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ABSTRACY

The characteristics of a microwave resonator consisting of a eylindrical
conductor terminated at both ends by large circular metallic plates and excited in
pore E or H modes and also when the modes are coupled are studied theoretically.

INTRODUCTION

The resonance phenomena in microwave cavity resonators of simple and
some complicated shapes have been studied by several authors™%. The
present paper is concerned with a theoretical study of the resonant properties
of an open type of microwave cavity resonator consisting of a metallic wire of
radius 4, terminated at both ends by large circular metallic plates, each of
radius a (> >d). The resonator shown in Fig. 1 is open on all sides, except
at the two ends. In the case of a resonator closed on all sides by metallic
walls, there is no loss of energy by radiation and E or H modes can exist
independently, Whereas, in the case of an open type resopator, due to the
discontinuity which is invariably present at the edge (p = a} of the end plates,
some energy may be lost by radiation. As the radiated wave is a T-wave,
E;, H: and EE, H} of the E and H modes sespectively, must vanish inside
the resonator or approach zero value at p =a. But the radial components of
E and H modes of the non-radisting standing wave part of the total field
within the resonator cannot independently become zero. So, it may be said that
Ef + E} =0 or HS + H! =0 at p = a, which means that the E and H modes
are coupled. The primary object of the paper is to derive expression for @ of
the resonator when it is excited in a pure E or H modes and also when the

E and H modes are coupled.

Field components :
The field components for the E and H modes in cylindrical coordinate
(p. 8, z) system are as follows {Appendix A1)

£ Wave :
By~ — Bcos 8 [xH & (y, pYy ~ HP (v, p)] exp (— jhz)
345
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Fig. 1
Coordinate system used for the resonater

E, = B (Hy ol use) cos 8 [x HIY (y.0) ~ B (3, p}] exp (- jhz)
Ey= - Bihfuluee) (U p)sin 6 [x B (v p) ~ B (. p)) exp (- jhz) (1)
Hew©
Hpm B lupc) (1p) sin 6 [x HE (oo p) - H ¥ (. p)] exp (- jhz)
Hyw B{Jy, uua) 008 8 {x H{" (. p) ~ H " (7. p)] exp (- jhz)
X Wave:
E, =0
Ep = D (lweo) (t/p) cos 8 [y B (yup) — B (y4p)) exp (- Jhz)
Eg= = D{Jfyifoes) sin 9 [y H{Y (3 p} - H P (v p)] exp (- Jhz)
Hy= = Deind [y HP (v 03 - BE (v p)] exp (- jhz)
Hy o = D{hyifauces) sin 8 §y HY {yy ) - BP' (yn p)] exp (- jh2)
Hyw ~ D (Blwuces} (1/p) 005 8 [y H1" (y; )~ B # (yy pVexp (- JR2)2]



tanding Waves ;

The standing waves are represeated on a vector basis as follows :
By =By + B
Ey=Eps + E,.
Egy=Egr + Ey..

with H, =0 for the E wave and E =0 for the H-wave.

Microwave Resonator

st = H’;+Ht~
oo Hy o H,e

Hyy= Hy. Hy.
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The subscripts

+ and - indicate components of the wave travelling in the +zand —z

directions respectively.

the following relations hold good.

E Wave
E,, =+ E,.
Epuw — Ep..
Eye = — By
Hpom +Hp.
Hy. = + Hy.

Resonant Waves :

4]

H Wave:

Hoy = — Hy.
Hyy = 4 Hye
Hyy = + Hye
F A
JJp—

Due to the reflections taking place atz=0and 2=/,

[s]

The boundary conditions at z =0 and z=/are E,;; =0 and Ep, = 0 which
lead to the condition sinhz =0 ie, h=m, «/] where m, is a positive integer
and indicates number of half-cycle variations in . and A, in the cass of
The ficld componentsare # { p) and the constants

£ and H modes respectively.
A. 8, C, D and hence x and y are complex guaantities,
of ths resonant waves are {Appendix A 2}.

