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The stsbility of  ; ~ n  infinitely long cylinder of  incompicssiblc inviscid 
fluid of infinite electrical conductiv~ty in the presence of different types of  
magnetic field configurations has bcen investigated by many a~zthors ' ,~*~.  
They showed that Lhc magnetic field has a stabilising e rec t  on the cylinder. 
Recently .4uluck and Nayyar4 h a w  investigated the stability of such a system 
in  the presence of megnetic field havin:: both toroidat and Poloidill compo- 
nents. Tneir conclusion is that the field has a stabilising influence on the 
system. In the present paper wa have investigated the stability of an 
infinitely long cylinder in the presence of  a magnetic field having a toroidal 
as well as poloidal component. The toroidal component is a monotonic 
function of the radial coordinate and the poloidal component is uniform. 
The ficld we have pos:~lated satisfies the well known equilibrium equations. 
Recently Bobcldijk5 has d~scussed the equilibrium of a plasma in a field 
configuration of aunilar type with a constant pitch of the field. 

We consider as an idealised model any cylindrically symmetrical and 
infiniteiy long coiifigurution of plasina and magnetic field wilh the following 
properties: ( 1 )  The plasma is infinitely conducting, incomprcssihle and 
inviscid. (2) The magnetic field has a toroidal and Poloidal Components 
but no radial component. (3) The plasma tensor is ~solropic. (4) In the 
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szeady state the plasma pressure gradient is balanced by the electromagnetic 
force and gravitational force. (5) The radius of the cylinder is R and is 
surrounded by a vacuum region in which there is a uniform axial magnetic field. 
I n  section 2, we have described the equilibrium state of the system. 
In  section 3, we have discussed the stability of the system by energy m e t h ~ d ~ . ~  
and in section 4. we have applied the normal mode method in order to make 
a comparitive study of the stability of the system. 

2. EQUILIBRIUM STATE 

The magnetic field configuration in the various regions of the system in 
dimentionless form is 

where we have taken R as the characteristic length and the uniform axial 
magnetic field in the plasma as the characteristic magnetic field. 

The pressure inside the plasma is given by 

where A is a constant of integration. 

The gravitational potential is 

To investigate whether the above configuration is stable or unstable we 
deform the cylinder in such a way that the boundary becomes 

r = l + a  coskz, 13.11 

where a < < 1. Since the plasma is incompressible, the volume per unit 
length of the cylinder does not change and hence 

~ : - 1 + + a ~ ,  I 3 2  

where Ro is the radius after the defurmation. 



Any arbitrary deformation of a n  incompressible fluid body can be 
+ 

realised by applying at  each point of the body a displacement f = ( f , ,  f B ,  f z )  
iD -* 

which i s  such that 0 = (&$/at) .  Assuming the motion to be isrotational and 

since the plasma is incompressible, we have 
+ 
f =grad $, 13.31 

From 13.31 and 13.41 we obtain 

Let 
y5 - I,II ( r )  cos k z, 

where I,II (r) is the amplitude of the axisymmetric distulbance. 

A solution of 13.51 which is regular at the axis of the deformed cylinder is 

$ - A & ( k r )  cork-. 13.71 

Since at r = 1, f ,  - a cos kl. [W 

Thus A - a / [ k  I ,  (kr ) ] ,  P.91 

where I. and I, are modified Bessel functions of first kind. 

* 
Hence the displacement St, which must be applied to increase the 

amplitude a to a-I &a is 

S E,=  8a [Ii W / l ,  (k)l cos kz ,  

8 Ee=O, 1 t3.101 

S 4, = - [d al l ,  ( k ) ]  4 (kr) sin kz 

m e  change In the potential energy I; ( A R )  per unit length of the cylinder 
involved in the infinites;mal deformatiop [3.10] can be obtained by integrating 

over the whole cylinder the work done by the displacement S; in the force 
field specified by gravitational potential. Following Chandrasekhar and 
Fermii we find that this is given by 
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where K,(k) is a modified Bcssel function of second kind. Tniegraling 13.1 11 
from n = ~ C  to  ir the change in potential enrrgy i s  

. ~ Q - = ~ ? T Y  [f - l o  ( k )  K~ ( k ) ]  a'. 13 .14  

where 
~ ~ T G P ~ R ~  

Y-- " 
,u, ill 

The change in magnetic energy per unit length of the cylinder can be 
calculated as  follows : 

From magnetic induction equation 

-. + 4 
h = curl (f x H ' O ' ) ,  r3.13) 

