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Abstract
A simplified analysis is presented for the sobition of & special paic of singular integral equations with
Cauchy-type kernels. ) : T
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1 Introduction
A special pair of singular integral cquations as given by
of+T(bg) = f, ey
and
g+ T(dlcf+g)) = fu, @

where T =%r fl G lHdd(t—x),
-1

::1‘31 g b,¢, d, f, and f, arc differentiable functions, in ~ | < & < 1 is considered for their
on in closed form when ¢ = kz and d = kb, ky, k» being constants.

While the pair of equations (1) and (2) can be cast into the form
2
D e+ by Tg) = Fii = 1,2
=1

with sui i .

been Wl:rll’:i; choice of the ftllgctions a;, by, & and F;, for which a general theory has

barrier ‘Out‘l.J).' Peters’ involving the reduction of the problem to a non-linear

specil Cg:atmm it is hard to obtain tractabic solution of these equations even in the

backgroun dew"zheﬂ c= _kla and d = k.b with ky, k; as constants. With this as the

are ¢ i i i

mentoned. motivated to study the above pair of equations for the special case
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By using an analysis similar (0 thai deseribed in the earlier work ™ involving the uiily

of the inverse operator 771 we have reduced the above pair of equations, i the e
when ¢ = kya and d = kob, 10 a pair of independent Carleman equations from which the
solution can be derived relatively easily by using standard results. The present analysy
thus avoids the occurrence of a non-linear barrier equation as described by Peters!,

The following basic questions about the structure of the problem at hand then arise:

1. Can the manipulations be made still simpler?
2. Does there exist a general class of such pairs of singular integral equations as given by
(1) and {2), for which reduction to independent Carleman cquations is possible?

A study of these two questions is taken up at the end.
2. The anslysis
By using equation (1), equation {2) can be expressed in the case when ¢ = ku and
d = kb, as
g+kaT(bg) —kaka T (bT(bg)) = fo—kikT(bf) 0
which can be rewritten, by using the inverse operater 77! (cf. ref. 3), as
(1= 2y V2 Iy T (bg (1 - %))

+kiko TN (BT (Bg) (1-x7)717)
A

= =T iy + kT (B (1 -22) V) + R @)
where A is an arbitrary constant, with
fo= T((1~22) ), &)
and
T—lf: Ag _ L T(f(lwxz)“z) (6)
(1-2A)2 (-2 :

Ag being another arbitrary constant.

Operating both sides of equation (4) by the operator T we obtain the following integral
equation for the function g:

T(g(1 =x2)"Y2) = kogh (1 — x*) "2+ kykeab (1 — x2Y 2 T(bg)

= —yn+kikabfy (1— )12, U]
Setting

¢ =g(-2)"72, ®
equation (7) can be cast into the form

(1=2Y2b T+ ko T (B (1 — 32— kpp (1 — 22)H2

= koo fy— (1 =522 b1y, ©
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which has the structure
AT+ T(Bp)+Cd = 8(x), 10

where
A=b T (1—®)E B = kkob (]~}

= k(- 6= kdafy - (F=xY 70 s - (in)

We observe that the T-part of the operntor in the lefl of equation (14). 7.e.| the part
ATo+T(B@) with AB = Kk, (1 -x) s the same operator studied” for its inverse
through an operator [, where

L=A(l=x* VFp =8 "I (12
Using this operator L we find that the T-part of the operator in equation (18) can be
expressed as

ATo+T(B$) = ~ 7‘[»‘7}5” (L‘W“V-Alf(l-'xzj”’d;], (13)

so that, by using eguations (IV'I) and (13), we can rewritc equation (10} as

(1-2)2r [Q—T:’;)—W{L?»-kgkg v [ (=2 Pl = B e (14)
with j1 as an arbitrary constant, if equation (6) is also utilised. Dividing both sides of
equation (14) by (1 —x7)'" and operating by T once again, we vitimately arrive at the
equation for ¢ as given by

