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ABSTRACT 

The characteristics of a microwave resonator consisting of a cylindrical 
conductor terminated at both ends by large circular metallic plates and excited in 
pure E or Hmodes and also when the modes are coupled are studied theoretically. 

INTRODUCTION 

The resonance phenomena in microwave cavity resonators of simple and 
some complicated shapes bave been studied by several authorsl -
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present paper is concerned with a theoretical study of the resonant properties 
of an "pen type of microwave cavity resonator consisting ofa melallic wire of 
radius d, terminated at both ends by large circular metallic plates. each of 
radius a ( > >d), The resonator shown in Fig. I is open on all sides. except 
at the two ends. In the case of a resonator closed on all sides by metallic 
walls, there is no loss of energy by radiation and E or H modes can exist 
independently. Whereas, in the case of an open type resonator, due to the 
discontinuity which is invariably present at the edge (p = 0) of the end plates, 
some energy may be lost by radiation. As the radiated wave is aT-wave, 
E~. H; and E;. H: of the E and H modes respectively, must vanish inside 
the resonator or approach zero value at p - a. But the radial components of 
E and H modes of the non-radiating standing wave part of the total field 
within the resonator cannot independently become zerO. So, it may be said that 
E~ + E~ _ 0 or H: + Hph = 0 at p = a, which means that the E and H modes 
are coupled. The primary object of the paper is to derive expression for Q of 
the resonator when it is excited in a pure E or H modes and also when the 
E and H modes are coupled. 

Field components: 

The field components for the E and H modes in cylindrical coordinate 
(p, 9, z) system are as follows (Appendix AI) 

E Wave: 

E, __ B cos e [xH [0 (YeP) - H F) (Yo p)J exp (- Jhz) 
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FIG. 1 
Coordinate eyntem used for the resonator 



The standing waves are represented on  a vector basis as  follows : 

with Nz2- 0 for the E wave and Em - 0 for  the H-waue. The subscripts 
+ and - indicate componeats of the wave travelling in the + z  and -t 
directions respectively. Due to  the re8ectioos taking place a t  t - 0 and z - I, 
the following relations hold good. 

E Wave A W-ave : 

The boundary conditions a t  z = 0 and z= I are E,,-0 and E,,- 0 which 
lead to the condition sin hz - 0 i.e., h - m, 1;/1 where nz, is a positive integer 
and indicates number of half-cycle variations in E, and H, in the cass of 
E and R modes respectively. The field componentsare / i p )  and the constants 
A. B, C, D and  hence x and, y are complex qi~entiii:~. The field componenrs 
of t h ~  resonant waves are (Appendix h 2). 



R rnn& : 

4, b l =  0 

E ~ ,  (p) -- .- 2. (1/uorol61l~B i [ $ J x   YAP‘^ + rt;' HP' (m ~ " j  ~ o s  0 sin (rn,n//)2 

E ~ ~ ( ~ ) - ;  2 ( y J m J  [ p j  J:  BY,? PI + $' H j2) ( y b  PI] sin o sin (m, 

a, (,I - - 2 j [+ J2 BY!: PI + EL' fP i2) ( Y , ~  P)] sin 0 sin (m, nli) z 

H , , , ( ~ )  - z ( h  yiiJm2g"~Ci) I$./! Eyt,p) + $8' rrdlZ) dybp)j sin 0 cos (rn,~/ i)z 

p)  is an oscillatory function, s o  the term coritaining this Function 
represents a standing wavc. TRc Mantel Function Hj2) ( y  p) represents a 
standing wsw.  The Hankcl Function Hi" ) jy  ~ ' i  represents an outward 
travelling wave. Hence the term involving H i2) (a, $1 accounts lor t h e  radiation 
o f  energy in the radial direction. Conneqwntly,  the field inside the resonator 
consists OF a non-radiating standing wave and an or~tward travelling wave, a 
part o f  which is reflected back into the resonator due to the discontinuiryat p = a. 

Appendix A.3) to x - - 1 i.e. 

