
i n  the pxnenr paper, we study the iiow behaviour of micropolar BxlJs (uhose 
anstr:utive equations were roirnulatcd by Bringen), in the conveatioaaiiimplo 
siiczrirg flow, p l m e  Couette flo..v aod Polseuille flow. We note chrracteristic 
feain-es of these f u ~ d s ,  like micro-rotation, uneqilai sheariiw ptrasses and coopla 
srresses in each of the cases. 'Me also COLII~ZI-S the  f i o v  b~h~zvi011r of tbe above 
Auids wiih those which occur in thecasc o l  ooc-Ncwfonion iiuids, iharactsrised by 
other weii-lanowu constitutive equations. 

In a series OF pspmis,  ringe en"'" hes put brivarc! the theory of simpla 
microfluids. These ~ l u i d s  arc ctaracferlsed by the fact t'iiat their properties 
and bebaviour are aRected by the local nrotions of t h ~  ~naierial parrichr; 
ccctaioed in  eacn of its volume elements. They exhibit certain microscopic 
eEec:s ,arisiag from ihe local ~ f r u c t . ~ ~  ~ i i d  micro-motions of ' r h ~  fiuid 
elements. 

In a subsequent paper, Elisgen4 introduced a sub-class of these Guide 
called the micropolar Suids. Thcy typi iy  t h e  Ouids consisting of bar-like 
elemects and dumb-bell molecules and exhibit micro-rotatlonzl inertia and 
other eiRcts. 

In the present paper, we study the Flow behaviour of thesa rnlcropolar 
Buids in the conventional Cowtte aad Poiseuille flows. We evaluate rbe 
velocity profile, micro-rotation, shear s k e s s  and couple stress ia each case 
cod compare thein with those w h i ~ h  occur in the case of non-Newtonian 
fluids, charactwised by oihm well !mown coilstituriva equations. 

2. BASIC EQUAW~NS 

The  field equations of the micropoiar Nuids are givcn by the foll~wing 
parrial diEe~cntiai equations : 



where v and v are the velocity vector and the micro-rotation vector - - 
rcspectrvely. p is the density of the Buld, A,, p,. K, are coefficients of 
viscosit\ and a,, FZ,, y m  are coefri.cients of gyro-viscosity ; _P and _I give the 

body force and body couple respectively ; p is the isotropic pressure nnd the 
naicro-iA.eiii,i re.& jar, is girtu b) ar = J ;e shere  j is a constant on the 
sssurnplior? of micro-isotropy. 

We consider a micropolar fluid conforring to the above equation$ to be 
con5asd i x t w e ! ~  two iiifinlts psrai!el plates y -. h and y = - h in a Cartesian 
coordiodte system with the axis of x in the direction parallel to the? plates 
and equidistant from them and the axis of p perpendicular to ?he plates. 
The two plates are stationary and flow is induced by the introduction of a 
pressure gradient along the axi.; of x. 

k t  u, o, w be the p'rysical cornponefits of the velocity vector alcng the 
n, p, r axes and v,, Y,, V= those of :hc micro-rotation vec?or. Then we have 

The equationr of motion arc 

(,us +lie) d%/d~% +,, dv/dy - dp/d.x - 0, [ 21 

since tho ylluid slicks to the boundaries. From [3.2] we deduce that 
elpi& - eonstan?, say II. 

T.::e;-;!::-? l3.21 with respect toy  and substituting for du/dy in I3.31 we 
obtain the foliowing equation for Y : 

d2vjdyE - Pv - PY - C K , / ~ ,  , i3.51 



The corresponding expression fox u is 

wl~ere  A,, A1. C, D are arbitrary cocstants chosen to satisfy the boundary 
conditions i 3  41. 

