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1. htrdoeticwm 

Piswell known that regulating tha. r;wrr?iru: in :i ~rwriiirrg systcrn a n  significantly affect 
the language generatcd. The litcr;itui.i: givci; m n y  diffcrcnt nnechanisms for regulating 
the rewriting, e.g., matrix, tk~e.varying and ~ x o p n r r n e d  grammars, wntrol languages 
and tabled systemsi. 

Theconcept of fairness as :j niercm:mis~tt for rcgcilatiq the rewritings has been a study 
of recent interest and investig;stion irj formel ! : ingm~e i l i ~ r o r y ~ . ~ . ~ .  Poraa er ul' have 
provided a charactzrizaticin of fairly tci-minating context-frcc grammars by she property 
of non-variable doubling. The samc cirantcierization has been shown to remain valid 
under certain canonical deriv;~tions by $~r.;tt  itnd ~ranccz". Xangarajan and Arud- 
h a r 4  have dealt with fairmss of tlcrivatitatis in syochronized EOL systems and proved 
that such systems are fairly termlroating. 

In this paper, we choose for our study the EOS system5 which is simply a context-free 
grammar in which the terminal sygnhols can also be rewrinen. I t  is well known that this 
feature does not alter the generative capacity trf context-free 

We define the notion of level-fairness of dcsivations, by associating with each 
of a sentential form derived in the EOS system, a non-negative integer representing its 

in the generation tree and by restricting the derivations of the EOS system such 
that the level difference in the pneration tree is no more than some finite integer k. $nJe 

such derivations as k-level fair derivations. 

We note that the rule-fairness studied2."elates to the question 'Are ap@ica$!- 
"les applied eqwally often'?', while the level fairness considered here relates the 

question 'Are the rules applied to all palds of the string equauy often7'. 
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In this section, we introduce the notion of k-level fair derivations of the EOS system 
defim the class of k-EOS languages. The reader is referred to Porat and Francez3 and 
Meijn and Rozenberg5 for unexplained terms. 

Definition 2.1: Let G = (Z,P,S,A) be a rewriting system, such that B is a finite 
non-empty alphabet which is the total alphabet of G,A C Z is the terminal alphabet of 
G, S E X\A is the axiom of C and P C X X X* is  a finite set of productions. 

(a) G is a context-free grammag if 
(i) P c (ZU) x X" 
(ii) for u,v EX*,  u - v if u = ulbuZ, v = u1/3u2, 

(b) G is an EOS system if 
(i) P C  BXZ* 
(E) =s, is defined as under ((a) (ii)) 

(c) G is an EOL system if 
(i) P i s  defined as under ((b) (i)) 
(ii) for u, v E X*, u =s, v if u = bl . . . b, 

v = . . . /3" where b, E X and ( b , ,  pi) E P for all i E {I, . . . n). 

For a pamolar G,*,* is the reflexive and transitive closure of =. . The language of 
G is defined by 

The families of languages generated by context-free grammars, EOS systems and EOL 
systems are denoted by S(CF), S ( E 0 S )  and 3 ( E O E )  respectively. 

Remark: It is easy to see that %(CF) = Z(EO$)*. 

We now introduce the notion of &words. A d-word is a sententid form in which the 
depth of each symbol in the generation tree of the word is also represented. 

Definition 2.2: (i) A d-word over an alphabet Z: is a sequence (a ldl )  
(uz , dd  . . . (a, ,d,) where for 1 5 i c n ,  a, E 2 and d, E P, the set of non-negative 
integers. 

(ii) Given a = a,a2 . . . a, E Z', we denote by (ali) the word (al,$(azi) 
. . . (a,,i) for some i~ P. 



Defvuaon 2.3: (i) Given an EOS system Q; :: (X.P,S.A) a d-mvopd r(a,&==+ x(oli+l>j, 
for some &words x,y iff (a. a) E P. Such :i dcriv;iiion is c:~iled a d-dorivntioc. 

(ii) A &derivation sequence x,, .:--> x ,  ---. . . =t, x,! is k-level-fair iff each of the 
d-words x,(O -;. i 5 rr) is k-ievcl-fair. We dcnote it by .rtrd%*x,, . 