HP (Y ,  4 .. - NP t y , d )  kg1 

which yields J ,  (a,, 8)  - 0 
as the condition o f  resonance 



The conditiou of no loss of energy requires tha t  #'  - 0. Consequently, 
the field components inside the cavity osciilating ir: pure N mode are 

The condi~ion JI' - 0 is satisfied if c - d and cf -df i e .  C -  D which 
kads to (Appendix 8.3) y - - 1, i e. 

H I " "  (?nd) = - N :I)' i y n d )  [ I 4  

as the condition of resonance. The sigenvalues ynd which satisfy rhc above 
equation is obtained when J1 ( y s d )  is maximum, i.e., yhd= 1.84,8 54, '14.85 t tc.  

(i i i)  Coupled E G Z I ~  N modds : 

The conditions [lo] and [13] hold good when the caviry is oscillating in 
pure m~d i t .  But due to the finite size of the end platcs, higher order modcs 
may he generated resuiring in the coupling of E and H modes. The non- 
existence of radial components in %he vicinity of p = a  is satisfied by the 
condition 

[E;, + E;,] - o [141 

when the modes are coupled. The condition [!4] yiilds 



Using ~ ; c ~ ~ i . i s n s  [16], f171, appropriate recurrence relations, and x e  - 
y - 1, she foliowing characteristic equation is obtained. 

1, 

where y is used for y lh .  The ahove equation reduces to 

But 

Differentiating the above equation with respect to  yn, yields 

Let the roots of eq [XI] be 6, (n - 1, 2, 3 - - -) . 
For the mth mode, the eigen values ye* is given b y  yCh - $,/a and Ihe condition 
of resonance is 

Le.. the resonance condition is established when the distance between the 
two end plater is an integral multiple of half wavelength. 

In practice d cc a aod if y d < c  1, then by making small argument 
approximations of Jo ( y d )  s 1 and J,  ( ~ d )  z +/2 

which gives the successive eigen valuar yeh when the resonator is oscillating 
under condition that the modes are coupled, 
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Electric am' Mu"ugne2ic Energies : 

The energioa stored in the electric field ( w ~ ]  and in the magnetic field 
(A;,) of the resonator are 

where, I ~ P - I E : , I ' + I E B ~ Y + I E ~ ~ P  
I H ~ = I N R , ) ~ + I H ~ ~ ~ ~  

for H wave 

The electric and magnetic energies Wfj, F$ and Wf W$ for the 
Eand H modes respectively are obtained by using equations [8], [ll] nod 
[24-271 respectively. 



Total Power Lest : 

The total power (PI lost in the resonator ia equal to the sun1 of the 
power lost (P,)  in the end plates, power lost (P,)  in the wire and power lost 
by radi;ition. If it is assumed that the total cnerpy i s  contained w'ithln :be 
resonator and there is no loss o f  power by radiation, then 

where 

for both the end piates, and 

where, a, and 0 ,  represent the cooductivity o f  the end plates and the wire 
respectively The elements of  area on the surface o f  the end plates and wire 
are p d 9  dp and d d  0 d p  respecrivelp. For E mode 

I &an 1 plates - I Hpr 1' + 1 Nor 1' 
1 ~~~~~~k = ! Hs, p I351 



The total power loat PE and Fti for the E and H modes respectively are: 
obtained by using equations (81, [ t l ]  and 

At resonance, 1% - WLM. Using the relatlons W ;  - W: and W$ = W d  in 
the case of E and N modes respectively and 60 - 8 85 x 10-" 2/m,  
po -- 4 n x lo-' EIjm, the following equatloor fsom which h can be evaluated 
arc obtained 



for EH mods, and 

26 x ~ d ~ / - ~ h ' [  - ya d 2  J : ( yd )  + 2 { l : ( y d )  t ~ : C ~ d j )  + y1u2 J:(p) 

-- 2 J : ( Y Q ) )  

