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ABSTRACT
Apyronimate cxpressions for the radiswed field of » tapersd dielectric rod
gerial have been derived employing Scheikunofi’s equivalence principle. Using
these expressions H-plans radiation patterns for some of the aerials have been
eomwputed and these are compared with the experimentally obsirved pruterns,
Botﬁ the number and the relative amplitudes of minor lobes are found te deurense
with increasing taper angle of the agrial.

1. INTRODUCTION

The possibility of using a suitably dimensioned and properly excited
dxelecmc rod as an efficient directive aerial wag examined ;xpersmcmal!y by
Mallach® some time before 1938. Following him, many suthors’™*® have
studied dielectric rod aerials both experimentally and theoretically. Various
theoretical approaches have been made to derive radiation patterns of 2
dielectric rod acrial but the one based on Schelkunoff’s equivalence prinecipls'®
appears to be the mest successful of these,

Some experimental work bas been done by Mueller and Tyrrell® and
Halliday and Kiely* on a tapered dielectric rod aerjal, They have reported
that tapering the rod matches it to free-space, minimizes reflections at the
free~end and gives smaller side lobes. As this aerial promises better
characteristics and offers another controllable design parameter namely, its
tuper angle, a detailed siudy of the tapered dislectric rod aerisl has been
teken up at 3 cm. wavelength.

2. THEORBTICAL

The mest rigorous approach Lo the problem of determining the radiation
ficld of any acrial would be the solution of Maxwell’s electromagnetic field
equations to satisfy the proper boundary conditions. For the tapered
dizlectric rod aerial, shown in Fig. 1, it has not been possible to apply this
method because of the difficulty of obtaining a solution for the field to satisfy
the boundary conditions on the surface of the rod, at the feed-end of the
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gerial as well as at infinity™®. Hence the method employed in the present
work for the calculation of the radiation field is approximate and is as
follows™
{) An approximate estimate of the sourcs ficld, defined as lh~ Beid
existing on the surface of the tapered dielectric rod zerial, has
been made.
{ii) Using this approximate value of the fSeld on the surface of the
aerial, its radiation field has bsen calculated employing
Schelkunofl's equivalence principle,

2.1, Source FIELD

An attempt to determine the source field has been made® by solving
Maxweli’s electromagnetic field equations subject to the boundary conditions
on the surface of the aerjal. It is found that pure E-modes or A-modes do
rot exist on a semi-infinite conically tapered circular dielectric red. 1t is
also found that a linear combination of an E-mode and an H-mode forming
an HE-mode is not possible.

As the above method fails to give the source field of the aerial, an
approximate estimate of the source field is obtained by extending the analysis
of a circular cylindrical infinitely long dielectric rod, whose propagation
characteristics have been studied in detail by many workers®’. The extension
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consiste of assuming that the field at a point on the tapered dielectric rog
aerinl is the field that would cxist on an untapered circular cylindrica
infinitely long dielectric rod having its diameter equal to the diameter of the
tapered aerial at that point, This means that the parsmeters of propagation,
like the phase constant, which depend on the diameter of the rod are no
iepger constants but depend on the distance along the axis of the aerial.

The source field (_1:7", {1’), therefore, is taken to be (using cylindrica

coordinates {p, ¢, z) —the z-axis being coincident with the axis of the
23, %

acrial)
Elw g Hil v+ 395 E°¢
Efre =gy HU -89 Ef
Elm Ef
Hy = H] 4 8 Ef
Hir o B+ 8 ES
Hi-H»
where
HY = 4] (/q7) 7 (y p) cos @'+ exp {~ ] fu2)
Ef =4 (/py ik p)eos g e exp(—Ffy2)
By = AL (197 p) Jy (ks p) sin 9" - exp (—j 8 2)
Bl = ~ Ak 2 (y p)sing’ - oxp (—J By 2)
B e AT 7Y o uo) Jy (ke p) > cos ¢’ - exp (~j 8; 2)
Eim —dij ki we) 80, (kip)rsing’ ~exp (- jprz2) [2]

and
7w fife &
7 = wof B
Bi=~o! poe ~ k} (3]

kjo Bs, a7, 77 and 8 are functions of z.  Variations of k; and 5 with
a/Aq 8re given in Fig, 2.
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2.2 Rapiation FIELD N

