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This pager describes the study of a mechanical system idealised by a single degree 
of freedomsystem, when subjected to combinod random and deterministic excitation. 
The results reveal the similar features exwting between the case under consideration 
and the case of a similar system subjected to pure sinusoidal excitation, which fact in 
enphined by the assumption that the random part of the combined excitation is a 
narrow band process witha cenlrnl frequency equal to the frequency o f  the deterministic 
part of theexcitation. The analysis has been extended to the case of a two degree of 
freedom system. 

It is well known that mechanical systems are not always subjected t o  
determinisiic forces such as a harmonic force o f  fixed frequency and  amplitude. 
Qoite frequently one  comes across systems a i t h  inputs which a r e  random in 
cature. Under such circumstances, the instantaneous values o f  the  amplitude 
and phase of the response have little meaning and so  recourse is taken t o  
statistical analysis. Systems with random inputs have been extensively 
studied among others by Thomson and ~ u r t o n ' ,  t rand all', ~obson ' ,  
Caughey and Stumpf4. It is possible that in some cases, t h e  forces acting 
on the systems, may, instead of being purely deterministic o r  plirely random 
in nature, be of a combined oature, i .e  partly deterministic a n d  partly 
stochastic in character. 

The  object o f  this paper is to study the response of l inear mechauical 
systems subjected t o  combined deterministic (sinusoidal o r  periodic type) and 
random (narrow band, Gaussian) excitation. Use has been made of the 
studies made by Rices, middietonG, Davenport and ~ o o t '  and others, 
cencerning narrow b a ~ d  procesres etc., in arrivinz a t  the responre of the 
system and  its statistical properties. The mechanical system, for  purposes of 
analysis, is idcalised by a linear single degree o f  tfrcedurn system with viscous 
damping. The  analysis has then been extended t o  systems with two degrees 
of freedom. 



(Jmnsider a linear damped single degree o f  Freedom system subjected to 

combined deterministic and random excitation. A typical example for :his, 
would be a system with random base motion, subjected to  deterministx forces, 
When the base motion is a direct conseqllence of regardinp thz base as  a 
lightly dambed system subjected to broad b m d  random excitation, the  randcm 
part of tha combined excitation on the main system can be construed to be s. 
narrow band process. 

The governing equation of motion for such a system can be written as 

where IU, C and K are the system parameters, 

x is the displacement or response of the  system 

f ( t )  is a stationary narrow band Gaussian random variable 
4 is the constant amplitude of the  deterministic part of the 

excitation. 

p, is the frequency of the deterministic part of the excitation 
0 is an  arbitrary phase angle in the  interval : (0 - 2 n )  

It is possible 6'7 t o  separatef(t)  into cosine and sine functions in the form 

f ( 1 )  = fc ( 1 )  Cos PC f + f, (2) Sin PC 

Wcra the random coeEcients f , ( r )  and f, ( t )  are  normal variables with mear: 
zero. These variables will be statistically independent provided f ( 4 )  has a 
narrow band spectrum symmetrical about p,, t he  frequency of the determicistic 
excitation. Writing, 

F ( f )  - F c ( t )  COS p. I + F* (I) Sin p , ~  
gives 

141 

F, (1 )  - FO cos e -t fc ( t )  [jl 
and  Fs ( t )  - Fo Sin 8 +f, ( 2 )  161 
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with these relations, it is possible t o  arrive a t  the probability density function 
for the envelope of t h e  sun1 process, F.. It),  and this is shown to be approxi- 
rna;e1y Gaussian under certain conditions. (Refer appendix.) 

Expanding f (i) as an infinite series in Cosine and Sine functions, 
0 

f ( t )  - Z (a, Cos p, r + bn Sin p, t )  
"-0 

[[OI 

where a, and b,, are normally distributed random coefficients nith mean zero. 
Set tkg p, + p, in equation [10] and using the relation [3] - 

f, ( r )  - Z ( a ,  cospi t + b ,  sin t) 
n=o 

11 

fs ? t )  - Z ( - a,, sinp; t + t,, cos i) 
,,GO 

[i 21 

Now, <L ( t , )  fe ( td>  = <L (:,~ L. b5~> 
- 2 a, '7, cos (p,: f* -p:, t l )  

rn." 
[151 

Allowing ' 0' and  * b ' to terld to - - and + - rrspectivcly and noting 
Ihe fact, I, (a) and j', ( t )  are stationary 



Similarly (./, ( r l j  .f7 ( ta )  ) - -. ( l i 2 ~ : )  9 S,>lp) Sin B p  - dp = 0 2  
d ; <& (4 

and 

[?I] and p?] give t h e  correlariol: propertics of f, and JsP,. When f(rl is ;. 

~lsrrouiband proress wi th  its spectrum symmetrical about  the central freqoer;g 
pc. fc (t) and f, ( t )  becoina statistical!y independent noro:al processes ncd 
cxprzssion [22J will vanish. 