(L= ki) = AQ =) P Tk} = A=) IR T(B(1~x")7"),
which, by using equation (12), turns out to be the same as

(L2 kol bbb = pua, (1s)
where, using equation(11), we have that

ey = b T (ko f (1= =07 ). (16)

Equation (15) can finaily be reduced to two independent Carleman type singulax integral
equations, if the operator L®~k,L ~k,k, is factorized as {L—a ) {L—ay), where

2 172

= oy (k5 z4k,k2}~“ a7
and if we write

(L) = ¢y, (L-r)p = ¢y, (8)
s0 that

(L=e1) = p = (L= a3)gh, {19
the function ¢ being given by

20)

¢ =

- (b~ ).

o =y
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The two equations (19) simplify, on using the operawr 7 ', o the equations
b+ ayT(bdy) = 8(x), )
apd
P+ T{bda) = 8(x), (@)
with
‘;5;' = ¢ sz)ﬂ/z’ and
B() = — T(ub(1-2)""?). ®)

The solution of the two Carleman equations, (21} and (22}, can be expressed by using
standard results’, and we find that

5 6 e 1 2523102 v .
;= e e Tlep(I+aib) e 8t e (j = 1,2
T (14 7y? lep L+ i) ) (L +ajp?y'? U=
@4
where ys are arbitrary constants, and
. 1 | —iayh 2%
o = o) = Ty. 5 =3I i (@)

The function ¢ can be determined by using equation (20) and the main unknows
functions f and g are easily obtainable if the equations (8) and (1) are made use of.

3. Some basic questions and their answers

Looking at the simple analysis presented, we now answer the questions posed:

Q.1. Does there exist a more simpler approach than what is presented above, to arrive

at the decoupling of the two equations (1) and (2), in the special case when ¢ = kut
and d = koh?

Answer: The main result used in the above amalysis is the relationship
I =) R T(f(1-2))] = _f, @)
obtainable from equation (6).

Then multiplying equation (3) by (1~x*)""2 and applying the operator T gives

kokey " ok bfy 7
T¢—k2b¢+mbr[b(1—xz)m¢] = *‘/’”(TZQ?W?' (v2)
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Muliiplying equation (27) by (b™'y and applying T once again gives another equation,

after tilizing (26), which can be cast into the form of equation {15) by a further
RTIT) g1

multiplication by 67"

The route of arriving at equation (15} thus becomes a very simple one and can be
realised only when an analysis similar to the one already presented has been shown o
exist first.

The importance of the main analysis lies not just in the fact that equation (15) is
obtainable but that the pair of equations (1) and {2} can be cast into the form of equation
(10) which has two basic parts: (iy A T-part and tii) a T-free part, of which the 7-part can
be handled for its inversion by using our carlicr unalysis® or a variant of that.
0.2. Does there exist a general class of the pair of equations (1) and (2} which can be

reduced to two independent Carleman type equations whose inversions are simple
and straightforward?
Answer; Assume that we can find « suitable constant 727 and a suitable function p(x) such that

maf+g = plmbg+dcf + g}l (28)

Then, equating the cocfficicnts of [/ and g from both the sides of (28) yield

ma = pdc (29)
and
1=p(mb+d). (30)
Eliminating p from (29) and (30) gives rise to the equation
2y 4, de_
it pm = =0 (31)

and this represents a quadratic equation for the determination of the constant m, for a
variety of choices of the functions a.b,c,and d in equations (1) and (2).

The choice of the function p is then provided by equation (29).
For the special case under consideration we have that
c=kia and d = kb,
and equation (31) simplifies to
1+ kym — kyky, = 0.

Thc two roots my and m;, of equation (32) and the two corresponding functions p; and
P2 gven by (29) finaily help in obtaining from equations (1) and (2) the following two
independent Carleman type equations

Pxi+ T = myfi + 5, (j = 1,2)

(32)

(33)
with

by =myaldc, and x; = mibg+d(cf+g), (= 1,2). G4
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