We non-dimeitsnonalise u by zo - - l3hZ[(2 F, + K.), 

wbtre  y - hy' l ~ t r o l u c e  two non-dinmsional parameters a; and ,C! by iha 
:e:ations 

E - !h, /3 - [3.?0] 

The first term a n  the rt_eht in  [3.11] represents the Newtonian velocity 
profile. The second term represents the effect of microrota:iou and gyro- 
viscosities. Since y' lies between - 1 and 1 and a and /3 are chosen to be 
positive, this additional term is always negative, so t h a t  the velocity proiile 
for micropolar fluids always lies wirilin that for a Newtonian fiuid as  shown 
in Fig. 1. W e  can understand this result by saying that some part of the  
kinezic ecrrgy of the flow is utilised in maintaining the micro-rotations. A 
similar behaviour is also observed in fluids with coupie stresses5 and fos 
prerwre gradient flow in a circular pipe of micropolar fluids'. W e  note 
below the contribution to  the energy eqwation of the micro-rotational efltcts 
and coupie stresses in this case : 



Fli;. 1 
Vclocity Profile a-i. 

agaiurt ji'. We nore that v is independent of the  parameter 8 and that there 
is rat:-syirrm!iy ahlji lt the plane: y - 0, the aotaiions beiog in opposite senses 
iti arwsc two regions, 



The shear-stresses a r e  given 'up 

While r,, is the sams as for the Ngwtonian tluid, t h e  shear-stress Pay is 
modified by the presence of an additional term. The deviation of the shear 
stress t ,  from that For the Newtonian fluid is shown in Fig. 3. We find t h a t  
on the boundaries there is a decrease in  t h e  magnitude of the shewstress r,, 
when compared with that for a Newtonian fluid. This is in coniormity with 
the  exps rhen ta i  observations mad* io ref. 4. 



Fig. 4 depicts the coupit: stress 

m, I?/$, uo = I - a  cosh a yr/sinh a - my, h'/y,  uo, [3.17] 

which are peculiar to this elm of fluids. 

In ~eoeral, non-Newtonian iiuids in the above pressure gradient f 0 w  

dirpiay a decrease in apparent viscosity with increasing rate of shear. That 
Is, i P  f v w  I:.. - : I  ~ f ? )  where y i.i the rate of shear, t h e n  d [ ~  y ) ] / & . <  0, 

Writiirg the shear-stremes in dimensional fornl : 



FIG. 4 
Coople Stress 

and t, = BY.  83.19j 

We notice that the symmetric part of the stresn tensor, namely, 

3(a+i,d - ~ ~ L I ~ + K J Y ~  %j3.20] 

pesembies that of a Newtonian Buid of viscosity ( 2  p, a&). 

Again if wa write the shear-stresses in the form 

f,,, - Y P ( y ) ,  t , ~  - Y G [ Y ) ,  [3.21] 

we find that d  [ ~ ( y ) ] / d ~  and d 16 ( y ) ] / d y  are  equal in magnitude but 
opposite in sign. We cannot, therefore. say anything definitely about the 
variation of the apparent viscosity with rate of shear. 



ViEiea i!w rz lc  of' shear y i s  n constant we iiave, using the equation of 
mntir.u!:.y : 

u Y (d~<!+j y - 2 y ,  c - 0. = 0. 14.11 

To sahsfy  t h ~  ~ z I ~ I I c ' :  of first s l r m  moment eqnatiou, wc require that 

- -+&/dYF -?. i4.21 



The apparent viscosity is a ccnsmnt - (2 p, + K,) i.e., no non-Sewtonian 
effects are present and the fiuid resembles the Newtonian fiuid with viscosity 
( 2  !I, + KJ.  



We now consider rbe flow of a micropolar Ruid between two parallel 
infinire plates g -- 0 and y - k ,  ahen tbe lower plate is at  rest and the upper 
moves with a constant velocity U, no pressure gradicot being present. 

We bavs takeo v to be zero at botb the bou-idaries as the fluid sticks to it 
and no micro-iotation is possibie there. 

This gives us the follo*ing expressions for u, v : 



VELOCITY CIFFERENCE PROFILE dG?. 

FIG. 10 



FIG. 11 
Micro-Rotation a =2. 