-22 x f - a  [ ( y2  a2/2) 6; Cyw) - ( y 2  d2/2) { J : ( y d )  + ~ i ( ~ d ) j  

- IJ:(YO) - ~:(r411-+ d Z  { ~ : ( y d )  - J X Y ~  - JO !+) J, ( y d ) ]  

+a w2 J:  ( y o )  - ( y Z / 2 ) ( J : ( y d )  - Jf ( y a )  + J g ( y d ) ]  + (l /y2) ~ , 2 ( y d )  [ i 2 ]  

for 116mode. In equations [41] and I<?] y = yet, The guide wave length 
A, inside the resonator is determ~ned from h. I t  is  evident t ha t  A, is a 
function of .fo, d and a. 
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where, y = y, 

Q"= 179 x 108j'- i  ~ [ ( y  8/71] {CDS' ; y  n - 3  n/4) + cos2 ( y  a -  5 /4 ) ]  

- ( + r " d 2 - ~ ) . 7 :  ( y d ) - ~ - y 2 d 2 / ~ ( y d ) ]  

.G i694.22 x 10?9iiZf -'" {cos?(yh - 3 

+ c o s v y a - r ; / 4 ) :  - ( + y 2 d 2 - ~ ) ~ : ( y d ) - f y 2 d z ~ ; ( y d ) J  

+2.61 X 10- ' / dd f [52  s 10'"(h/d) f -"- I]  J :  ( y d ) j -  [53] 

where, y = y, 

eHE- 179 x l o 8 /  f - ' [ ( + y 3 a 2 -  1) (2111 y a ) ~ o s ~ ( ~ a - 3 n / 4 )  + ~ : { ~ d ) ]  
I694.22 x 10" h2 f -'I2 [($ y2a2 - 1) ( 2 / . r y  a) cos2 (? a - 3 514) 

+ J :  ( y d ) ] + 2 . 6 1 x  1 0 ' ' 1 d f ~ " [ 5 2 s l 0 ~ ~ h ' f ' ~ d ' ' - 1 ] ~ ~ ( y d ) ~  

where, y = ) ,,, [55I  

NUMERICAL CALCLILATIOSS 

Fig. 2 shows the variation o f  guide wavelellgth A, and Q of the resonator 
with respect to the frequency o f  excitation. Fig. 3 shows the variation of 
Q wit11 respect to the length of the resonator for dili'erent frequencies of  
excitation. The following values of a have been used. 

The  results given are for Emode  of the first order. Higher order Emodes 
are found to have very high attenuation and very low values 01 Q and the 
result, a re  not reported. Further numerical computatirns are under progress 
and t h e  results will be reported elsewhere. 
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APPENDIX A l  

Ibe  solution of the wave equation in cylindrical coordinate 
(Fig. L) lead to the I- component of E in :he case of E mode and z- cornPo- 
neat of BP io the case of H mode ns folions : 

4- I A  ( y e  p) i 8 N? ( y e  p l l  Cosn 0 exp ( -  j h z )  ja 11 

where, the radial propagation constant y is related to  the axial propagation 
constant h as follows 

YZ = (2 .I(/x~)~ - h2 1.4.31 

where, ,lo is the free space wave length. 

As the cyclic variability of E, and a can be made to remain the same 
as 6 changes from 0 to 6 T 2 n n  (n in d n  integer). by suitably adjusting the 
mode of excitation, eq. [A.]] and eq. [ ~ . 2 ]  are reduced to 

.4ssuniing that the conductivity of the wire u ,  - -, and applying h e  
boundary conditioas on the surface (p - d) of the wire, E, = 0 in the case of 
E mode and Es -0 in the  case of H mode, the foliowing relations between 
the ca~fficicnts A and B and C and D are obtained. 

a; here, 

and 

Using MaxweWs equations and the relations [A.l]. IA.~], ?A.61. tA.71, 
the field components (equations 1 and 2) are obtained. The time variation 
of the field vectors is assumed as exp ( j w  t )  



then, 

nu: J ,  (,,, d )  = o for rcsoilanic condilioo 

.'. x - 1 
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