Now, considering the excitation as  the  snnl of a series of impulses and 
assuming the initial conditions to be x (0) - 0 - k (0) ; t h e  response of t h e  
system to this  combined excitation is obtained in the  form of a convolutio~ 
integral 

x(f )  = ~ h ( j . - f : f  - - F(:>) dtr P3j 

Assuming stationary type cf excitation with zero znean, 

Expectation or mean of x ( r )  : < x (r) ) = o 



bie~n Square Respome a n d  Varidnce : 

c: - ( xZ ( t ;  ) = A/[(I - p2I2 + 4 P2 $1 f30  

cbere p - r:ilio of the f ~ r c i n g  frequency p, to the  undamped natural Frequency 

po of  the system -- 

Yziistical properties of the vclocity i ( I )  and acceleration ( t ) :  using 1261, 

< X ( I ) ) = O ~ < X  ( t ) )  [321 

T, . nere'ore, mean square velocity - ( f2 ( I )  ) - A* p Z / [ ( l  -pZ)' + 4 p2 q21 1341 
,%here A, = 4 ( F :  + f 
Similarly mean square acceleration - < iZ ( r )  ) 

- Az p4/[(B -p2)' + 4 pZ qZ! 1351 

nhsre A2 - $ (F :  + 2 w ; ) .  

Estdnding the analysis to the  case of a two degree of freedom systcm, the 
equalions of motion can b e  written as 

m, 2=*, +k, x, + k2 (XI - 4 - ~ ( f )  1361 

mz;2+kz(~~- x g ) - 0  b71 

vdlere m,, m,, k, and are the system parameters and ~ ( t )  is, as in the 
~ r ~ ~ ' i 0 ~ s  case, the combination of periodic and random excitation. 

Using the  method of orthogonal normal modes, 

with XI = XI, 4- X I Z  ; Xzz - cn x11 

xz - x21 C x21 ; Xz2 - Cz %a 

gives the responses in the form, 



' '1 '11 sin p1 ( a  - 7) + "'3-6 [;ii;;;; 

and M,,-rn, +c:nt,  (a-1,  2) 1411 

By trailsformation of variables [39] and 1.101 can be rewritten as, 

where 

As before, assuming a combined deterministic and random excitation on tbc  
ryatem, the statistical gmperties are determined. 

Mean or Expectation of xl and x2 t 

As in the previous case, .c xl > - 0 - cc X: ZT 1451 

Using [B], the autocotrelation functions are dztzrmined as 

h, (T) - 4 ( A  + B -I- C) (F; -+ 2 ~ ;  ,! CGS P,  T ~461 

Hero A - f ( m , d , m = r r - 1 ;  

~ = f ( m , n ) ,  m - f i - 2 ;  1483 

C - f ( m , n ) ,  r n - I ;  n - 2 ;  
where f (m, n) 

- { gf sin p, f sin p. r - ( p ,  sin p. t + p, sin p, I)- p, sin p. t 

+ P"'Pt7 [I + cos P, t cos P x  t - cospa tt .  (cos p, z + cosP, l)]j 

+ f M m h f n ~ m ~ n  ( p i - P : )  fp;-&j 
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Xizao squnrc Values of x,  and xz : 
6,2, ( 1 )  = (x: ( I ) )  = f ( ~ f  i B Bi C) ( F ;  + 2 b:) 

The mean square values of ?he velocities and accelerations bear the  
bame ratios to the mean square responses a s  in the previous case. 

C~NCLWSIONS 

Comparing the results obtained above for the case of a linear damped 
single degree of freedom system subjected to combined deterministic and 
raadom excitation, with the wellknown results for a similar system subjected 
to pure sinusoidal excitation, i t  is seen that  the mean square values of the three 
quantities, i'iz, displacement, velocity and acceleration, bear the same ratio 
IC@ i n  both the cases. This is because of the fact, that in the case of 
combined excitation, the  stochastic part of the excitation is a narrow band 
process symmetrical about  the central frequency p, which happens to be the 
Frequency of the deterministic par t  of the excitation. 

-In view of the fact a lightly damped oscillator acts as  a narrow band 
filter when subjected to bread band random excitation, the results obtained 
here correspond to  the case o f  systems which are excited through an auxiliary 
!iglirly'damped system subjected to ordinary broad band excitation. 

Figures 1, 2 and  2 give the  plot of the mean square values o f  the response, 
its velocity and acceleration, respectively Vs. the frequency ratio p, which is 
defined as  the ratio of the  forcing frequency p, to the undamped natural 
frequency p, of the  system. These have been plotted for different damping 
ratios and as  is to be expected, the  increase in damping ratios corresponds 

decrease in the mean square values. From Fig. 1. it is seen that tl:r 
effect of the frequency ratio is very similar t o  the case of system subjected 
t o  sinusoidal excitation the maximum value of the mean square response being 
in the neighbourhood o f  the rtsonace (i e.  p = unity) depending on  the exlent 
of damping. The mean square velocity plot is similar t o  the mean square 
response plot, but  for the difference in the value at zero frequency. While 
the mean square acceleration plot shows that a s  the frequency ratio increases 
;he value tends to  unity. in case o f  mean square response and velocity, their 
value tends to zero as  frequency ratio increases beyond the peak values. 



FIG. 1 
Mean square response vs Frequency Ratio 



FIG 3 
Mean Square Acceleration VI. Frequency Ratio 
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