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Abstract

The transient flow in the Ekman layer of a dusty elastico-viscous liquid near a flat plate is discussed. Inttially
the dusty fluid and the plate were rotating together and the plate then suddenly starts moving with a uniform
velocity 1n its own plane relative to the rotating frame of reference. The effect of rotation manifests itself
through inertial oscillations which decays exponentially with time. It is shown that the frequency of inertial
oscillations decreases with increase in either mass concentration or elastic element in the liquid.
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l. Introduction

Multiphase flow problems are of current interest in fluid dynamics. In particular, fluid
mechanical problems involving gas-particle mixtures arise in various fields of engineering.
Based on the theoretical model proposed by Saffman’, many authors investigated a
number of dusty-gas flow problems in various geometries. Regarding the plate problems,
Michael and Miller?, Liu® 4, Healy and Yang® investigated a number of dusty-gas flow
problems. But little attention is paid to the flow of a dusty gas in a rotating s.ystem
although this has some bearing on the pollution problem as well as on the motion of
aerosol over the rotating earth. Gupta and Pop® investigated the unsteady boundqary
layer flow in a rotating viscous liquid bounded by an inﬁnit‘c flat plate when there is a
suspension of dust particles in the liquid. Jana et al” investigated the unsteady flow In

the Ekman layer of an elastico-viscous liquid.
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In the present investigation, we extend the anal_ysu_s or'Guptd " tro}c;n; in

wider class of elastico-viscous liquid, viz. Walters’ llqu.ld B’ (with shorl'n“l‘eﬂ:; :.i: ntration
Particular, to observe (qualitatively) the cffects of elastic element and mass €

on the flow field.
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. Mathematical formulation and asymptotic analysis

We consider an infinite plate coinciding with the plane z =0 and rotating in unison with
a dusty elastico-viscous liquid occupying the region z > 0 with a umfo!' m angular velocity
Q about the z-axis for time t<0. At time >0, the plate starts moving with a uniforp,
velocity {J in its own plane relative to the rotating l:ramc of r?(erence. The horizonty]
homogeneity of the problem demands that the physical quantities depend on 7 anq ;
only. The equation of continuity of the liquid then gives w = 0 everywhere in the flow,

where (u, v, w) are components of the liquid velocity at a point.

The equation of continuity of dust particles is given as

cN
—+ (N =0,
Er (Nv);
where N is the number density of dust particle and v; 1s the velocity of dust particle
Since the distribution of dust particles is uniform, the number density of the parliclcs'
N = N,, a constant throughout the motion.
Following Saffman' and Walters® we get the equations of motion for the liquid ang

dust particle in a rotating frame of reference as
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where m is t '
he mass of a dust particle, K the Stokes resistance coefficient, K, the elastic

coeflicient. v=r/p, » the limiting viscosi
: : ng viscosity at small !
Equations (1) and (2), and (3) and 4) are czmbined - rates of shear and p the density

i-("‘x I \%%
cT 1 3T §;+(2m+j‘)q—fq'=0’ (5)
L
where
+ ip
q=u o u'+ iy
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and f=mNy/p1s the mass concentration of dust particles and 1
dust particles.
The initial and boundary conditions are

i1s the relaxation time of

g=¢ =0for T<O, ,
g=1at Z=0for T>0, (7)

y— 0 as £Z—— x. :g;
Taking Laplace transforms of (5) and (6) and using (7), we get
d*q _ _
¢ U=Kip) i, ;=Qio+f+plg+fq =0, (10)
(p+2iw+l}q =g (11)

where

y(Z.p)={ q(Z.T)e "7 dT,
0

4'(Z,p) = j'lq' (Z,T)e PT dT.
0

Eliminating ¢’ from (10) and (11) and then solving for ¢ with the help of transformed
boundary condition, we have

- l |
q(Z,p)=-e" Y, (12)
4
where
] _ Fi 1/2
TU-K,p [” MR TS ,m]

with the proviso that the real part of M is taken positive.

The dust velocity at the plate Z =0 is given by (11) and (12) as

. = I (13)
' _ Y
$I0. )= & [p(p+ l+2iw)j|'

Ing | ' al and 1 N arts, we have
Taking inverse transformation of (13) and separating real and imaginary parts

o 4
u (0. T)= i . *—z-[l-—e"'cos?,mT+2we Tsin2wT }, (14)

+ 4w
- [e‘Tsinle—~2w(l~é"’T0052tuT)]. (15)

“O.T)= ) 4
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from (14) and (15) that the dusl particles do not stick to the p
er, such a velocity slip Is compatible with the assum;-me
10N

the dust particles is small since we can then imagine t
| be several particle diameters away from at
it

ticles on the plate is unaffected by
e

It is interesting tO NOl¢
but move relative to it. Howev

that the bulk concentration of
the particles nearest to the plate will in genera
It is also remarked that the velocity of dust par

presence of elastic parameter of the fluid.
To investigate the asymptotic nature of the solution for large time, we assume p I
«l,

Equation (12) can then be approximated by

g(Z,p) = —l o~ VAW BIAYZ
p (16)
where
A=a+ip,
(17)
B=2iw(l+ f ),
[+2iw (18)
so that

x=(1+40? + 40’ K )/(1 +4w?)
B= 20K, (1+40® +f)/(1 +40?)