E mods -

Eo (p) =2 [y (y. ) + ¥ HE? (v, pl] 008 0 cos Gmo /) 2

The field components

Eop (0) = 2) (Byefestuoes) [x 71 (s p) + X HP (ve p)] cas 8 sin (m, /1) =
Egy (pY = =2 (hfwuoe) (10} [x s (e p) + ¥ H1? (. p)] sin 6 sin (m,=/1)z

Hy{p) =0

Hyodp¥ e =27 (o) W) [x 1 {vep) 4 % H Py, p}l sincos Gn, m[1) 2
Hylp) = =27 (v lepo) [xd) (e p) + 3 B (v p)] cos8 cos (om, /1) 2 [6]
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H miode:

E {p)=0

Eolp) = —~2(1wes) (1/p) [ 72 TyspY + 6" HP (3, 0] cos 8 sin (m, /)2

Byl py = 2 (ysfwee) (57, (pap) + " B (3 p) sin 9 sin (m, /1) 2

Ho o) = — 2515 5 (pn p) + 6" HP (4 )] sin 8 sin (m, /i) 2

Hol5) =2 (hyifeuoee) (671 (vapd + 8" HE (ys p)] sia 6 cos (m, w/i)z

By, (p) =2 (W’ oen) (1o} 4+ $ 5. (vip} + " HP (v} )] x

cos § cos (m, = /1) 7
Ji(y p) is an oscillatory function, so the term containing this function
represents a standing wave. The Hankel function H @ {y p) represents a
standing wave. The Hankel function H ® (y p} represents an outward
travelling wave. Hence the term involving H {¥ (4 p) accounts for the radiation
of energy in the radial direction. Consequently, the field inside the resonater
consists of a non-radiating standing wave and an ountward travelling wave, a
past of which is refiected back inte the resonator due to the discontibuityat p=a.
Cendition of Resonance:
(i) E mode:

If the energy is to be confined within the resopator without any loss by
radiation, the term containing H 2 (y p) must be zero which requires ¥ =0,
So, the ficld components inside the cavity oscillating in pure £ mode are

E,(p)=2ycos8 cos[{m w/D 2] J; (y.p)

Eo (p) =2j {hy.]ew’ ueee) % cos 8 sin [{my n /1 2] 7 (v, p}

Ep (p) = =27 x (8/a” po a0} (1/p) sin 8 sin[(my /1) 2] 71 7. p)

Hoo(p) = — 27 x (1oruo) (1/p) sin & cos (m. = /1) 2} 4y (ve )

Hy(p) = 27 x (/o uo) cos 3 cos {(m, n/1} 2] 7 (5. p)

H,(p) =0 s}
‘The eondition y' =0 is satisfied if b=a and ' =d' ie. A« B which leads
{Appendix A.3) 10 X = —1 ie.

HO (y,d) = — i (y,d) ol
which yields ; (y,d) = 0 {10}
as the coudition of resonance
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(i) H mede:

The condition of no loss of energy requires thut § = 0. Counsequently,
the fzid components fnside the cavity oscillating in pure H mode are

H, (p)= 2/ sin 8 sin{{m, «/0) 2} 7 (v p)

Hp(p) = 2 (Ryale’uoey sin 6 cos [(m. n/1) 2] /1 (4 p)

Hy, (p) =2 ¢ (B/e’uceo) (1/p) cos 8 cos [{m. /1) 21 01 (vi p)

Eor (p) = =2 (1 weg) (1/p) cos 6 sin [{m, =/1} 2] 7, (51 p)

Eg (p) =2 (ya/wep)sin 8 sin [um, /D 2] 1 (yy p)

E,(p)=0 f11]

The condition =0 is satisfied if c=d and ¢ =d' fe. C= D which

Lads to (Appendix A3) y= —1, ie
H{ (ysd) = ~H{V (y2d) {12]

which yields Ji{yrd)=0 [13]

