
A GRAPHICAL T R E A T M E N T OF THE S K I N EFFECT.

By Professor Alfred JXvy, D. Sc.

The fact that an alternating current is not uniformly
distributed over the cross-section of a conductor has for a long
time heen well known to all electrical engineers, and the changes
in the resistance and self-inductance of a cylindrical conductor
arising from this cause hare formed the subject of several analyti-
cal investigations. The contributions of Clerk Maxwell, Oliver
Heaviside*, lord Rayleigh, and Lord Kehln to the solution of
this problem are well known to those interested in tlie subject,
and the formula and tabulated numerical results given by these
investigators have been frequently referred to by writers on
alternating currents. The most recent and thorough analytical
treatment of this problem we owe to Dr. Alexander Russell.*
An elementary explanation of the general nature of the skin
effect has also been given; but no attempt seems hitherto to have
been made to deal with the subject in a quantitative manner by a
jurely elementary method. It is the object of this paper to
develop such a method. As will be seen, the method has the
great advantage of presenting to the mind in a Yery vivid manner
the purely physical aspect of the problem.

In Tvhat follows, Tve shall confine our attention to cy-
lindrical conductors so arranged that everything1 is symmetrical
about the axis of the conductor, the lines of magnetic induction
being represented by circles having their centres on the axis of
the conductor. Imagine a long, straight cylindrical conductor
surrounded by a coaxial infinitely thin shell o£ negligible resis-
tance lying infinitely close to the surface of the conductor but
insulated from it3 atid let an alternating current he sent through
the coadnctoi, the surrounding shell forming the return path
for the current. We may term the quotient of the potential
difference by the current in such a circuit the "internal imped-
ance'3 of the conductor. This may be regarded as made up of
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the "effective resistance" of the conductor (=povrer dissipated
in conductor divided by square of current) and its "effective
reactance," these three quantities forming the well-known im-
pedance triangle. Since the reactance of the conductor in the
case under consideration arises wholly from magnetic lines
within its substance, we may conveniently term tho effective
reactance in this case the "internal reactance " of the conductor

Suppose next that the surrounding shell forming the
return path for the current is made to expand, so that there is a
considerahle space formed between the outer surface of the cy-
lindrical conductor and the shell This space becomes filled with
magnetic lines and increases the reactance. That portion of the
reactance which arises from such lines may be conveniently
termed the " external reactance." Since everything remains
symmetrical about the axis, it is evident that the only effect of
the external reactance is to add to the reactance component of
the impressed potential difference, the current distribution
within the conductor not being in any way affected. A similar
result will hold good if for the coaxial shell we substitute any
other form of return conductor, provided always that this return
conductor is sufficiently far from the cylindrical conductor to
prevent any appreciable disturbance of the symmetry of the in-
ternal magnetic field of the conductor. We are thus led to the
following result, on which the method about to be explained is
based:—

So long as the symmetry of the internal magnetic field of a
cylindrical conductor remains unaffected, changes in the magnetic
flux external to the conductor have no effect on the current
distribution.

Hence if we suppose our cylindrical conductor divided
into a central cylindrical core and a number of coaxial shells
surrounding it, the removal of any number of shells from the
outside of the conductor will not in any way affect the law of
current distribution in the remaining or internal shells, since so
far as these shalls are concerned, the flux contributed by the shells
which have been removed is an external flux. Similarly, the
addition of any shells to the outside of the conductor so as to
increase its diameter will leave the law of current distribution in
the originally existing shells unaltered.

Making use of this principle, we first approximately
determine the current distribution in the central core, and then
in the successive shells which we imagine to be built up around
the core, until the desired diameter of conductor is reached.



We begin by assuming a certain current density at the centre of
the conductor, and suppose that the current density in each
successive shell increases at a uniform rate from its inner to its
outer surface.

In determining the current densities in the consecutive
shells we shall suppose the current density to be split up into
two components, which are in quadrature whith each other, one
of these—the ^-component—being in phase with the current
density at the centre, and the other—the ^/-component—in quad-
rature with it.