Example 2.1: Let G = ( X .  A) wliere 2 - {S, n ,  b, c); A = {u, b, c); 
P = {S- ab, b -, hc} be an E 0 S  system. then 

Lk(G)  = {ubcl10 c; i -: k). 

This example illustl-stcs that the language generated by a gramrnar G, under 
k-level-fair derivations can depcnd on the value of k. 

Example 2.2: Let C = ( { S ,  (1, N } ,  {S -> a, a .-. 1913, N -+ a), S, ju)) be an EOS system. 
We see that 15, (G) = {a2"lrz 2 0). 

Remark: For any EOS system 6, P,,,(G) is finite. Hence, in the rest of the paper-we will 
consider k-level fair derivations k,r only positive integer values of k. 

Theorem 2.1: For any k I 1. given an EOS system C = (2, P, S, A) there exists an EOS 
System G' = (C, P', S, A) such that LK(G ) = L ( 6 ) .  

proof: Let P' = P U {a + nlcr E x). Clearly L (h;) = 4 (GI)  for any positive integer k .  

This theorem slates that for any positive integer k, the EOS systems under k-fair 
derivations have at least the generative power of the CF grammars. 



nonark: This corollary shows that I-level fair EOS systems have at least the generative 
power of k-!evelfair EQS systems [or any positive integer value oih-. In the ncxt theorem 
we piova the converse of this rcsult. 

Theorem 2.3: For any EOS system 6; = (X, P, S ,  A) ;icd fop. any positive integer k, thcic 
exists an EOS system 6' = ( C ' . P ' , S , h )  such that L,,(G) = Lk(Gf). 

Proof: Let CF be sneh that C' = B i! {(a, .ab . . . , ak .  , j i ~  i 2). P' contains the 
following rules. 

a+ a, 

a,_, -+ a; for 2 5 i 5 k - l 

ak_i + a if a  -, a s P. 

It can he seen that L ,  (C) = L,(Gf). 

Co~oElary 2.2: Given an EOS system C; and positive integers k and k' there exists anEOS 
system G' such that Lk(G) = Lk,(C;'). 

Proof: Fo;lows directly from Corollary 2.1 and Theorem 2.3. 

The above corollary states that the generative power of EQS system under k-level fair 
derivations is independent of the value of k .  Thus we can postulate a class .%'(k-gOS) of 
languages generated by EOS systems under k-level fair derivations. 

3. LEOS languages and EOL qstems 

The EOL systems use parallel rewriting in which all the sy~nbols o l  a word are rewritten 
simultaneously. By contrast, the EOS systems use sequential rewriting, i .e . ,  symbols of a 
word are rewritten one after another. In this section we show that the class of k-EOS 
languages equals the class of EQL languages. Thus the k-level fairness coflstlaint can 
simulate the effect of parallel rewriting. 



8 + a if a --5 a 6: P. 

1~ is easy to see that L(6) - L., (C;' 1. 

Theorem 3.2: Let G = (C , I ' ,S ,h )  he ;In Ec>S aystcili. 'There cxisrs an mL system 
6' = (C ' ,P1 ,S ,A)  sach tlrai I , ( ( ; ' )  = 15; (G). 

proofi k t  G' be such that. 2' =. L: CJ {ula F 2). 1" cml!itin~ the following rules. 

a+iL if a i~ 2, 

o - i & i f a - u ~  P 

As a consequeuce of Theorem 3 1 and 3 2 .  CoroPLry 3.1 for any k 2 1, we have 

%(EOL) = Y(X-hOS) 

We have related the paralYcP rewritings of an E01, system ta the sequeoiia! rewritings of 
the EOS system by regrdating the rewritings of am EOS system. The regulating 
mechanism takes the form of a laimess constraint over the levels of the symbols in the 
generation tree. This gives the necessary increase in the generative power of the EOS 
systems. 

Porat and Francez3 have applied simi!ar notion of Iairness to the non-terminals of a 
context-free grammar derivation. Sincc the fairness constrain8 is applied only lo the 
Don-terminal symhok, the generative power of the grammar does not increase. 
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