4§ the condition of resonance. The eigenvalues vy, 4 which satisfy the above
equation is obtained when J; {y,d ) is maximum, ie., ysd =184, 8 54, 14.85 etc,

(iii} Coupled E and H modes:

The conditions [10] and [13] hold good when the cavity is oscillating in
pure mode. Bat due to the finite size of the end plates, higher order modes
may be generated resulting in the coupling of E and H modes. The non-
existence of radial components in the vicinity of p =g is satisficd by the

condition
{5, + E}=0 (14}

or

3

[He, +HE] =0 HE)

when the modes are coupled, The condition [14] yiclds

—Jeouo yHO (74 ad - HE (',Vehﬁ) ' [16]
By a x B (paa) — HY (y.1a)

B
D

The boundary condition (&f, + Eg) |p-a =0 leads to

B__jydep yHY ud) = HO (e d) (7
D h x Hl(” (}‘Md) H1 3 (')’em d)
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Using ecsations [16), [17], appropriate recurrence relations, and x. -1,
Yo _-1 Lhe foliowing characteristic equation is obtained.

~ H{D (ya) - H (ya)

) 1y [
— B () + HE D g (g H20)
Y va

EP G+ 2D ge o a H 4
'yd vd

2 S
mried ~H{V (yd)-HP (va) L]

whers v is used for y,,. The above equation reduces to
7y {ya) _ydnlyd) -4 ()
va Jo (va) ~Jy (va) Jityd)

J (?“) s o CONGLADT,
va Jo(ya) - 1y (ya)

[19]
But

Differentiating the above equation with respect to ya, yields
va J§ (va) =24, (ya) & (ya) + va 37 (ya) = 0 {20

Let the roots of eq [20] be 8, (n=1, 2, 3 - - <),

For the mth mode, the cigen values y,, is given by 9., = 5,,,/:; and the condition
of resonance is

. 4 s2IV2
me hgl‘ % } f21]

Since m, w/l s positive and real (5, /4) < (2w/d) and (5L/a%) << (4 #*/A3).
Hence [19]
o m; Agf2 [22]

i.¢., the resonance condition is established when the distance between the
two end plates is an integral multiple of half wavelengih.

In practice d <<a and if yd <<, then by making smali argumeat
approximations of Jy (yd) =21 and 7, (yd) == yd/2

¢q. [19] reduces to
Jo {yena) =0 {23}

which gives the successive eigen values y,, when the resopator is oscillating
uader condition that the modes are coupled,
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Eleciric and Magnetic Energies :

The energiea stored in the efectric field (W) and in the magnetic field
(W) of the resonator are

2w g 1

WEc—EZ—OJ‘ j J‘. [EP pdpdbdz {24
B0 pod =0
imoa g
WM:%J I | 1HEpapdeas {251
§=0 p=d z=0 '
where, [E11=1E:,"'+159r12+?59rlz
[HP =8, [P+ |1, P [26]

for Ewave and N
VEP = |20, P 4| 2]

VP [¥, [ o4 [, P o4 B, P [27]

for H wave

The electric and magretic energies WZ B and WF Wi for ths
Eand H modes respectively are obtained by using equations [8], [t1] and
{24-27] respectively.

i ‘ hz_yza2 7?
W§.=ﬂleax2[J?(Vaa){‘;lz‘ag“aL Tt T
oF g &g g €

h!yzdi hz
I (v, d {’—d’——L S b e
1(,t ) 2 2 m4‘u§€g w4ug€g

Ryia Wy s
~JHya) 1L e L - L
0(7’ ){2 w‘,uge% w’/.z(z,e?, w‘p%eé)
h2,y2 d* hz'}’c & }
I3 (yed {L < ~- f
+ 78 (ved) {4 e Wl wuie]
-t n(y.a) hy.a) + 2@ o (y. 8} 2 (y.d)] [28]