The details of the method will be best understood by
considering a numerical example.

Let the conductor be 15000 metres long, and have a
resistivity at the working temperature of I'SxlCT6 ohm/cm,
cube. We shall assume the standard frequency of 50, and shall
suppose the conductor to be built up by gradually adding coaxial
shells around a central core of 1 mm, radius> the radial depth of
each shell being also 1 mrn.

Let us assume a current density of 10 amperes/sq. cm. at
the centre of the core. This gives for the resistance drop per
centimetre length I'SxlXT6 xlO=r8xl<rB volt, and for the
total drop along the 1,000 metres 1'8 volt. We provisionally
assume that the current density over the central core of 1 mm.
radius is uniform, so that the total current is nx0.12XlO
=0.3142. The value of H at the surface of the core is thus
2xO*03141/0*l=0*6283, and since II increases at a uniform rate
from the centre—where its value is zero—to the surface, the
mean value of H is 0 3142, ami the flux linked with an infinitely
thin filament coincident with the axis of the core is 0*3142 xlO4

lines. The reactance potential difference corresponding to this
flux is given by pX flux, where p-=Zr\ x frequency=314'2.
Thus the reactance potential difference for the axial lilainenb is—

314-2 x 0*3142 x 10* X10""8 =0-00988 volt,

and this potential difference is in quadrature with the current
density at the axis. Now, at the surface of the core, where there
is no internal reactance, the reactance component of the potential
difference will give rise to a current density in quadrature with
that at the axis. This current density is obtained by dividing
the potential gradient of the reactance potential difference by the



resistivity. Thus U·eompouent of CU1'rent lkllsity at sllrface or 
corc-

=O-OOQb8xlU '/I-Rxll) .';=O-();;Ill, 

The .'t'·component heing 10, wo, see t.hnt ~hc rl:~mltnnt current 
density at tho sllt'facc is practlc~lly lllcntlonl wlt,h that. nt nIP
axis, but that it is in advance of It as I'(~~nrds phnc;c hy tll/~ Iln~le 

tan'~ 1 ~.~~~~ =:0'" ur, AS~U1UiJ1.g tlll) v-comPCIIlCIl. t ui' t he current 

density to inorease at a uniform rate from a zero '-l\luo at 
the axis to tho valuo 0-0519 at the surfaoe of the eorc, WI: finet 
for the total y·component of tho current in tho core the value 
0·00115 ampere. 'llhis gives for the !I·cnmponcnt of l[ at tho 

2xO-000115 
surface -- -- 0.1 =0·0023. 

rl'lw ahove rcsulb; may be tahuiu,tetl as follows;

$.component of current density at axis.:;:::(l,,' .--10 ampcrcI-I/!'IcI_ COl, 

y.component o[ cLurent density at ax.is-,:-tly '~. -0. 
$~component of current density at sllrfaccc=fl., c' 10. 
u-component of current densit.y at surfu.cc.:=(ly,,::,,::J 05 W. 
x-component of magnetic force a.t sUI'face -·,U~ -=O'Hi)-\:t 

!I-component of magnetic force at flllrftl(',e=I-1 y -~O 002:~. 
Total x·compilnent or current in COl'l~=ir =o·:n L2. 
rrotal y·compOllent of CUITtmt in coro-..::iv ,.=0'00115. 

Phase displacement o[ ~Ul'faCB current dHnsity--'h-"O" It)'. 

We next place arollncI our core a coaxiul slwIl of 1 mlli. 
radial thickness, anc1Ill·ocee'l t{) determine tho curl'en~ dmtl-litil~s 
d,: and d'.l at its outer snrface, the curr~nt df'n!{itii~!i at ti\(~ innN 
surface being identical with those at tlw ol1ff~r Rurfacf! or th(~ core. 
Since the cnrrent in the sholl ",,-m ~ivc risc to adtliticmnl ml~'rnetio 
lines, it is evident that if the current in the core is to remain un
altered a higher impressed potential dilroreuc!~ tnU!\t now fw pro· 
vided~ owing to the increased rcactancf.' of t.he axial filllffiBIlL. 
The current distribntion in the shell may h{~ (h~tprUlinecl as follows. 

