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1. Introduction 

Wrthln the framewolk of the l~nzarised theory of water waves, the problem of generation 
of mfinitesimal gravity waves in a motionless liquid of infinite depth with an incrtial 
surface composed of uniformly distr~buted floating particles due to a two-dimensional 
line source which begins to  operate in a timc-dependent manner a t  a given instant has 
heen considered by Rhodcs Robinson'. Later, Mandal and K ~ n d u ' . ~  have extended this 
problem to the case of a liquid of finite depth and othcr types of sources such as two- and 
three-dimensional multipoles of time-dependent strengths, the effect of surface tension at 
the inertial surfacc being neglected by Mandal and Kundu2 whilc t h ~ s  being mcluded by 
Mmdal and Kundu3. After using Laplacc transform in time, the transformed potentials 
In these problems have bccn obtamed I" a manner analogous to the usual time-harmonic 
problems in a liquid with a free surface. Laplace inversion then produces the required 
potential$. 

The study of different problems of generation of water waves in the presence of a 
vertical body of revolution having a common vertical axis of symmetry with the fluid 
motion requires the consideration of velocity potentials due to submerged circular rings 
of wave sources as the problems can bc formulated in terms of a suitable distribution of 

of wave sources around the body ( c f :  Fenton4 and Hulme5). This motivates the 
consideration of various problems of gnera t ion  of water waves due to a submerged 
horizontd~ ring of wave sources, Recently, Kundu%btained the vclocity potential due to 

26 1 



a horizontal ring of wave sources submerged in a liquid of  finite depth with an inertial 
surface. while Mandal ;ind Kundu7 considel-ed tiic salnc problem for a liquid of infinite 
,jcpth in [lie prcscncc of s u r k ~ ~  tension at the incrtlai surface. l 'he tlrathcrnatlcal 
tcchniquc used to solve this problem was similar to that ilscd by Mandal and Kundu2', 

C'onctri~ction of offshore struc~iircs for oil prospcclinp in high %as reqi~ires model]lno 
of water ,#ape diKraction probleins in a sea in tile prcssttce of cylmdrical columns a; 

cross-sections Hence consider;ilion of  velocity potcnrials due to submereed 
circular rings of  wave sources (arising in diffraction problcms due to submerged 
partially immerscd circu:ar structi~re around the column) outhide a coaxial Immersed 
cylinder is of soinc imporlance. Rhodes Robinson" obiaincd thc ring hource potentials 
outside such a coaxial circular cylinder wh~lc  considcr~ng a class of t~rnc-harmonic surfAce 
wave problems rnvolving i~nnicrscd vel-tical hounJarics. 

The prcsent paper is conccrncd with de~iving the potcntial duc to a uniform 
distr~bution of point sources of [he same time-dependent strength around a horizontal 
ring suhrnerged in a liquid of infinite depth with an  inertial surf2icc. outside an immersed 
coaxial circuhr cylinder. This may be regarded as an extension of the problem of sin! 
source outnde a coax~al cylinder in water with a frec surkict. considered by Rhodes- 
RobinsonY to a liquid with an inertial surfxc. Aficr taking Laplace transform in time, a 
reduction procedure is used to obtain the transformed potential. This procedure was used 
first by Williams~while considering a gencral scattering problcin due lo a submerged 
lime-harmonic point source in deep water with ;I frce surface. Later, Rhodes-Robmson" 
applled the same method to an entire c l a s  of probioms for time. harnionic surface waves 
in water involving lmmerscd vcrlical bonndarics allowing for the influence of surface 
tension at the free surhce. Recently, Mandall" also applied this procedure to obtain the 
potcntial due to a ring of wave sources sub me^-ged in a liquid of infinite depth with an 
inertial surfacc. 

When the wrface density of the floating materials in the results of the present paper is 
made equal to zero, known rcsulis for a liquid with a frec surface arc recovered. 

2. Formulation of the problem 

We consider the motion under gravity in an Ideal liquid of density p covered by an 
iilertial surface coinposed of a thin uniform distr~bulion of floating particles of area 
density PC. c = O  corresponds to a liquid with a free surface. A horizontal ring with radius 
S of uniformly distributed sources, each of the same strength m(l) ,  is present in the liqiljd 
at a depth f below the mean position of the inertial surface outside an immersed coaxial 
circular cylinder of radius a(<S). Using a cyl~ndrical co-ordinatc system with the axis 
the ring as y-axis, y=0 as the position of inertial surface at  rest, the ring source then has 
the position R = S  (>a) ,  y=f (>  0) The point sources on  the ring start operating in a 
time-dependent manner at a given instant simultaneously. Since the motion ?tarts from 
rest it 1s isrotational and can be described by a potential functioll Co(R,y; r )  satisfying the 
Laplace's equation in the liquid region except at  points on  tile ring. Within the 
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iramework of lineariscd theory, p salisfics. the inertial surface condition 