Wiz =~ (n Itf’uo) ((t ~ $92d%) T (v, d) = £ yid? 38 (y.d)
+12a I3 (y.a) - [t - (2@ D)] Vi (v, 0)] {2s]
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WE w1 e e} [ vid® = 1) 7 (yaa) + 4 vid T3 (ysa)

~(Eyiat - 1) I d) =L vid s E (vad)] [30)

. . ) ,tl 2 H*
wtazﬂzmwam{;— e L

~ T (ynd) (@ — Lok + (170 = (W/w? uf )]
~3d* R (yad) H(pd)+ 20 Jo (yra) S (s 0)] [31]

Total Power Lost:

The total power (#) lost in the resomator is equal to the sum of the
power lost (P} in the end plates, power Jost (P,) in the wire and power lost
by radiation. If it is assumed that the total energy is contained within the
resonator and there is no loss of power by radiation, then

PuF+ P, [32]
where o
pmaxdy/ 2L [ s a0 a 3]
.
G=0 p-d -
for both the end plates, and
Py "f"" f J. [ Hius | %d 46 dz [34]

#=0 z=0

where, ¢, and ¢, represent the conductivity of the end plaies and the wire
respectively.  The clements of area on the surface of the end plates and wire
are pdddp and dd0dp respeciively. For E mode

than!zeudplx!cs "IHpr iz + [ HG' lz

thmizwixe“!HerF [351
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and for H mode
§Htan lzem*. plates “= ;‘Hﬂr iz + l Hﬂrlz

[36]

| Hoaloie =1 8o P 4] o P

The total power lost Pr and Py for the & and ¥ modes respectively are
obtained by using equations [8), [11] and [32-36] appropriately.
daxi{nf 1z 4
pom (-.;;@) [=152a%72(p.d) 4273 (yea)
L] €

. . . 1,'] e ? / AW £
~ (U= 292@) 7i(y.a)] - L L8V 2 () 137
WMy N Gy )

a B Tuo\Proy 5 o2 ’
P = o ;";—7:2‘(3;7 Mo) [Gviad -1 7 (va) + L via® I3 {ysa)
L4

— (G vid =) 7 Gnd) - L yia? r (v, )]

) 12 Jr )
o 2R (%f;“_“) [;F;gz‘}-—l I3y d) [38]

Determination of h:

At resonance, Wg = W)y, Usingthe relations WE= Wi and W¥ = Wi in
the case of E and H wmodes respectively and ¢ =885x10"" Ffm,
po=4w x 1077 H/m, the following eguations from which kcan be evaluated

are obtained
(i} E mode:
26100 it =y {0 (pea) + T (ved)} + 22T (ved) 4271 (vea)
+2y, {Jg (7’0“) +-/lzi (7‘0‘1)} +2{J% (713)"‘1g (7’¢d)} ]
=22 % 10% 727} (v.a) + $ 242 72 (ved) ~ (v2a* /D {7 §l(7.0) + Ti(ya)}]

=3 (T (e - B (pea) Lo (vead) =4 a2 T (. d)

(i) B mode:
26 107 f W [~ y2d% 0 3 (ynd) +2{07 } (vad) + 73 (Fr D}
+yia® {0t (ya) + 7 (e} ~21 F Graa) + 7§ (v a)}]
=225 10% £ 2 [(y3a*/2) {73 (yua) + T § (vuad}
— (Y3 d/2) (T (ad) + T} (@)} = T (a2} =7 (ud }]
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- —‘5 42 l*" H (ypd) =23 (w,d) - Jo (')'h d) Ja {yh d)}

+3a {7% (yaa) ~ S (ys8) 2 (vna)}

~ 2 G d) -3 (yea) T3 @) + 7§ (3 d )}

= (132} {7 (yna) = 73 (72 d)} [40}
(iii) Coupled Modes

To determine 4 for EH mode y, in ¢q. [39] is replaced by yg and for

HE mode y; in eq. [40] is replaced by yu = 7. The expressions for 4
obtained by using the relation Jy (yena) =0 are as follows:

26 %10 fHE [0 (ya) + P Iy d) + 73 (v} 4 2{0% (ya)
- ilyd)}; 43y TRyt - 273 (a)]

= =23 100 2 Ui (yd) - 7 (v} P d T {TT (vd ) + 3 I3 {pd)}
+(* @[ (pa)] -4 I () + 3 LT ) — S ) K (v [41]

for EH mode, and
26 x 107 f 4B [ - * d2 JH(vd) + 2 (U3(yd) + 3(pd}} + ¥ &° 73 (ya)
-2J}{ya)]
=22 x 10472 (5% 2/2) 73 (va) - (v a2 (7} (vd) + T3 (vd)}
- Hya) - RG] -4 a2 3{vd) - T4y d) — R (yd) J2 (vd)}
+48 T} (ya) ~ (P12 {7 (ra) - I3 (ya) + TE(pd)} + (1/¥?) J3(yd) [4]
for HE mode, In equations [41] and [42] » = .. The guide wave length

Ag inside the resomator is determined from 4. 1t is evident that A; isa
function of f, 4 and a.

Reszonator
The quzality factor of the resonator is defined as
0~ {Ws/P) [43]

By using proper values of Wx and Pin eq. {43}. expressions for ¢ when the
resonator is excited in pure and coupled modes are obtained as follows:

O = ({221} (yea) - (P2d - 29, - 2}03(5.a)
+{y2d? 5 2y, - 2} 03y DY SR T 81464 x 107
+{@ 1y, 0) - a® oy, 8} s (e a) ~ a2 T2y, AN f¥2 1% 1.57)
+{=12031 % 107 [~ L 92 a? J3(y, d) — L 1 a* J3(y, a)
~{1=5 i) JE (pea)] - 522 1070 1 2 41Ty, )} {44]



=y

Microwave Resonator 33
oY =179 x 1R £ty [(; yiat - 1) JHy, @) +4 & S {vy a)
RN RV Rl ) IV £:2 (UMD ) B O e L F Y PO 1
= {69422 5 107 W TR 92 &~ 13y a)

+4 ’r’rrz o J3{ysa) - xR &t 1) Silysd)
%y I (ynd}]
+ 26 < 1077 @I V{52 < 107 (B £4 - 11 7E {5, AN} [a3]

OFF = 81-64 x 10 /32 2 1 [2 - 32 a®} 72 (ya)
= 2= @ S yd) + P E 2y -2} 1 (pd)]
+ 15T S50 E (ya) = 33 (yd) +d Sy (yd) 12 (yd)]
+ { = 12030 107 £ L2 82 02 (vd) + (L= (A d¥2)) 72 {vd)
{1432 aP) P2 {pa)] - 52247 1% 107® [J] (vd)
w Y (pd) [P @ — 1o (vd) oy (v} v} {4}

where, ¥ « v

QPF =179 x 1001 (42 " ~ 1) 72 (ya)
(G AP -1 (pd) - % P @755 ()]
+ {68422 x 102 £ P 2 AP - 1) I (va)
~ (G- )2} (yd) - 47 d 5 (vd)]
+2:68 < 10" T 1A FV 2 x 100 FrA it - 1] 73 (vd)} {47}

where, ¥ = yp,

Large Argument Approximations :

When the argument of the Bessel function and y are large equations
{39—47] reduce to the

B {y.a {cos (7, a = (3n[4)) + cos’ (yea - {=/4))]
% [{1-92 3 1073 4]y, o) 4 423 x 107 [ . o]
432 £ % 107 I (e d) Jo Gpe D e d) ~ I} (3. d} {as}
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P {rt{ydr s T} ~yiad* 7 Ed)
+(2 ypafn) {cos’ [yae — 3 m/4)] + cos® (ysa — nf4)} 2