We provisionally assume that the rate of dULJWC of d 
remains unaltered-i_ e., equal to zero, so that we still ba~e rl;c .c: 

10 at the outer surface of the shelL '.rhe total ;t'-comp{)n(~nt or 
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the current is now 19 =1-257.* Hence at the outer surface of
the shell we have—

HlT=2x01257/0'2=I257,

vSinco Hj, as before increases uniformly from zero on the axis to
1-257 at the outer surface of the shell, its mean value is 0 6285,
and the ^-component 1\ of the total llux linked with the axial
filament is 0'62H5 X 0-2 x 105 = 1 *257 X104. The reactance poten-
tial clifferenco V,, is therefore 814*2x T257 X104 X10~8 —0-0395.

0*0395 xlO^5

This gives rise to a current density dy = ~Y^r~f nre™ =0>219 at
JL O /\ JLv

the outer surface of the shell.

We thus have rfy=0'0549 at the inner, and 0*219 at the
outer surface of the shell. Prom this we find for they-component
of the current in the shell the value 0'01376*. Adding this to the
y-.component previously found for the core—viz., 0'00ilf>, we get
lor the total ?/-componcnt the value 0'01491. Hence 11,,= 2 x
0'001491/0'2=0-OU91 at the outer surface of the shell. If, now,
we plot the values H?/ = 0'0023 and TSy =0'01491 as ordinates
against the values 0-1 and 0'2 (distances from axis) as abscissas,
and draw a curve through the origin and the two points so
determined, we find for the area of the curve the value 8xlO~~4.
Tiiis represents the y-eoinponent of the flux per centimetre length
of our conductor, so that the total ^-component of the flux linked
with the axial filament is 80. The corresponding induced E.M.E.
is—

314x80x10 "8 =0-000251 r

which is negligible in companion with the resistance drop (1*8)
alon<> the axial filament. It is to be noted that this E. M. F. is
co-phasal with the axial current density, so that its effect (if
appreciahle) would be to reduce the ^-component of the impressed
potential difference, and hence to reduce dA at tlie outer surface
of the shell.

*If the current density have the values di arid d% at the inner and outer
surfaces respectively of a shell whoHe inner and outer radii are n and r% respec-
tively, and if the density increases at a uniform rate from the inner to the outer
surface, then it may be shown (by a simple integration) that the total current in
the shell is—

f , „area of shell x

As an alternative method, the current may be determined by a process of graphi-
cal integration.



The phase displacement of the current density at the
outer surface of the shell relatively to the axial current density

is —

tair"1 5l«?=l° 15'.
10

We now place another shell of 1 mm. radial thickness
around our conductor, thereby increasing its radius to 3 mm.
We again provisionally assume dx to remain unaltered, and, pro-
ceeding as before, we lind the following values : —

ix (total ^-component of current in conductor)=2'827.

Ha, = 1*885 at surface.

F^ (total ^-component of flux) =2*827 X 10 4.

Vy (reactance potential difference) =0*0888.

dy =0-4935 at surface.

^-component of current in shell=0'0574.

iy (total ^/-component of current in conductor) =Q'0723.

lly r^O-0482 at surface.

On plotting the value Hy =0*0182 in the diagram con-
necting Hy with distance from axis, finding the area of the curve
as before, and multiplying by 105 (length of conductor), we find
for the total y-component T?y of the flux linked with the axial
filament the value Fy=366. The corresponding induced E. M. P.
is Ea!=0'00115. Since, as already mentioned, this E. M. F. is in
phase with the axial current density, the component "VK of the
impressed potential difference in phase with the axial current
density is V.=l •8—0*00115=1-7988. Hence the assumed value
dx =10 at the surface of the conductor requires a small correction,
the true value being ] 0 x l :yf8-==9'993.