Schelkunoff’s equivalence principle’ has been made use of to calculate
the radiation field from a knowledge of the aperture field® This principle,
briefly stated is: In order to compute the electromagnetic field inside a
source-free region bounded by a closed surface S, the given source distribu-
tion outside § can be replaced by a distribution of electric and magnetic
currents over the surface S. The linear current densities of this equivalent

source distribution are given by
“
K =nx H
- - 4

~
K" —axE'

where, (E', H')is the field distribution over the closed surface § and nis a

unit normal {inward) vector on §.
The radiation field at & point (v, 6, ¢) due to a current distribution is
given by
Epo o Hy = — (3/220) exp (~J forlr) [go L§ + L§] (5]
(el

Ey e — o Hg = — (/2 8} exp (= for/r} o LT - L]
Where, the electric radiation vector l_,f and the magnetic radiation vector

L” of the current distribution are given by

L= [ exp (j £o) (r—7m) dp"

space

{7
[#]

L= [ exp (j fo) (r—7) dp°
space

where,
PP’ = distance of the point P (r, 6, ¢) from the source point P’ (p, §', 2}

r—PP =zcost +psinf-cos{g—g¢'} fo]
dp® and dp™ are the moments of electric and magnetic current elements
elements sitnated at the source point P’ {p, ¢, 2) and are given by
dp° = K ds = (n % l_{i) ds

[w]

dp” = K"ds = ~(nx }i") ds
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where ds is an element of area located at the source point P'.

Substituting equations [9] and [10] in the equations [7] and [8], we get
Lim — [ {expiBolzcos B4 psinf-coslg ~ o4 Snx EY-ds {11]
L A £

and L= [ {expjpBolzcos@+psindcos{yp—9¢)]) (nx H)-ds [12]
L= ks

In the case of the tapered dielectric rod asrial, let § consist of three
as shown in Fig. 3, where,

parts-——S;, §; and S3-
8, = the conical surface of the tapered diclectric rod aerial
8, = the circular plane sources at the free-end of the aerial

and S;=the surface which together with §; and S, forms z closed surface
outside which all the sources lie. 83 consists of two portions
one coincides with the surface of the metal waveguide used for the
excitation of the aerial and the other is a sphere of infinitely large
radius about the origin.

The field is assumed to vanish at infinity so that the field everywkhere on
the spherical portion of Sy is vanishingly small. The tangential components
of the field over the portion of the surface §3 enclosing the metal waveguide
are assumed to be zero. This is 2 good approximation for the electric vector
because the waveguide wall is a good conductor. However, the tangential
magnetic field may exist. But this is neglected for the soke of simplicity.
Under these assumptions the integrations in equations [11] and {12] are required
to be carried out over §; and §; only. Tt is further assumed that the taper
angle &5 of the aerial is so small that on the surface 5.

n~d, and ds ~ adz. d¢' {13]

8y is defined by
p=alz) =c5-ztandy, 0 ¢ = 2n, 0=z {14]

and §; is defined by
£
O pma=agy—-1tanf,, 0o’ <20, z=1 ; {15]
ODSQ,

nei., dswpdpdg ST
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In view of equations [13] 1o {16], equations {i1] and [12] yield,

1 2w .
Li=~J J {expjpolzcos @ +asin 6 cos (p ~¢'J]} Eisin ¢ ad ¢'-dz
¢ ¢
*

+J f {expjB(teosd+ psin g cos (g - ¢))]} (E; sin ¢’
o0
+Ejcosg) pdg' dp f17]

i

0

fexpjfolzcos 84 asinf-cos{p— )]} Efcos g’ - adg' - de

*

a %7 N N
+f [ {expjgolicos 9+ psingcos (g~ o)} (Ef sin ¢
g o

~ Ejcos ¢") pdg’ dp (i8]
j' j'ﬂ fexpj Bolzcos 9 +asin g+ cos (g~ ¢ )} Ef adyp’ az [19]
5

i 2n i i
L= f {expjpolzcos 8 +asinbeos (¢ ')} Hising » odg’ - dz
Q¢

*

S

[ {exp j Pl cos 8+ psin @ cos (¢ ~ )]} (W' sin o’
2

Okﬁna

+ ) cos ') pd '« dp [20}
P e . MU cog o’ ' g
L= [ [ {expjfolzcosd+asingeos(p—g )]} Hicosg' - ady’ - d=
90
+f f {exp j folz cos 6 +asin 0 cos (¢ - )]} (H), cos ¢’
A
[21]