- <846 x 1078 12 {{y, afn} {cos® [ysa - B/ ] +cos® {y,a- f4)}
{3 d¥ T Iy d) e FE (3 d)} + (U myna) T2 (nd))

=384 10 AL T ) - [ (yad) o (s d) {3 d )}
— (yifma){cos® (yya — 3n/4) + cos® (yha — = /4)}
D W)+ F (nd)) ) [49]

{4 ny @y~ {2y afw) cos® (ya—3 /8y - 205 (yd) - (2y ~2) T} {yd)]
wdx 1073 A —af/my)cos* {ya -3 /4y + $d> {7 (yd)
—R2aly D rly DHyd)l -23yddtp

- 0846 x 107" 2Lt —y*dN I (y &) = 2wy a) x
{1 = (+%a%(2)] cos® (ya— 3ma)~ (¥ d*[2) 22 (5 d)D [s01

Wheee, ¥ = ¥,
Blo-42d?) 73 (yd) +273 (pd) + (2)my a) (3% - Deos™(ya - 3x[4)]
w <846 % 107%% 2 {(2/ nya) [(3%3%/2) — 1] cos® (ya ~ 3n/4)
+{1- (a4 2] 7 F (yd) - (732D T3 (va}} +4310 P rf
{la7, (va) R lyal/ A -[@*2} + (2]} 13 (v d)
+[{afny) + (y/ra)cos’ (v a— 3 n/4) — [(*/2) - (1] 4§ (ya)} [s1]

where, y = v,
@F = {[ ~ (27 ¢/n) {cod® (y @ - 31/4) +cos® (ya—~ «/4)}
+2y 3 (yd)) £ 0 2 8164 x 10 + [(2afn y) {cos? (ya~3xf4)
+cos* {y a= w/4)} — {4/ 7 +*) cos(ya—3n/4) cos{ya—n/4)
wd I % 157} {12031 % 107 P (19237 2 (pd)
4 (yafn) cos2ya]l =522 %107 ,2d172 (v d)} [52)
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where, ¥ =Y.
Q¥ =179 x 10° /" 1 {{y af/=n) {cos? (ya -3 n/d) + cos’ {y a~ =/4) ]
G-I yd) -1y dR (v a)l
+ §694:22 x 1027 77" [{ya/x) {cos? (v'a ~ 3 =/d)
+eos’ (ya—n/d)} - (392 @~ 1) 72 (vd) ~$»*d* 73 (v d) ]
+ 261 % 1077 1N F[52 % 10 (B¥d) f4~ 1] 72 {pd)} {53}

where, v =1y,
OFF = 8164 % 10 S ™2 12 1[{2 = %3} (2 v v @) cos® (y a ~ 3 /4)
~27 (ya)+ 2y ~2) 73 (y )]
+1:57 121 {(2 afmy) 70s* {ya=3w/4) = a® {7} (v d)
~RAG DR GD]+I3va)) '
+ {12031 x 107 [/  (yd) - (2/mya) (1 = L y%a*Jcos? (ya — 3 /4)]
~52:252dIx 107 (T (yd) + T} (vd)/(7d?)
=20 (yd) iy d)[(vd) )} [s4]

where, v =y,
0% =179 x 103 1 f T (3 2@ = 1) (2fmy @) cos* (y a =3 m/a) + Ti{y d) ]
+ §694:22 x 102 2 72 [(£ 4% ~ 1) (2/ry a) cos* (v @~ 3 =/4)
P Y
+ 72 ()] +2:61 x 107714 Y22 x 10P K74 110 2 (vd)}
[55]

where, & =9y,

NUMERICAL CALCULATIONS

Fig. 2 shows the variation of guide wavelength ), and Q of the resonator
with respect to the frequency of excitation. Fig. 3 shows the variation of
Q with respect to the length of the resonator for different frequencies of
¢xcitation. The following values of ¢ have been used.