The velocity profile shown in Fig. 5 when a - 5, is symmetric about the  
Newtonian profile giyen by u / ~ - - y e .  We notice that the fiux across a cross 
secrion is the same for all micro-polar iiuids irrespective of zhe values of a 
asd p. (Compare with 8 3). 

The con-mnkhicg components of tbe shear stress, namely. 

sinh o (1 - yf) J. sinh a y' - I sinh u 81 +( + 21l i3 [5,6] -2.L -. _ - a. . - 
u( P Z +  Kc) n [1 + (13 + z!/,'] sinh a - 2 (cosb n - 1) 

are shown In Figs. 7 and 8, for a - L and 0) Is  5, cO . ,!j - O gives the 
Newtonian fuid4 and the shear-stress difference on the borlndaries and w i t h m  
the flow is seen in tbe graphs i,,  hi^ (2 ,J, + PY,) is a constant, which depends 
purely on the vaioe of the parameters involved. 

Ayaio, we find in dimensional quantities 

whet- C is an arbitrary constaut to bs deternines from the boui&irY 
Go.. !i:iorc " ,.e 'w, t i e  symxietric par! o f  rile sties8 tensor 

+ (ta:> + fJ;f - (2  w, + &) y , 15.91 



Ro. 12 
Shear-Stress a -2 Shear-Ssrcrs EPiEsreesc 0=2. 

resembles that for a Newtonian fluid of viscosity (2 ,uo +&). 

V we write a-Y ~ ( y )  and tw-y  ~ ( Y I ,  [5.10] 

then d [ ~ f ~ ) ] / d ~  and J [ G ( ~ ) ] / &  are equal in magnitude but opposite in 
sign, so that we cannot say that there is a dcercasc in apparent viscosity s i r  
increasing rate of shear. 



%xf we consider the flow of a micropolar Bnid contained betwrco 
~e r t i~ ; . l  coaxlai. c) idnders %ken the oillei cylinder rotates with ccinszant ve1ocitY. 
Let the two cylinders bc represented by r - a and 9 - h in a cyiindricai p ~ b r  



coordimte system (r, 8, z) and let the  outer cyliodzr r -  ip rotate with a 
constant angolar velocity r i b .  If a,, $ 0 ,  ox and v,, v f l .  V, are the physical 
components of tlic vslocity and micro-rotation vectors in the r, 8, z directions, 
then 

0, = 0, 8, - r W ( I ) ,  0; = 0,) [&il 
v ,  - 0, 1.0 O, 7; .= v ( r ) .  ; 

The balencz of rnomeutum and first stress moixents give: 



and 

.Z r txr j dr 
d i r ~ ) + b d ( r 2 $ - ~ 5 u - ~ .  r dr 

The boundary conlitions iire : 

os - 0 on r =a, na - V on P - b.1 
v - 0 on I = 0, 18 -. 0 on 7 - 6.) 

Zntcgratiog 16.23 with respect to r and substiruting for d (:m)!dr in 
[6 41 &G have the following aquatior! doiermining v : 

f r!dr2 + ( l l r )  dv/dr - l2 a, - - c I < ~ , / ~ ,  , i6.61 

whwe C is sn arbitrary constant and 12, y ,  are defined in i3.61. 



where &, KO are modified Bessal functions of the first and second kinds of 
order zero. Thr corrqmnding expression for ti8 is : 

where A, B, C, D are arbitrary coristaats to be determined by t,be boundary 
conditions [6.5] 

r o / ~ -  ( ~ / F I  (r, gar') {KO (a m)- KO (a)] -& ( a  r" )i(r,(d - 4 (a m)] 
- nf(1 - r' ')/2 r'] Erg t 2 ) i p  i- I ]  {I, {am) & f a )  - 1, (la) fa m)) 

+(i]a r')[i -a  { & ( a  m) &(a)  -t f i  (a m )  &(a))]), P.91 

Fog u - 2, the velocity for micropolar fluids differs o d y  very slightly from 
tbs Newtonian profile r w / V =  [in/(mz - ¶ ) ] ~ [ ( r r a  - 1) i r1 ] ,  so that we have drawn 
in Fig 10, the Newtonian velocity profile togcther with the velocity-difference 
profile for micropolar fluids, with a = 2  and ft - 1 ,  5. ,. We notice that the 
flux across a lnziidian section Is greater for micropolar Buids than for New- 
tonian fluids. Fig. If shows the micro-rotation when a  - 2 and P - 1, 5, =. 
l a  is zero or. the two boundaries and attains a maximum close to r* - 1.5 .  