—Hi sin¢") pdo’ dp

i 2n . .
Twf ] {expipolzcos8tasinfeos{p—¢ N} HY - ade' - dz {22]
° %

Substituting in equations [17] to [22] the values of (B, H') from
equations [1] and [2], we obtain



380 ANAND KUMAR AND MRS, RaIBSWarl CHATTERIBE
poam N - ) R
{fespilozraces(p- 90} Sdyrd (r)siv® ¢ dyp dz

i
L;x/,iﬂ !
o

Wy kil

o
6]" {exp js' CD-’(W VAR

Ofmp 3

— 4] {cxpj I
* e . 1
+3 gt B (R sie® o' dg' - dp

Al {exp gt j ’ {r:xpjx’ cos (¢ o) (R (&)
oW

8o T ()Y} cos® ' dy' dp {231

+ ¢

PRRPE I TS
L _in;f J fexn jlBetxcos(p =il Bhir () sin ¢ cos g’ - dg’ dz

we 8 ¢

E % 27
A {exp jpi (1 - 890} { {exp j 5’ cos{g - o'} 4 (B)

O‘ﬂn«

— RJ](R)]} sin g’ cosg’dg’ + dp [24]

Llen d] fl a?{cxpj[ﬁ’é +xcos(g— gl J1{r) + 8975, (W cos ¢’ dg’ - dz [25]

. gb 1 2w
A L Sl lexp itz v xcos(p~ o)}l kardi (r) cos® ¢" do - dz
wued o

. 1 ey 32m ) ,
— 4y {exp i 1}(-.’77—'— 5) J [ {expjx cos(p~ o3 [RA(R)
\n b

— {8 cos  sing dp' dp {26}
m lil H ; 13 2 .
L} -~ o {’; [ {expiffz+xcos(g - )]} kirhi(r)coste dg' dz
[

. .t ;2-n , , R , -
+ 4y {cxpjﬁl}él 6{ {exp jx' cos{g — o)} {;).T"IJ,(R)+BJ|(R)] X
H

cos® o' dg’ - dp

& :2:
+4; {expjﬁn}‘g{){expjx cos (¢ — ") {:}7‘ J‘(R)-HSR.Ix (R)]

sin® ¢’ dg’ « dp [27)
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12w 1

Li= Al [ [ {expjlBz+xcos{p ~ "1} [Br A O R (r)} “
o0 77'" o

sing’  de' - dz 28]

Integrations over ¢ in the integrals in equations [23] to [28] are easily
carried out giving

'
Lx-Ap—— J {expiBz} 8k r J,(r)[sxn ¢Jo(x)+cosz¢']‘(x)}dz
wer 0
* : * % & %
= 4i2n {expj £1} [[(1-390) 7 (R) + 577 R (R)]
¥
[sin2 ¢ Jo(x') +cos2¢ - ﬂ%-)-] de

—Aizw{expjZ-?l}j[RJg(R)—-(l-—S‘:;f)J,(R)}x

{cos ¢ Jy (3"} —cos 29 2L U (J;}] » f29)

L= - 4Tl 28 f {exp j 2z} 8kor - 7 () [0 () - (2fx) /7y ()] 2

+ 4 {exp j § 1} msin2g (15 ) of 27 (R) - RAH(R] D ()

~ @[y {dp  [30]

Lt e 4] 2§ cOS ¢0f {expipa ()= =8g) Rl [3]
L e - A TIS028 P oo igat b e 5 () {20 he(x) - o (D)) e
wuy 0

— A1/ =) fepi B 1} msin 2 J (R A (R) =2 (R1G/x) 4 ()

