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2. Notation 

Gwen a graph G = < V. E >. wherc 11 I - 1 1 ,  we denote by 

( I )  d the diameter of G; 
(2) l(i,j) the length of the shortest path betwcen nodes i  and j, I ,  js V 
(3 )  s(i) = max :l(i,j) 1 jc Vi the sep;mtion number for I S  E'; 

(4) ,,)I. (j) = min (s(i)l i~ I.'! ] the set of ccnters of G: 

( 5 )  t ( i )  = X l ( i , j )  the trans~nissiol~ numbcr for i~ F'; 
! E l '  

(6 )  n~ = blt(j)=min :i(i)l % I . ' )  ] the sct of rnedians of G: 

In a rooted trec T ( r )  = < C;, E, 1, wherc rG 1,; is thc root and 11 ;I = 11, we denote by 

(7 )  PRji)  the immediate predecessor or pnrcnt of i f  I ;  (it is assumed that PR(r) = m); 
( 8 )  L ( i )  the level ol i c  V ,  (it is assumed thal L.(r) = 0): 

(91 L the height of T(r ) ;  
(10) YC'A(i, j )  the youngest common anccstor of thc pair 1.16 V,.  

For the definition of other graph thcorctic terms uscd in this papcr, see Christofides'. 

3. Centers and medians of trees 

The parallel algorithm for finding oentcrs and medians of a rooted lree T(r)= < V,, E,> 
proposed in this section uses an array Ak(i) ,  1 $ i $ r r ~  C;, O < k $ L ,  in which each row i 
contains a path from node i  to root r  in T(r ) .  Each entry of A X ( ; )  gives the node number 
of klh ancestor of i. The concept of such an array was lirst introduced by Savagen. 

D<l;nir~on 3.1. On thc set of nodes of a rooted tree T ( r )  delinc a function 'A' as follows. 

PR( i ) ,  V i e V , A i # r .  
A (i) = 

K, else. 

DeJnition 3.2. On the set of nodes of a rooted tree T ( r )  define a recursive function 'Ak' as 
follows 

Theorem 3.3. Given a function A of a rooted tree T(r) .  it  is possible to compute Ax(:), 
1 Q i G n ,  O$k< L, in O(log L )  time with n L  processors. 

Proof: 
Algorithm P: 
Step I: , f i r i : l $ i <  n d o  

AO(i): = i; A' (i): = PR(i);  od; 
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It is clear that Step I requires O ( l )  time with 2n processors while Step 2 can be 
implemented in O(1ogL) time with n L  processors. Combining the computational 
complexities of both Steps I and 2 of algorithm P, the theorem clearly follows. 

Once Ah(;) ,  l S i< tl, O S k  < L is constructed, level L(0,  V i e  V ,  can be obtained from 
this array Ak( i )  as L ( i )  = min [ k A h ( i )  = r A O $ k < L J .  

Tlicorem 3.4. Given the function Ah of a rooted tree T(r) ,  it is possible to find level L(i) ,  
VIE V ,  in Oil j time with 11(L+ I j processors. 

Proof 
Algorithm Q: 
Srrp I .  .fur i :  I <i<n, k : O < k < L  do 

if Ak(i)  = r  then B(i ,  k):  = 1 
rlsr B(i, kj: = 0; od; 

Step 2: for i :  I<i<n,  k : O < k < L  do 
i f  k=O rhen C(i,O): = B(i,O) 

else C(i, k )  : = B(i, k )  - B(i, k  - I ) ;  ad: 
' 

Srrp 3: for i :  I <i$n, k : O < k < L  do 
i f  C(i ,  k )  = 1 then L( i )  : = k; od. 

It is obvious that each of the above steps requires O(1) time with n(L+ 1) processors 
and hence combining the computational complexities of all these steps of algorithm Q, 
the theorem follows. 

Throretn 3.5. Youngest common ancestors for all pairs of i, jsV,  in a rooted tree T(r )  can 
be computed in O(logL) time with n2 processors. 