., =354%x10" Q'm
¢, =53 %10" Q/m

The results given are for Emode of the first order. Higher order E modes

are found to have very high attenuation and very low values of @ and the

results are not reported. Further numerical computaticns are under progress

and the results will be reported elsewhere.
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APPENDIX At

Tus solution of the wave equation in cylindrical coordinate system
{Fig, 1) lead to the z~ component of E in the case of £ mode and z- compo-
peat of H in the case of H wode as foliows:

Z=1a 8 (7o p) + BHD (7. p)l cosnfexp (-~ jhs) [a1]

Ho=CHY (vap) + DEP {pp pllsinnexp ( jhz) [a]

where, the radial propagation copstant y is related to the axial propagation
constant 4 as follows

o= (2 w/h) ~ & [a.3]

where, Mg i8 the free space wave lenpth,

As the cyclic variability of E, and I, can be made to remain the same
as @ changes from @ to 6 + 2wn (n in an integer}, by suitably adjusting the
mode of excitation, eq. [A.1] and eq. [A.2] are reduced to

E={AHY (y.p) + BHP (y,p0)lcos @ exp ( ~jhz) [a.4]

Ho=[CH" (ys0) + D HP (ys p)] sin 6 exp { ~ jhz) {a.5]

Assuming that the conductivity of the wire ¢, = oo, and applying the
boundary conditions on the surface (p = d) of the wire, £, = 0 in the case of
E mode and Ey =0 in the case of H mode, the following relations between
the coefficients 4 and B and C and D are obtained,

Aw ~Bx (A.6]
C=-Dy {ag]
e
where, JHY (ved)
Hg.” (’3’: d)
and

P E..f_)l_(zll.él
H(ll) (')’h d)

Using Maxwell’s equations and the relations [A.1], [A.2], {A.6], [A7],
the field components (equations 1 and 2} are obtained. The time variation
of the field vectors is assumed as exp (jow 1)
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APPENDIX A2

a=R, {4}
d = Iy (4)
b« R.{B)
b =1,{B)
e=rAC)
& =7, {C}
d=R. (D)
& =1,(D)

x=2{a+jd}
X ={(6-a)+ {6 -a')]
w=2{c+jc’)
=@~y +jd -]
~BxH{" (v, 0}~ HY (yo e}
=lx A lvep) +x H (ye 0)
~Blx B (y. p) - HP (v, p)}
[ H (rep)+ ¥ HY (y. )]
DIy H (ys p) = HP {3y p}]
= [ 4y (va p) + o' HE ()]
DU HIY G )= B (32 0]
e =l G p)+ ¢ B (32 p)]

APPENDIX A3
HP (yed) _Jily.d) - i¥i (ped)

TTHET (g d) T yed) 1) ¥y (ped)

But J, {y, ) =0 for resonance condition

Sox o=l

[
[N
-

fa.s]

(as]

{A.19]

[av}

faxz]
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@
&
b

g B (wd) Jo{ynd) = j Yy y,d) =[htyd) v d] 17, (Z}; djl vy di
BV (ppd) " Tolyad) + Yolynd) - nd) = Wi ra )]s d} = S L, (v d)yad)

f(y;d)
Jploppd) = 2Eld
But o (yud) e d

Sy -1 {A.13]

APPENDIX A4

When the argumeut 3,8 s Lurge

J (}q.ﬂ) ,‘/m** cast am—;)
s 2,
cos (o0 -7

Jo {vee) = «\/" e

3n P .
- cos - e = COS ~ % W
e [ﬂ/ 2 o ()’e“ 4) (Veﬁ 4/,?

B {ye

1f v, in large,

9., At
yea> >oted

1
ol
a

2 3 3w
cos(yea——[) cos <'yga~_}>< < cosz(/,a ~2_> & o8 (y,a—%)

Yel

2
2ved 4
o T yqd
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