& (&) e [32]
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LF e =45 {2 w,uo\f {exniBe} kv~ i (#)cos g - Jy Tx)

Let

—c03 26 {J, (x)/x>) dz

»

Ay fenp) 1} 2m J" [(1/a7) R, (R) = (K155~ 8) 0y (R)]
Teos? ¢« J, (&Y —cos2¢ 0y (XY D1dp

+ & fespj g1} 2n f[a R (R) + ({tfn"> =5) Iy (R)}
[sin® ¢ Jp (") + cos 2¢ {7 (x)/x" D) dp  [33]

Ll —jA{Z-rrsingbéflexp(jﬁz) [8r.l’o(r) ;(;’”—, -8 )J,(r)] Jy (x) dz [34]

1

A -!‘cxp (j82)8kr 11 (r) {sin® ¢ Jo(x) + cos2¢ LA (x)Y/x]} 2z [35]

hefexw (85800 () { 22%2-10(1)! dz [36]
= J’exp (G2 kar i () [ 2 fﬁ%‘l —dy (.n} s 137]
tom f 50 (182) b ) [eor .7 (5)  cos o124 D]
o= ox0 (82 Iy () - (1~ 8 90) 4 (9] 2 () e e
tomf 00 (182) [ 7 10« (77 -8 )40 5 (0 e f40]
5 a(fRJg(R) oz )dp f41]

i={ L a@- R @] 125240 | a0 [+2]
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In terms of the integrals I, [, ... L, defined above, equations [29] to
[34] pecome,

% % # o
AD L j (S ed B—m (L +8 ) exp (3 1) = (1= 5 50) x
exp(jfB1)cos2¢ly [43]

B #*
U/ a) L3=j(1/2fe)sin2g h-n(t-5n)exp (f B 1)sin2¢ L [44)

5

(/A L8=j2m cos ¢ I f4s]

(/A L = ~j(1)2f uo) in2 ¢ Fy— 7 [(1/&7’;’)4} exp(jZ’l)sinZg& I [46}
() £ = =3 (7o) T+ = [(107) +3] o0 (3 1) B

(/) ~3lexp (1) cos29f  [47]
(/4 LT —j2nsing & [48]

From equations [43] to [48] L§. L%, Lf, anc 3§ are obtained.
(14 1528 =5 (1/fer) cosb cosp. fi+j(1/2fe;) cosBsingsin2¢. L
* % 3
~j2msin@cosp. L-n(1+5q)ezxp{jB1)cosbcosg Ly
% ¥ * N
—m(1=8qg3)exp{(j 2 coshcosep+ Iy [49]
/AN L= =i (3 fe)sing - L +i(1/2fe)sin 24 cosy _
% * ) . .
+u{l+89Dexp () sing h~n (L8 pf)exp{(jR1)sing- % 50]
(1/42) L =3 (1/2 fug) cos B cospsinZ ¢ I~ (1/fuo) cos B sing I,
* * *
+i2wsin@sing I+ [(1/g7) +8lexpjBlcosfsing Iy
*» * . +* . <
—al(1/7) - 8] exp (j B1) cosOsing - &5 [51)
(A LE =i (/2 f o) singsin2¢* £5—] (1/fue) cos o+ I

%

(/) + 8y exp (3 A 1) cos g B+ m1/47) ~ 8l exp (3 B 1) cos ¢
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Substituttions of equations [51] and [50] in the equation [$] and that of
equations [52] and [49] in the equation [o] give

{2 hord)jenp (§Bar) Ep
= —-j{i/fe)sing -1, +3{1/2fe) cos g sin2 ¢ b
~i{Aef2)cosfcosgsin2g By
—jhgcosfsing - L+iZngosinfsing » &

P 3 3 2 s
e ml{1 48 )+ I8/ Bo) + o8l cos ) exsp (i 8 Dsing + Fy

e (1 =39 + 1B/ fo) = m ] cos 0> exp (1B 1) sing - &5 [53]

and.