Proof: 
Algorithm R: 

Step I :  Construct array Ak(i), 19 i<n, O<k<L 

Step 2: Construct array D(l :n ,  0 : L )  as follows: 
2.1: D(i ,k ) :=  x, l< i$n ,  O<k<L.  
2.2: D(i ,  L ( i ) - k j : =  Ah(i), 1 $i<n,  O$k<L(i)  

S W 3 :  .for i : I < i < n , j : I < j < n d o  
l( i , j j :=O; h ( i , j ) : = L + l ;  flag(i,j):=false: 

while nut flag(i, j) do 
m(i, jj: = L(l(i, j )+h( i , j ) jP j :  
if D(i, m(i, j j )  = D(j ,  m(i, j ) )  then 



Thc stcpwi\c dc\criptioii 01' tlic panillcl .ilgoi-!l!~in for finding ccntcr) and mediana o f a  

tree is given hclow 

Input: Parcnl P l i l i )  b r  cach i t  L ,  in I(rJ  - . i ,. I : , ;  

Srrp 2 Computz lcvel L(i), V l t  l ' , .  

Srcp 3 .  O b t a ~ n  for L ' ~ I  pair 111)d~s I ,  I C  I ; .  thc y ~ u ~ i g e ~ . t  ccmnion nnccstor I r A ( i . j )  

Sie11 6 Cornpiitc l i r l -  Z i[r.jl. Vie I '  and ~dcnti iy  ceah node ~ i i t l ' ,  as the median of 
/' I , 

I?f'i, prowdcd 1im) = mill / r ( ! l / i ~ l ' ,  l .  

Tllciire~l! 3 d Aipor~thm 1'RI:l (.l.i\il-l.R A N D  MI:I)IAN has a limccornplcxlty of 
O(logl!) i V l l i 1  112 pr,iccwlr\. 

Tablc I 
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qlgorithm T R E E  -CENTER A\D.-  MEDIAN is illustrated ivith the help of an 
example in fig. I 

4. Centers and medians of graphs 

The most important task involved In finding the centers and medians of a graph G =  < I'. 
E >  is the computation of I(;, j), Vi, j E  Y.  For this purpose, we propose a paraiiei 
algorithm that computes ((i.,). vi. j~ V in O(10gd. log logni time ivith ?I' [ d o g  logll? 
processors. This algorithm basically generates n shortest-path (SP) spanning trees, each 
rooted at the node ic  V, and simultaneously computes the izvel of elich nodejc l'in each 
SP spanning tree rooted at ~ E V .  

4.1 Generatilly n SP spanning trees 

We assume the graph G = < V. E >  to be an equivalent directed graph (digraph) denoted 
G'< V. E'>. where E'= E L  [ ( j ,  i)l Vi , jcV3( i . j )~E) ,  without any change in rhs 
adjacency matrix or adjacency lists of G. With respect to the digraph G', A Cree rooted at 
a node xs V containing ail nodes of G' reachable from r by an acyclic path of i e ~ g i h  
6 2'. where k is an integer satdying O < k <  rlogdl. is denoted by T1.y. k )  u h ~ c h  
Preserves the SP property (SPP) defined as follows. 



~ ~ , q , ~ i ~ i ~ ~ ~  4.1.1. Let y, I be a pair of nodcs in thc trce ?'(.\-,Xi such that (y.z)cE' bllt 
does not belong :o T(Y, k). Then. the trcc 7'12, h )  is said to possess the SPP if one of the 
following is true: 

(i) ~ ( y T ( x , k ) >  L ( ~ l T l . ~ . i ) i -  I; 
(ii) L(ylT(.x, k) )=2': 

where, L(-IT(.u. k))  represents the level of a node z in 7'1.~. k). 

It is assumed that the &graph C' is availahlc in thc form of ~ t s  adjacency relations, 
which in fact define the trees Ti\-.O), V X E  C Initially. for cach \ €  I', the trees T(?,O), 
VjsT(1,0) are merged with the tree 7i.x.0) to produce ;I new tree 7'(.x, 1 ). This process of 
tree merging is repeated for r logdl  times finally producing thc trce T(I, jlogdl ), for cach 
.XE V,  which is an SP spanning trcc of G' rootcd a1 vzl: Thc tree mcrging is carried out In 
such a manner that a t  any stage k, the trcc T(.x.Al which is obtained from the trees 
T(I, k - 1 )  and all T(y,  k - I ) .  Y E  T h ,  k - 1 ), 0 < k  < flog d l .  preserves the SPP. 

The detailed description of the algorithm for gcneratlng f i  SP spanning trees of G' is 
given below, where PK(:IT(x, k ) )  IS used to denote the parent of a nude 2 in T( .Y,~J .  

Algorithm SP -SPANNING -TREES: 

Input: The trees T(u. 0). V.YE V,  specihcd by 
PR(yI T(u, 0))  and L(yT(z .0) ) .  VYE V. 

Output: The SP spanning trees T(r. jlogdl ). V.YE V. 
specified by PR(jIT(.x, riog d l  1) and L(ylT(.x, llog d l  ) 1. Vye 1'. 

