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A special pair of singular integral equations as given by 

uJ"+ T(Dg) = /; 

and 

g t W ( c / + g ) )  = fi, 

and a, h, c, d , f ,  and,', are diffcientiabic functions, in - I .-c x < 1 is considered for their 
solution in closed form when c = k,n anti d = kzb, kl , kz being constants. 

While the pair of equations (1) and (2) can he cast into the form 

with suitable choice of the functions a,), bv , 6, and Fi , for which a general theory has 
been worked out by Peters1 involving the reduction of the problem to a non-hear 
hrrier equation, it is hard to obtain tractable solution of these equations even in the 
Special case when c = k,a and d = kzb with k , ,  k ,  as constants. With this as the 
background we are motivated to study the above pair of equations for the special Case 
mentioned. 



The following basic qirnestions abou? the structure of the  problcm at hand then an'se: 

1. Can :he manipulations he made still sin~pier'? 
2. Does lhcre exist a general dass of such pairs of singular integral equetions as givenby 

(1) and (21, for which reduction la: indcpcndcnt Carlenlan equations is possible? 

2. The analysis 

AG being another arbitrary constant. 

Operating bothsides of equation (4) by the operator Twe obtain the foilowing integral 
equation for the function g: 

T(g(1 - x ' ) - " ~ )  - k g b ( 1  - x ~ ) - ' / ~ +  k lk2b ( i -  2 ) - I n  T(bg) 

= - &+ k l k 2 h f l ( l - x 2 ) - ' I 2 .  (7) 

Setting 

4 = g ( 1 - 2 ) - l n ,  (8) 

equation (7) can be cast into the form 

(1 -,?)lab-IT++ kLk2T(b+( l  -x2)'")-  k2+(1 --x~)"~ 

= k , k 2 f l - ( 1 - x 2 ) ' " b - ' h ,  



where 
A = b- ' ( l  -xq)"l', B - k,A,h(] - . t 2 ) !  ', 
C =  -kr(E - ,Y")"'~. 0 - X,AZjl -(l-.&--j1'!h - I l l i 2 "  ( i l l  

We observe lhal the >'+art thv (q;r!:'t>>? i(1 thc le f l  cqwtkti~ (I!)). ?,',.> {tlc pet 
A T ~ + T ( B + )  with Ab =- k , k 2 ( !  -.:'I is Ihc W I K  q w ; , t f w  q u d i ~ d 3  jll~,crsc 
through an operator i,, whci-c 

= -x:) I , ~ , P A  J (1, .--: /I I 7 tb. ( 1 3  

Using this operator L we l'md that Ihc T-part of the ay)e;aeo; in equation (10) can be 
expressed as 

(13) 

with as an arbitrary constant, if equation (6)  is also utilised. Dividing both sides of 
equation (14) by (I -x2)"%and operating by T o t ~ e  again, we ulajmately arrive at the 
equation for + as given by 

(LZ- k,k,)+-A (1 - . -~~)- '~? ' (k ,qb)  - A (i - - ~ 9 - . ' ~ T ( 6 ( 1  -s2)-"'), 

which, by using equation (12). turns out to he the same as 

( L 2 - k L I I  - k,k.) t /~ = p ( x ) ,  (15) 

where, using eqoation(1 I), we have that 

p(x) = !I 'T(klk2J' ,(l- . .r2) " 2 - h  ' c / ~ ~ ) ,  (16) 

Equation (15) can finaliy be reduced to two independent Carlenlan type singular integral 
equations, if the operator L ~ - -  kJ - klk2 is factorizxl as ( L -  a , )  ( L  - a2), where 

kZ+(kji-4klk2)'1z 
%,2 = - 

2 
and if we write 



,-fie two equations (19) simplify, on using thc opera,, r 7' ', to the equations 

+ a,T(b&) = @(x), (21) 

and 

&+rr,~(h&) = a(-+ (24 

with 

= 4(1- 2 - I " ,  >.nd 

~ ( x )  = - T(@(I - x ~ ) - " ~ ) .  (23) 

The solution of the two Carleman equations, (21) and (221, can be expressed by using 
standard resultss, and we find that 

where vls are arbitrary constants, and 

1 i - iu,h 
mi = w, (x) = Tx, . r1 = - ln ------- . 

2i I + iff,l,b 
(25) 

The function @ can he determined by using equation (20) and the main unknown 
functions f and g are easily obtainable if the equations (8) and (I) are made use of. 

3. Some basic questbins and their answers 

Looking at the simple analysis presented, we now answer the questions posed: 

0.1. Does there exist a more simpler approach than what is presented above, to arrive 
at the decoupling of the two equations (1) and (2), in the special casc when c = k ~ a  
and d = k,b? 

Answer: The main result used in the above analysis is the relationship 

T[(1 -,K')"~T( f(l- s2)'")] = -f, (26) 

obtainable from equation (6). 

Then multiplying equation (3) by (1 -x2)-'" and applying the operator T gives 



~h~ route of arrivil:g at ec]u;itio;l (15) thus ~i .~comcs ;I w r y  sirnplc orle and call he 
rea[ised only when an a d y s k  w n i h  lo the alrcad? prcsenicd has been shown to 
exist first 

The importance Of the lmlin ;18uEpi \  IIOt jiisl ill tilu !;!ct thht cqualion (15) is 
obt;linable hut that thc pair ol cquatiolls ( I  ) :lild ( 1 )  Ciill  1 1 ~  c:ihI inlc\ Ihc f i ~ i . n l  of Lqwlti~li  
(10) i+hich has two h;isic p:bris: ( i )  A 7 - { ~ ? 1  and (ii) ii 7-!ice pirft. ol\+%icil thc T-part c;ln 
bc handled for its inversion hy tisiiq! illis c;irli~-r :111;1i~his~ 0s ;I w~.iilnt of that. 

Answer: Assume that we can find ;a suir:iblc. constmc 111 ;!11<i ;I suif:~hic h~nctica [>(I) such that 

mnffg = [ijnlhg + d [ ( f  t g )  1. (28) 

Then, equating the cocfficicnts ot / ilix! fi I'nm both thc sitlcs o f  (35) yield 

ma = pdc (29) 
and 

I = p ( m b + d ) .  (30) 

Eliminating p from (29) and (30) gives rise to thc equation 

m2+Lm-& = 0 
b ab (31) 

and this represents a quadratic equation for  the determination of the constant m, for a 
variety of choices of the functions u.h,c,md (1 i n  cquarions (1) and (2). 

The choice of the function p is then provided by equation (29). 

For the special case under consideration we have that 

c = k,u and d = k,b, 

and equation (31) simplifies to 

m2 + k2m - k,k, = 0. 

The two roots rn, and m2 of equation (32) and the two corresponding functionsp~ and 
P2 given by (29) finally help in obtaining from equations (1) and (2) the foIlowing two 
independent Carleman type equations 

P~*+TX, = rn,fl+f,, ( j  = 1,2) (33) 
with 

Pi= m,aldc, and xj = m,bg+d(cf+g), ( j =  1,2) .  (34) 
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