where I,  is the gravity, the condition Tor n o  motion at infinite depth is given by 

p+O as y-m, 

[he initial condit~ons 

Let i ( R , y ; p ) = I e x p i - - - { ~ f ) ( p ( R . y : r ) d r , ( ~ > O ) ,  
0 

then Q is the solution of the RVP described hy 

V2$ = 0, y > 0 except at points on thc ring, 

p 2 G - ( g + i : p 2 ) ( n , ,  = 0 on y = 0, 

3. Solution of the problem 

in view ol(2.3) and following Williams" we introduce a function 'f '(R, k ; p )  jk > 0) such 
that 

Solvmg (3.1) and using (2.4) we obtain 

This reduccs the BVp described by (2.2) to  (2.5) by one dimension to another RVP in 'f' 
given in (3.4) below. 
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and ' f - 0  as R + w  (3.4) 

where A ( k , i , p )  = k ( q + c p 2 j  cos kf-~-p%sln kf and 'I". Y" denote respectwely the lirsr sl,d 

second derivatives with respect to R. 

The solut~on of the BVP (3.4) 1s 

Hence $ ( R ,  y;p) 

To obtam the Laplace mversion of F we now simplify (3.5) for R a S .  Thc case R<S 
can be dealt with similarly. For R a S ,  from (3.5) we can writc 



$ ,, (3.6) can be furlhcr ~ simplified . to  - 

ivhere - ok'I I +kt:\. Thc Laplacc inversion of (3.9) is now obvious and thus we obtain 

(3.10) IS the general result for :my arbitrary time-dependent strength m(r) of the sources 

4. The rhe-harmonic ring 5ourc.e 

To compare our results with thc known potcnt~al  due to a timc-harmonic ring sourcc 
suhrnerged in watcr with n free surface, we now consider the special case whcre the 
strength of the sourccs varies harmonically with time. Let us put ndt)= sinot in (3.10). 
Then 

To lind the slcady-state devclopmenl ill <p 21s t - , ~ ,  we note that the transient term, if 
.I!I:Y. orcllrc only In [he 1ntcgr;tl in (4.1) involving sinpt. Now , u - o L  vanishes at  kckX in 
lllc w e e  oi'~ntc:rr.itir,n 1 ( !  , ) r l y  when Os,,:K < l where k,T-K(I - c K )  ' w ~ t h  K=aZjg.  
Hcllcc lor O6ck -: I .  i 1 1 1 r ~ ~ J i ~ ~ r i l ~  :I ( ,li,..r~j [u,,icip,il value at k = k X  in this integral, we 
cJ:1 write the Lerm involving cinpr as 
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11 call bc shown that (4.3) reprcscnts an outgoing progressive wave as R i a  

When cK 3 1, there is no zero of p -  riL for k > O  and thus the rntcgral involving unp, 
is wholly transient. Hence In thls case. 

as [+a. It can be shown [hat now there is no progrcssive wave as R-im 

For a t~me-harmonic ring source with circular frequency a, the steady-statc 
development to the potential is gmen by (4.3) for ~ < ( g / r : ) " ~  1.t.. i:<g/c2 and by (4.4)for 
~ & ( ~ / e ) " ~  i.e. c>y/02. The former is interpreted physically as the inertial surLace to he 
heavy while the latter is interpreted as the inertial surface to be light. Rhodcn. 
Robinson's" result can be obtained from (4.3) by putting F = O .  Thc effect of incrtial 
surface on the potential function thus appears to be straight forward enough to visual~zc, 
namely, the time-harmonic waves (produced at  the ring source) whose circular frequent) 
is less than a , = ( g / ~ ) " ~  will propagate to large distances from the ring source while those 
with frequency exceeding a,, will die out at  large distances from the ring source. Thls 
phenomenon is in conformity with the fact that infinitesimal time-harmonic progressive 
grawty wave can propagate in an ideal liquid with an inertial surface only if the inertid 
surface is not too heavy (rj: Rhodes-Robinson', Peters"). 

5. Conclusion 

F'otential function due to a ring source of time-dependent strength submerged outside an 
immersed coaxial circular cylinder is obtained by a reduction procedure. The boundary 
value problem concerning the transrormed potential is reduced to another boundary 
value problem from whose solution the potential funct~on is obtained. The p r o b h  may 
be extended to a liquid of finite depth and also to  include the effect of surface tension at 
the inertial surface. 
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