(2harfa1) jesp (i Por) By
= —j{1/f e} cosBeosegp o Fy —j (1/2f e} cos@singsing - Iy
+i{2o/2)singsin2 - g lh—jAgcosgpla+j2msinbcosg ks

» " ® o
{148 g7)cosé+{{f1/Re) + e 8lexp (i B cosg - b

o A 3% o
+m{{1-5ni)cos 8+ LA/ Po) - rodlexp((p1) osg -k [54]

2.3, H-PLANE RADIATION PATUERN

Equations {53 and [54] give the radiation field of & tapered dielectric
rod aerial at a distant point P {r, 8, gb) Therefore, the H-plane radiation
pattern of the aerial is obtained by setting ¢ 0" and 180°. Hence, in the

H-piage,
Ey=0
and {2or/41) jlexp j for} By
={~i{l/fe)ycos 0 i~ hohi+i2nsing - I
» % EY * #*
+r (1439 cos 0+ ({B:/B} + mB){expif1- b

45 [(1 =3 1) cos 04 (1818, ~ na 8] {expj B 1} L) [cos ply=0,100
[85]

Now, in the H-plane, B, « E; - [cos ¢]s =0, 150 [s¢]
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Substitution of the cquaticn [$6] in [55] gives
Qror/aD i {exp ] por s,
= —j(1/fe)cosB o f—jr ly+j2msingd - L

w143 o058+ {AED 1 m )] {expi A1 - f
+ e [(1- 5 ) cos 8 + (BB — 1o )] fexpif 1+ & [57]

Values of the integrals appearing In the equatlon [57] are obtained from
equations [35] to [42] by setting ¢ = 0° or 180° in them. Thus,

L4 ,jlh,,={1 fexpi Bz} 8kire 2 (r) ﬁéﬁ) dz [58]
L=+ e.{'exp i82 ke (9 [Jo (x)—’—‘;-—(")] s [s5]
A 1 B SNCR (R PO YO DAL O
f-f a5 020 fs1]
Iy = { {24 (R) - R (D] [2 {LJ(C—,Q -Js (x')] dp [s2)

Where the second subscripts ‘r’ and “m’ stand for the real and the

imaginary parts respectively.

E, can be written in the form

By — 4] 22220 (g ot Bl [63]
Ao r
where,
Elmelyvedoscshot o fitcalh 6]
f6s]

and Eln ooy L 4 0 din & €5 Fin + O Bt Com Ty
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' £ m(GO Ao/eﬂ) « gos @
o4 ={Ao/2m)
¢y m — 8in §
® & £ L . #
o w4 [(1+8 g%y cos 8 + ({Buffo} + o 8] sin 31
* W* ¥ %
o=t {145 4) cos 84 {181/} +1a 8 cos g1

- -)!:’ (%F ) Lid . ¥*
egpm = 5 [(t =8 9] cos 0+ ({£1/fo} ~ 50 3)] sin B 1

[6¢)

e et

* £ W %
Com=L[{1 -5 5%) cos 0+ ({Fi/fo} — o 8)Icos g1}

Therefors, the H-plane radiation patiern (field) of a tapered dielectric
rod aerjal is given by

| B,| = a constant x A/El: + E,'::. {67]

The integrals [y #, Js, & and X are evaluated numerically for every valve
of the angle 8, k; and § are obtrived from Fig. 2. B is caloulsted from the
equation [3] and hence n{ and 47 are calculated. Equations [66] give the
values of the co-efficients, c's, for every value of 8.  In this way, EI, wnd Ej‘,,.,
are calcufated and heace the H-plane radiation pattern obtained.

