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ABSTRACT

A forms] solution s developed in this note for an axi-symmetric localized
indentation probiem of cylindrcal hote in an elastic matrix.

INIRODUCTION

Many boundary value problems connected with a cylindrical hcle in an
eastic infinite and semi-infinite space bave been solved wsing classical
technigues Tranter' basg analysed the distertion of 2 cylindrical hole in an
infirite elastic space by a localized hydrostatic pressure on the cvlindrical
boundary adopting the Feurier iniegral approach. Bowie® has investigated
the elastic siresses due to a semi-infinite band of hydrostatic pressure acting
over a cylindrical hole in an inBnite solid AUl these problems are of the
first boundary value type with the bourdary conditions given only in stresses.
Bleskarn and Wiihoit® have evaluated the stress condition generated by a band
of normal siress at the entrance of a circular fole in an elastic half space.
This again, is a first boundary value problem. Muk:* has formulated 2 general
integral-solution for the asymmetric problem of the elastic half space ‘The
particular mixed boundary valve problem then considered is again the case for
which the haif space is free of surface shears. Recently Westmann® bas solved
the agymmstric mized boundary value problems of the elastic balf zpace vsing
the integral formu’ation techniques of Muki.  ¥n the present note, using Love
function, 2 solution is given for the localised piston-type indentation problem
of a eylindrical hols in an infinite clastic space. The problem is reduced to
the sotution of a pair of dual integral equations which have been solved
through series method adopting Legendre orthogonal polynomials.

Tes PROBLEM

The co-ordinate system employed is shown in Fig. 1. The stresses and
displacements in an axisymmetnic problem can be derived from the Love
function ¢ satisfying
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where 4 and w are the axial and radial displacements and E the Young’s
Modulus and Poisson’s ratio respectively. The boundary conditions are, on
the inner surface of the hole, » = a, throughout its length, it is assumed that

Trs= 0 {4]
ww=constant =5 for |Z{< ! and o,=0 for |Z]> 1 Is]

i.e, the cylindrical boundary has a punch type axisymmetric displacement
8 for a length 27
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Trr SOLUTION
The eipression Tor O is taken as follows:

p = j"(’/a%) {4 (o) K (oY + B (o} ar Ky (o)) sin ez da fe]
[

where 4 {a)} and B {c) are {unction of «, Kn (w) and & {cr) ars modifed
Bessel furctions of second kind order zero and one resvectively.  The
expressronc for stresses and displacements using Eqs. [6] and [3] are:

o, = [{(1 =2} B{c)— Ala)] Pap far) — {1a4{e}far+ Blo)yorl K, {or}cosnzda,
[}

Ty = F:){'t A1 - u} Bla) -~ ale)} K {ar) — Bla)or Kyferilsinoz du.

g.=  [{da{a) ~2{3— &} Ble)} Ko (o} + BlaY ar & {cr}] cosaz du.
a

oy Jlala) &4 {ardfor+ {1 = u) Bla, & {ar)] cos az da. {7]
3

and

we {1+ )/ E] 61‘ (a} (4 {a) X (o} + {or & {ar)
~4 {1 — u} By (ar)} Bla)] sin oz da.

e L1 )/ E] i,f e {4{a) - Kalar) + B{a) " ar & (ar)] cos az da.

oy
o
faf]

Rubsti wiirg In boundary cosdition {4} that shearing stress is zero on the
the inner curved rim, we get

B (of} =4 (0) &y (ua)/[l(i - ,u} K, (rx ca) —aa Ky (aa)} [';}

Putting in the boundary condition that ¢, | G for |z|> /3
rea

we get { Lo} cosmzdy - @ for |z L. {10]

where

2o} w A (2) % (aa) + K, a 01— 20) Ko (xa) = o & {aa)}
wu{ {5, (ea) + & (ca)fad} +{2€1 M)v"ua{&(w}/:’{l ol
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The remaining condition ic be salisfied is,
w ] =8 for lzlsJ
ria
This gives,
Jala) {{a)cosorda =5 for [zl {111
[*]
where
()] aa K {aa) 1
Afa) = Eaa)+ =~ {K
A(a) - 3 )] "{L—-u)—-aa[}mmw]{; (aa}i [ (% («a)

+ Ky ((xd);’aa} + {1~ 2 u) Ko (o) ~ca K, (aa)}/{? {1 —u)

—aa By (aa)/&; (“}}}
Heoce the provlem reduces to the solution of the pair of dual integral
equations [10] sad [1i].

SorLuTIoN ov THE DUAL INTEGRAL EQUATIONS

For simplicity, @ and ! are taken to be unity. In the equations [10] and
{11, the unknown is L {a} or A {a). Since the surface traction o,|,-; and
not ¢ {«} is of direct interest, the former is expanded in series of Legendre
polynomials? as follows®:

0,!,:,= iaﬂ B, {1 -2:% forlzif:l
n=0 12}
=0 for |z >1 “°°

The problem is considered solved when the constanis 4, are determioned.

Equetion [12] identically satisfies the first integral equation [i0}. ‘Then it
feliows” that
L) =2 a, (-1 7{a/2) 7{(a/D 13}
20 {43y N CEa

The second integral equation then takes the form

SzfA (o) = i (= 1)“%{(;/2} J(a/Z) cos az da for |z]<i [14]
I n=l (i - {n--

Putting
M (2= [ A} (=1} 7(af2) J{af2) cos azda.
(] [CER Ly o]
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Eguation | 14] becomes

= ( -} = 5. {15}

The dual integral equations [10] znd [11] have now bren reduced to equation
{15] in wkich the a,’s are the unknowns. Eqn. ['3] is identical in form with
the series solution of a Fredholm intcgral equation of the firsi kind-Schmid
method™ can be used for its solution.
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