Equation (16) gives, on usin :
, |
and Foster®. g the table of the inverse Laplace transform due to Campbell

! -
q4(z, T)=E[E‘Bz'erfc(—ﬁ:'z+ --BI +e'w.3_2
2\/T A
x erfc (3—/fE - . .B_Z
24T A : (19)

erfc(Zyx Z ' =112 exp(—~Z?) as |Z|
—-_._.;.I’ 0
erfc(-Z)=2—-erfc(Z]. )

It is known that

ul (21 T)ze-ZIICOSﬁIZ-—L___Z
2 /nT (23+ B3 (2225 + B,Bs)cos 2,
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(Br0s—a,fs)sina, } exp {‘ (&"T + (23— B2 T) } (21)
i . p p— ; Z ]
V (Z.T)=e 242 = N
e e T Ty s cosa,
- : Z°
(2,25 + f,85)sin X4} €XP {"‘ (ai?-'l'(fli ~BNT) }, (22)
where
w 1/2
al,ﬁl=(,+4w2) [{(1 4402 +1) +4w [ 2}12 £ 200 112
- 1 2 2 2 2
%y, ﬁz—-(-i(] +4wz))m[{(l+4tu +4w’fK )"+ 4w K?
X (1 +f+4w*)?} 12 £ (1 +4w? + 40*)f K ) ]V2,
xy = (2,2, + B ,)/ (23 + B3),
Bi=(a,f8; — fx,ﬁz)/(aﬁ +ﬁ§),
2y =(f+2238,T),
Bs=0,
as=(x3— B3 T—2Z%/4T,
Bs = 2 a3ﬁ3T_ ﬁzz/4T
The dimensionless skin-friction can be calculated from equation (19) as
g _ _ —\ a,tifl, _
B ;7 z=o= (x +!ﬁ1)crf( (513+IB.3)\/T)+ i/n‘?z k! (23)

3. Discussion

The first terms in (21) and (22) represent the velocity components for the E-kma.n
boundary layer (modified by the presence of dust particles) on tl'_le plate, which is
cslablished 1n the final steady state. The boundary layer thickness is clearly of order
(2,)"! and gradually it becomes thinner with the increase in f, the mass concentration.
This distribution is independent of K,. Another distinctive feature of lhc above
asymptotic solution is that the second terms in (21) and (22) confirm thc_ existence of
?ncrlial oscillations which decay cxponcnlially with time. The effect of I'OIHI'IOI’.I m:llmfestls
self through these oscillations with frequency. (22:55). The effects of elastic element,
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;l"z;bléf:m‘ of elastic element on frequency of inertial oscillations
a

when f= 01, =10 ‘

K 05 10 -5 2:0 5.5
]
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0-6260497 (-4809395 0-4193873
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(b) Effect of mass concentration on frequency of inertial oscillations

Wh(‘ﬂ K[ = 0'51 w= 1'0
020 0-30 0-35 0-40

f 010
2,8, 14004176 13872846 13747694 i I oo

mass concentration on the frequency of inertial oscillations are shown in Table I. |y
reveals that the frequency decreases with increase in either mass concentration or elastic

element in the liquid.

As T — x. (23) gives the steady-state skin friction as (x; +if,). In the absence of dust
parameter, it reduces to (I +i)w"*, which agrees with the classical result for Fkman
spiral near a plate in a rotating frame. It 1s of interest to have an estimate of the time
which elapses from the start of the plate in the rotating frame till the steady state is
reached. It is clear from (23) that the steady state i1s reached after a time T, where

erf((a3+if;) 7o) = 1.

Since erf (x) = 1 when |x] =~ 2, it follows that

2

0 - T
(12_{_{}%)1,2

The effects of mass concentration and elastic parameter on T, can be seen from Table IL.
It revcal§ th_at: the effect of mass concentration is to decrease the time to reach the steady
state while 1t increases as the elastic element Increases.

Table 11

(a) Effect of elastic element on the tim - '
o e (T,) to reach the steady

—_—
i

———

K, 05 1-0 15 20 2:5 T
T .
" 1-:5906671 19306756 22767133 26301002 30001219
Sl —me

(b) Effect of mass concentrat; :
steady state when K, =05, :: :0:00“ e e (To) to reach the

—_——— ,
I_ 0-10 015 0*2_0_-_ 025 0-30 -
T, 15906671 1-5851219

R S—

T

T e W . o} e =



FLOW OF A DUSTY ELASTICO-VISCOUS LIQUID 275

Acknowledgements

The authors are grateful to Dr. M. K. Maiti of the Indian Institute

Kharagpur, for his valuable suggestions for the improvement of the pa
thank the referee for his valued suggestions.

of Technology,
per. They also

References

1. SArEMAN, P. G. J. Fluid Mech. 1962, 13, 120 -128.

3 MicHAFL, D. H. AND Mathematika, 1966, 13, 97 109.
MiLLER, D. A.

¥ Ll T G Phys. Fluids, 1966, 9, 1716 1720.

$ Ly, J. T.C, Astronaut, Acta, 1967, 13, 369 377.

5 HEALY. J. V. AND Astronaut. Acta. 1972, 17, 851 856.
Yan, H. T.

6. GUPTA. A. S. AND Bull. Muth. Soc. Sci. Math. R. §. Roumanie, 1975, 19 (67). 291 297.
Por, L.

7. JANA, R. N., GuUPTA, A. S. Rheologica Acta, 1982, 21, 733 735.
AND DATTA, N

XK. WALTFRS, K. J. Mec.. 1962, 1, 474 479.

9. CampsrLL, G. A. AND Fourier integrals for practical applications, Yan Nostrand, New York.
Fostrr, R. M.