3. ExPerIMENTAL

In order to test the cquations derived in the preceding section, a larpe
number of perspex rod aerials of different lengths taper-angles and feed-end
diameters have been constructed. Two sets of acrials of fead-end diameters
2.5 cm and 1.9 ¢m and of lengths varying from 2 2o to 624y bave been used.
The aerjals fit snugly in metal waveguides of internal diameters equal to
2.5 cm and 1.9 cm respectively propagating the H;-mode. The portion of the
aerial (about 2 ) in length) inside the metal waveguide is tapered to a point
to avoid a sudden discontinuity,

Fig. 4 gives the schematic dirgram of the experimenial set up used to
obtain the radiation pattern of the dielectric rod aerials The microwave
power source consists of a type 723A/B reflex klystron operating at a frequency
of 9375 MH, (M=3.2 cm), The reflecior voltage of this klystron is
modulated by a 1& H, square wave whose smplitude is so adjusted as 1o
produce an ‘on-off ° modulation. The power travels in the Hpmnode in 2
rectangular metal waveguide type RGS1/U. A mode transformer is used lo
convert the Hjp-mode ina rectangular metal waveguide inte the Hy-mode
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in the circular cylindrical metal wavepuide which excites the aerials,
A portion of the power radiated by the serialsis received by the receiving
aerial -~ a 27.5db. pyramidal horn. The received power travels o distunce of
about 4.5 metres down the feeder before it reaches the detecting aclion
wherein it is detected by a 1N23B crystal diode. The output of the detector
is amplified by an amplifier which is tuned to 1 kH,. The output of the
detector amplifier is found to vary linearly with the received power,

The aerial under test is rotated manuvally about a vertical axis and thus
the aerial rototes in the horizontal plans {the H-plane of the sysiem}. H-plane
radiation pattern is obtained by noting down the output of the detector
amplifier for various angles of roiation of the aerial about the vertical axis, Fifty
of the observed radiation paiterns avereproduced here along with twenty fous
caiculated putierns, which are shown in dolled lires, (ref. Fig. Mos, § to 14}
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4. CONCLDSIONS

Ail the observed patierns show spurious kinks and pips. The pattern
wriggles inore in the = 180° region. This may be cawed by struy reflections
from surrounding objects, though these objects are gquite far from the two
aerials, (ref. Fig. 15).

The agreement between the observed and the calculated pattern is broadly
satisfactory. In some cases, al the positions where disiinct minor lobes are
observed experimentally, only vestiginl lobes appear in the cal-ulated patierns.
This smudging of the calculated pattern may be 2 result of the approximations
made ia the numerical computation of the pattern.

It is found that both the total number and the relative amplitudes of the
minor lobes in the radiation patiern of a tapered dislectyic rod aerial of a
given axial ;engih show a tendency to decrease with increasing taper angle.

3.  ACKNOWLEDGMENTS

The authors are thankful to Dre. 5 Dhawan, Director, Indian Institute of
Science and to Prof. $ V. C. Alya, Head of the Electrical Communication
Engincering Department for their encouragement and for the facilities provided
One of the authors {Anand Kumar} is grateful 1o the University Grants
Commission, Government of India and to the National Institute of Sciences of
Tndia for the fellowships awarded to him during the course of these investi-
gations.  The authors are also thankful to Prof. 5, K. Chatterjee for his
helpful suggestions and for the discussions they have had with hini.  They are
also thankful to the Hindustan Aeronautics Limited, Bangalore for providing
compuler lacilities.

List of Symbols:
x, ¥, z = Cartesian coordinates
£, ¢, z = Cylindrical coordinates
7, 8, ¢ = spherical coordipates
€, i, ¢ =permittivity, permeability and conductivity, respectively, of
medium.
1, @y, fo = axial-length, feed-end radius and taper angle, respectively,
of the aerial.
@ =0y — ztan fg = radius of the aerial at a distance z from the
feed-end.
E, H - eleciric and magnetic intensities respectively, with appro-
priate suftixes, -
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Radiation from Tupered Dieloctric Rod Advrials

Ay = excitation constant for H-modes
B wratio of the excitution constants for £ and H -modes
Fey o A T uey — 57)
B = phase coetlicient of guided wuves in the medium -
n = wave impedonce with approprinte suffixes
# = base of Maperian logarithm
Fe {1}
@ w e f
S = {requency
J, (2} == Bessel function of order v and urgument 7
T (z) = (d]dz) 7, (2}
fo= (2'77/)\0)
Ao = free space wavelength
R fBycos 8~ By
X = g @ sin §

y=kKa
X = fopsin @
R Ry p

L] L Ll .

B, 8, 9 -+ =valuesof B, 8, g + « -, respectively, at z =1
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