.,c:i2r: pi ! r ;  r c y c s s n t ~  a n  :~dtiriiinaE redi,l?. \;::ixiir.n o f  rzrlic2'i :.cirn;it 
o.--,snre o ; ~  an6 sbovc :h:?t x k k g  f rom ~ ! ; c  \,i..l~?nt 05 ?';s jj:;uicj nrld its 

c::ii:i.;,;s:~l :&;.g:e:s:a:im. Ir sii.li:.;:i:r::> vlsco??s iis;:,idj. t he  tiominar,: <ur !  c f  
:k.: \::T!;cRI aermi! yarc::s~r:e r e c p i x d  ic kcc!; ihe u-. t-I" ,e: sr:rhre d :!:e i iccid 
iinii-<,n:ai Es pi (4. M T c n  the i?>pcr sl:.f;ce is not t - l d  horizort..:, a'tr is free. 
the ;~ : -n  of th,: ~ a l c i : l s ! e J  :'nr.c.fon p: )r&i deierinize, in ger:+t::l, ti;- f a rm 
oP the islee s.i:Pe::e. The ebsziic:: of p, ir) in t t c s c  SriJs is worti:! of j~otz. . . kh-1 i.qmti;)n t3 t i i n  Sre3 S'.IT~Z?CC f~I :owln:!  Hhn:ns:or 2:;6 ~:!ihr;?i.. 
.i,"e*> by 

; = z n  -: ,n& $) + k,: -- ( 2 / , ) f j  ; /~ &;vy &'> C:..:i:j 

i s  positive tkoug5ou: the am1:1us :in< Li11.s no Weissunberg eEx t  is prcsert. 
,I?;&' is z x o  on the l a n x  iimrodary a d  equal to  a posiri:'e cocstant on ;be 
outer, nns is a monoin?i$ incnasing function of r' f w  i;l! 1 <: r' < m. 
W h i b  t ss  positive W&senbe:$ c f i c l  hzs btrn predicted 5y the, osti?l consti- 
tutive q x a t i o c s  oi' non . . ? l~wion im ?I:!ids s u c h  is: not t l x  znse lor  jnicropoia! 
pni&. 

". l o  i-3ciillats worliiog wr 11::ve plc)t:i-ri ( ~ i ~ .  : 5 )  



-surface for Xewtoniar; Flnids and the corresponding free surface 
difference foe micropolar fiuids are shown in Fig. IS. 

We note r4et while the theory of rnicropolar fluids takes into account 
~ar ious pbmomenr such as micro-rotation and micro-rotational inertia and 
ihey are able to svpport couple stress and body couples, they do not predict 
cemain cbserved phenomeaa, such as decrease in apparent viscosity w i t t  incren- 
siag m e  of shear in S 3, $ 4  and 8 5 and the Weissenberg effect in 5 6. This 
may perhaps, be due to  the Itnearisation involved3 in the constitutive 
equations. Wc note that the normal stresses for shearing flow for these fluids 
resemhk~ t h e  for a N e w c ~ ~  i:.n fluid w i t h  coeBcieot of viscosity j2p, + ka) 
i.e. ;ra [fief. 4. (3.4). (4.!511 and  a modi3caiion of rhe constitutive equations is 
necessary before we can find a rescznblance between these micropolar Buids 
an3 gencraf naa-?iewtonian fluids. 



The author is very grateful lo Professor P . L . Ehntnngar whose constant 
help so c! guidance have made it possible to m i r e  this paper . 
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