The phase displacement of the surface current density
relatively to that along the axis is tan*""1

We next pkce an additional shell of 1 mm. radial thick-
ness around the conductor, thus making its radius equal to 4 mm.
We provisionally assume that the rate of change of <!x with dis-
tance from axis changes by the same amount as before — i.e., by
0-007 per millimetre. The new rate of change will thus be 0-014
per millimetre, giving for the value of dx at the new surface
9'993-0'OU=9'979. The work is then continued as before, the
values of the various other quantities being determined, and a
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eorrcction being applied if necessilry to the provisionally assumed 
ntluo of d", at the surfa.cc. 

~rT-rTl-r'-rT~TI-r'-r1 
~~-1-~+-r4-}~+-~-}~~ 
" . 
... f-I-
"H'-l-

-,o.rnElE±~ -" ... 
_~~-L~~-L~~-L~~~ 

FiG.l -·Variu.tio~\ of Cun'cnt Dcnsi.ty ,;vith Distanre fl'om .Axis. 

By proceeding in this manner we can build up our 
conductor to any clesircrl thickness. Tablo 1. contains the results 
or tIle Mlculation up to 11 1'11.(lius of 3 em. 

Some of these results arc ex:hibited graphically in Figs. 
1 alld 2. R(~fl1rring to Fig. 1, we sce that the $~coropDnent of 
the current density steadily dcercasp-s, passes through a zero 
"I"nluu, !;I.ncl then increases in tho negative direction. '1'110 y-com
ponent starts from a. zero value, incroasos ",cry slowly fit first, 
then more mpiell)" pa);sm~ t.hrough a maximum value and dc~ 
Ct'cases. Hall we cxt£mdcd 'l'ahle I, to larger distances from the 
axis, we t:.hould have found that each component of the curr~nt 
uf'nsity h represented by a wavc which passes thl'ougll a succes
sial! of max.ima, zero, and minima values. 'J'he tota.l or resultant 
current density st~adily increases, and so docs its pbnse angle of 
advance l'clatively to the curl'cnt density at the axis. The COli
neetion IJCtweCl'! the value of the curront (lensity and its phase 
angle of t\rlY3.11CC iR cl~.n.l'lj' (>xhiilit('(l in t.he polar rliagl'nm of 
Fig. 2, in which the radius vector re111'(JSf'nts the current density, 
and tIle vectorial angle tllC phase atlglc o£ advance of the current, 
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density relatively to that at the axis. The numbers along the
polar curve (which, is the locus of the current-density vector)
represent distances from the axis.

Knowing the current-density distribution, "we can easily
determine from it the total power dissipated in a conductor of
given radius. For this purpose we first plot a curve, as in
Fig. 3, whose ahscissa represents the area of a conductor of given

PIG. 2.—Polar Diagram o£ current Density and Phase Angle.

radius, while its ordinate gives us the rate of dissipation of energy
per square centimetre of conductor cross-section at the surface of
the conductor. In order to obtain points along this curve, we
take the consecutive radii given in Table I., and find the areas of
the corresponding circles; this gives us a number of abscissie fur
our curve.

To find the corresponding ordinates we multiply tho square
of the current density d in Table I. by 0 18 (=r8x"K)-6 X105,
the product of the resistivity into the length, of the conductor).
"We next proceed to find the area of the curve so obtained, this area
representing, for any given value of the abscissa, the total watts
dissipated in a conductor whose cross-section is given by the abscissa.
On dividing the total watts dissipated by tho square of the total
current in the conductor (=41+^), we find its resistance to alter-
nating currents of frequency 50, and the quotient of this resis-
tance by the resistance to continuous currents (calculated in the
ordinary way from the resistivity, length and cross-section of the
conductor) gives us the ratio of the two resistances. This ratio is
plotted against the diameter of the conductor in Fig. 4. It remains
at a value not far removed from unity until the diameter of tho
conductor exceeds 5 mm., then begins to increase, very slowlv at

