,, p,, ps and p, in the expression
(=D (A" =p A" —poa"=2~ . |, p,), the characteristic polynomial for the four-bar
chain (fig. 1(a)) is given by A*~122%—16A.

Faddeev and Faddeevg”ﬁwe proved that for nth order matrix B, = P,I. This
can also be observed in the above example. Therefore, one can always obtain p,, simply

asp, = by = by =...= b,, where the b; are identical elements composing the trace
of B, .

The Fortran source program is written for the generation of the coefficients of the
characteristic polynomial by using the Faddeev-Leverrier method. It consists of 30
statements and takes less than 3 seconds on HP 1000 for computing the characteristic
coefficients of a nine-link chain.

For the class of matrices representing large linkages, the present method is reliable and
the calculations involved are simple and well suited for computation.

4. Application

To show that the charactertstic polynomial can be used as an index of isomorphism and
that the method of computation of the characteristic coefficients presented in this paper
is valid for the multiple-jointed chains also, two six-link multiple-jointed chains (fig. 2)
are taken. Their respective graphs are drawn in fig. 3. It is found that both the six-link
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multiple-jointed  chains have the same characteristic polynomial, viz.,
A5-36A%—~1182%— 1144 ~ 104 +7. Thus these chains are isomorphic.

The characteristic polynomials for all the possible seven-link chains (fig. 4—simple
jointed chains and fig. 5-—multiple-jointed chains) are caleulated. The characteristic
polynomials are worked out as different for all the possible chains shown in figs 4 and 5.
Hence the chains are non-isvmorphic.

For ali the existing ecight- and nine-link simple jointed kinematic chains the
characteristic polynomials are computed to evaluate nonisomorphic chams'and lhli
results are found to be in agreement with the results of Freudeustein and Dobrjanskyj
and Crossley'

To show that the present test is more reliable in detecting isomorphism than the test
based on characteristic polynomials of the adjacency matrix, consider three seven-link
chains given by Bataban and Harary®®. These chains and their respective graphs are re-
presented in figs. 6-8. On computation the characteristic polynomials of adjacency ma-
trices of graphs represented by figs. 6(b), 7(b) and &(b) are obtained as the same, i.e.
N-114%-10A%+ 160% + 16A%. Whereas on applying the present test the charac-
teristic polynomials based on distance matrices of these three nonisomorphic graphs are
obtained as A7— 614~ 2684% —4424°— 3024~ 681 in the case of fig. 6(b),
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