1. k: = O ;  /*  Initialize */ 
2. wfhile k < [log d l  + 1 do /* repeat lincs 3 through I7r logdl  times */ 
3. p:=O; 
4. while p<  rlog lognl do /* initiali~e matrlces */ 
5. for each pair of .K, y =  I , ? , .  . . , 11 do 

6. jor z=(p[tz/log logn] + 1 )  to  ( ( p +  I)jn/log lognl ) do 
7 .  i f  iz=.u)A(PR(yIT(s,k- I ) ) +  $1 then 
8. Mt(y,:): = L(ylT(.u, k -  I ) )  
9. else if (xT(.u,k- l))A(PR(ylT(z,k- l))#q5) then 

10. M ~ ( Y , : ) : = L ( ~ ~ T ( X , ~ - I ) ) + L ( ~ I T ( Z , ~ -  I ) )  
I I. else M:(l;.=):= m; od; od; 
12. p :=p+: ,od;  
13 for each pair of u, y = 1.2,. . . ., n do /* find the minimum of each row of each matrix 

and define new trees */ 
14. find z ,  such that M:(y,r,)= min [M:(y,zjl;= 1,2 ,...., nj;  
15. PR(ylT(x,k):= PR(ylT(s,, k -  I)); 
16. Li~lT(x,  k)): = M:(y, 2,); od; 
17. k : = k + l ; o d .  
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An algor~thm for tinding the maximum of n numbers on the same model as considered 
this paper 1s availableJ. It requires O(n,'p) time with pi1  < p  < rn/log lognl processora. 

Finding the inininlum of n numbera is a ioglcally equivalent problem to that of findlng 
tile rnaxtm~lm and hcncc line 13 of algorithm SP-SPANN1NC;~-TREFS can be 
lmplcmcnted in O(1og 1og11) lime with rrrlog  log?^] processors. It can be verified easily that 
tile body of thc ni:iiri dii!r-block (I~ncs 3 through 17) of algorithm SP_-SPANNING..- 
TREES requires an cxzcution time of O(1oglog11) with n' rr!/loglognl processors. Slnce 
the body of the mmn while-block is to he repeated for r logdl times, we have the 
following. 

Tiiror-ivi 4.1.3 Algor~thm SI'L SPANNING.. TREES requires O(lopi1 loglogn) time 
~ i t h  11' [ii,'Ing log111 processor\. 

The arguments ~c~:II-ding the validity of the algorithm SP-SPANNING-TREES arc as 
lallo\rs Sincc (1 IS the d~arncter of thc digraph G', every acyclic path hetwecn a pair of 
nodcs consists of at  moct I /  cdgc.. Consequcnlly. the trcc T(x.rIogd1) for each t V ,  
ohl:i~ncd : I  the o~l tpu t  of the algor~thrn SP .SPANNING_-TREES must consist ol  all 
nodzr of G'. F~nally. i t  can bc proicd by induct~on that rhc tree T(~ , r logd] )  for cach 
EL', preserves thc SI'P 

I (  follow from the property oi the SI' spannlng tree o l  a graph G(or G') that the level of 
.I liodc / t  1: in ;I S P  .;panlilng trcc rooted at a node ic I.: is thz lcnplh of the shortest path 
kom I to 1 (ic.. / (I ,  / J )  In (;(or G'). Oncu /(i,j), Vi .  jeV is available. the rest of finding 
centcrs and mcdi;~ns o l  :I graph I str;rightforwald The lollow~ng IS a stepwtsc descrrption 
of thc parallel ;~lgor~thnr Ibr f ~ n d ~ n g  centers and medhns of a graph. 

~Ugor~thm GRAPH . CENTER--AND-MEDIAN: 
input: The trccs T(r,O), V Y E  1: specficd by 

PI<(Y~T'(.Y.O)) and 12(!~1T(\.0J ). V y e  V. 
Output: Centcrs and medians of G 



Node (11 s ( I  Set a i  centers of G ' ( I) Set ot inad,;ins of G - 
1 3 
2 2 

9 

3 
8 

2 (2 3. 5 6) 6 (3) 
4 3 
5 2 

9 

6 
7 

2 7 



h p u l C  2 ~ l l u \ l r d t c ~  ' i lgol~l l in~ C;l<r\f'Fi ( ' E h T E R _ - A N D _ - M E D I ,  with the help 
01 ,III exumplc. 

5.  Closing remarks 
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