Aral
mi

Iff,
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first, thell uwre rapidly, a.nd after a (liumeter of 20 l11ill. bus been 
I'eached, it nearly follows a stl'ltlght-line law, 
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\,Vhile the effective resistallce of a conductor is illCrea8cd 
by the crowding of the current towards the surface, the c:ff.cctivc 
internal self inductance is r/(nreascd by the same effect. It IS easy 
to undel"stand this result from general considerations. ~For if ":0 
imagine a Cylillddcal C1U"l'ellt /:ibeet to stnr~ from. lleaf the a.XIS 
of the conductor find to expand outwards lIke a rIpple on water, 

, 

I, 

". w '" Dt&mete,.of conductor In mm. 

FIG 5.-Relation connecting inlerna.l renctancc with diamoter of COllduetOl", 

it is obvious that as the sheet expands it becomos linked with less 
and less nux. From the data at Qur di!lposal we can casily 
cahmlate the values of the internal reactance corrsponding to 
various diameters of cODdu~tors. For, using Table 1., we have 
for the square of the internal impedanee the exprossion 
(V:+Vff)/Ci:+i;), On subtracting from this the square of thu 
resistance to currents of frequency 50, we obtaiu the sqUtLL'O of the 
reactunce, and so the reactance itself. It is to be notE:d that fOl' 
tho sID:lller sizes of conductors this method does not yield aocurate 
results, owing to the smallness of the reactance as compared with 
the resistance, But fol' the smaller sizes the internal Bclf·incluc
t.auce at 50 oscles pCI' second will be nearly the flame as that 
cOl're~poudillg to a uniform eurrcnt distribution, and this latter 
self-inductance is known to be (in C.G.S. units) .~ per centimetre 
lengtb of condudor, and to be independent of the size of the 
conductor. lIenee the internal reactance, in ohms, of a cylindrical 
copper couductor of small diameter 1,000 metres long is 
2nX50xtxlO-4 =O.01571 at a frequenoy of 50. rl1he difficulty 
of fintling the value of the internal reactance for small diameters 
is thus overcome. and we are in a position t6 plot the curve of 
Fig. 5, which shows the gradual drop in the internal reactanee 
with increasing diameter of conductor, 

It is hardly necessary to point out that the method 
described is applicable to the ca~e of a long, hollow, cylinddca.l 
conductor or tube, providod its internal field is represented by 



circles concentric with the tube. It may also be applied to solid
or hollow cylindrical conductors of iron, and the effect of varying
permeability is easily taken into account (we suppose the
permeability to be uniform for any one shell, but to vary from
shell to shell). Although the method may appear to be
somewhat laborious, it has the merit of bringing within the reach
of any engineer possessing a sound knowledge of the elements of
alternate current theory a problem of great complexity, whose
solution could hitherto only be dealt with by the aid of very
advanced mathematics.

E. P, B.—5-1914.—500.
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TABLE I.

Shell.

Milliinotros
0—1

dx

\

' 10-00

1—2 ! lO'OO

2—3 ! f)-0!»I
3-4 9 98

4—3

5—6

6—7
7-8

8-9

9-10

9-95

9.90

9-82

i*

0-314

rt'.eo

•J-8HO

5-020

7-840

11-270

15-290
j 9.C9 j 10-880

y-47

9-21

i 10-11 | 8-81

i 11—12 { 8'35

i 12—13 j 7-77

13—14

14—15

15-16

16—17

17—18

18—19

19—20

i>0— 21

21 — 22

2-J-23

23—21

24—25

25-26

26—27

27—28

28—29

29—30

6-Ofi

6-06

4-07

3-61.

2-06

0-25

- 1-83

- 4-22

- 6-93

- 9.97

-13-34

-17-08

-21-15

-25-57

-30-30

-35-30

-40-56

j

25-000

30-550

36-500

II »

O-r.28

1-LWI

1 -8PS

2-510

3.140

3'7flO

4-370

4-970

5-500

6-110

fi 64,0

42-700 7-114

49-000

55-300

61.200

66-fiOO

71'100

74-200

75-500

74.550

70-G5U

63-120

51-200

34-000

10-600

- 20-040
- 58.900

-107-200

-166-000

-230-400

7-550

7-900

8-100
8.330

8-800
8240

7-950

7-450

15-730
5-740

4-450

2-830

0-850

- 1-543

- 4-370

- 7-600
-11-450

- 15-740

P.

3,140

12,570

28,270

50,240

78,470

112,910

153,570

200,270

252,900

311,230

375,000

4-13,800

517,100

594,300

674,600

757,100

840,500

928,500

1,004,500

1,079,000

1,149,900

1,212,300

1,263,200

1,299,600

1,318,000

1,314,500

1,270,900

1,210.800

1,115,200

979,400

v.

0-0099

0-0395

0-0888

0-1578

0-2465

0-3550

0-4825

O'cano

0-7950

0-9780

1-1780

1-39-10

TC250

1-8670

2-1200

2-3£00

2-0400

2-9000

3.1560

3-3900

3-0100

3-8100

3-9700

4-0800

4-1400

4-1300

3*9900

3-8000

3-5000

8-0800

dy

0-5500

0-2190

0-4935

0-8770

1-3700

1-9700

2*6800

3-4950

4-4140

5-4300

C'5400

7-7500

9-0200

10-3700

11-7800

13-2000
14-7000

16-1200

17-5300

18-8300

20-1000

21-1000

22-0500

22-7000

23-0000

22-9100

22-2000

21-1300

19-4600

17-1000

iy

0-00115

0-01490

0-07230

0-22500

0-54500

1-12500

2 08000

3-54000

5-05000

8-59000

12-54000

17-70000

2-1-30000

32-50000

42-00000

54-80000

60-20000

80-20000

105-70000

128-00000

153-00000

181-00000

211-40000

244-40000

279-50000

316-00000

354-00000

391-00000

428-00000

401-00000

Hv

0-0023

0 1400

*v

80

0-4820 3'Hi

0-1125

0-2180

0-3750

0-5940

1,140

2,740

5,670

10,513

0-8850 i 17.000

1".'570 ! 30,470

1-7100

2-2800

2-9500

8-7400

4-6500

5-6800

6 8,"00
8-1400

9 5700

11-1300

12-8000

14-6000

lfi'4400

18 4000

20-41)00

224000

2 1'3000

20-2000

27-0000

29-3000

30-8000

45,350

GP.lflO

04,820

127,760

174,230

225,900
288,500

366,200

454,800

5r.8,3CO

G78.000

815.000

970,200

1,1-14,300

], 338,000

1,551,000

1,785,000

2,037,800

2,308,000

2,595,800

2,807,100

E.

0'00025

0-00115

0-00360

0.008CO

0-01780

0-02309
0-Of.KO

0-00570

0-14250

0 21400

0 29600

0-40100

0-5-1700

0.71000

n.oo-too

1-15000

1-43000

1-73400

2-13000
2-56000

3-05000

3-59500
4-20000

4.87000

5G1000

(3-40000

7-25000

8-16000

9-10000

v«

1-81)0
1-800

1-709

1-796

9

0" 19'

ris'

2° 50'

5"!'

1-791 ' 7° 50'

1-782

T767

11° 16'

15" 16'

1-7J4 j 19nSO'

1-70 i 1 25° 0'

1-657 ' 30° 32'

1-586 36" 37'

1-50 i 42° 54'

1-399
1-253

1-090

n- ro i

0-649

4'J° 17'

56° 8'

62° 47'

H0° 23'

76" 10'

0-371 j 82° 43'I
0046

-0-330

-0-7GO

-1-250

—1-795

—2-400

—3-070

—3-810

-4-600

—5-450

-6-3GO

—7-340

F90 11'
95° 34'

101° 53'

108° 9'

114r 20'
120('27'

126° 36'

13'2° 41'

139° 4'
145° 7'

151°'.)'
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