+ -, 
where h is the induced field and H(O1 is the equilibrium ficld inside the 
plasma. From [3.1], [3.10] and [3.13] the total magnetic field aficr &For-- 

The  work done by t l ~ e  electromagnetic force 3-,: H 



The change in the magnetic energy per unit length o f  the cylinder is 

ivhere t h e  averaging ;r done with respect t o  z. From (3.101, 13.141, [3.15] a n d  
L3.171 we ohmin 

I n  order to find the work done by wrface  currents Induced by the 
deformation of the cyl~nder ,  we have to calculate the field outside the cylinder, 
after deformation Thetotal field in the vacuum 

and the surface current 



The work dona per unit length of the cylinder ayamst the surface forces 
- -+ 
S / H when the arnpl:tude is changed from a to a 680 is 

- * -, -* 
GdM2== - ? - m [ J x N ,  Sfrl,,,,a ,,c, r3.211 
- -. 

where M is  the average field on the surface. Jntegrating (3.211 from a=O to n, 
we obtain the change in the surface energy as 

Tf we include the surface tension T, the work done by this surface force is 

'Thus lhe total change in the energy, per unit length of the cylinder is 

A W = A Q ~ A M , - !  AiM,i A M ,  



The criterion rhat the system is stable or  unstable depends on the sigr 
of A ' W  for varlous wave numbers and steady state parameters. We shai. 
discuss the following cases : 

(i) X=O, Y = O :  when magnetic field and the gravitational force are sbsent 
In this case 

If T is small A ' W  > 0 for all k >- 0. This means that a sharp pinch l r  

stable. 

I n  case 0 c k < 1. then 

which implies that the system is stable or unstable according a s  

Hence for k=k*, A'W=O for a given H2 and fur  large T, then the  
system is stable for k < k* snd unstable for k > k* where O i k* < 1. 

(ii) ,up = 0, Y =O. The change in energy is 

where S, = ~ ' l r '  12 1, (kr)  + kr 1, (kr) 1 dr > 0.  
0 

Thus a diffuse linear pinch is stable or unstable according as 

In case 0 < k < 1, the system is stabIe or unstable according a s  
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We note that the magne t~c  field as well as surface tensron add to  the stabil~ty 
o f  thc  system for k > 4 ,  whereas for 0 c k < P the surface tension has a 
deslabilising on the system, but the magnetic field tends to stabilise 
rhe syvtem 

(iii) A-0, T- 0, 710. Then 

which is positive for all k , 0. Thus the sfsteM Ir ?table for all k > 0. 
We conclude that the ring surface currents have J stabrlising influence on the 
syslem. 

(iv) When ,up # 0. 

From the numerical computations done on Elliot 803, digital computer 
for the expression A'W we arrive a t  the follosting conclusions. 

For  choosen values of H,, A, T, 7. k and for any value o f  ,up whether 
small o r  large it is seen that the system is always stable. Further it is 
seen from results that as the  wave number k increases the value o f  A'W also 
increases .and the effect of surface tension T and Y is to support for the 
stability of the system. The numerical values choosen and the value obtained 
are not reproduced here. 

In  this section we shall discuss the stability of the system against 
axi-symmetric dislurbances by the normal mode anaiy'sis. Thus we shall take 
all perturbed quantities to vary as 

. X - X ( i )  exp (ik: i w t j ,  

where w is the frequency, k is the wave number and X ( r )  is the amplitude 
of the perturbation. Using cylinderical co-ordinates i ,  8, z', the linearised 
set of equations is 



H, w - u, (ik) -- 0 , 

where velocity = ( u i ,  u a ,  us) ,  Pressure = pP, gravitational potential = p ,  
induced magnetic field = (Ifr, No, H J .  In Passing wc note that we have 
used the following characteristic quantities. 

benth- R, Magnetic field = I$&, Velocity = Alfven Velocity (i'J 

Pressure = *, Surface current density - - . 
4 nl? 4 .rr R 

Solving [4.1]-L4.71 for u d ,  u,, H,, H,, , Nr ,. P in terms of u,, we have 

L4.91 

[4. LO) 
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From i4.81 we obtain 

9 = C To (kr) , 

where I, (kr) is a modified bessel function of first kind and C is an arbitrary 
constant of ~ntegration. 

Substituting 14.91-14.151 in L4.11, we obtain 

We seek a perturbation solution for [4.16] owing to its comp:exity in solving. 
Lei 11s assume *I, as small and expand u, and w in powers of p, as 

u, - u,, + ,u,,M~, t O ( &  [4.17] 

Substituting L4.171 and 14.181 in [4.16], the zeroth and first order equations 
for u,, and M,,  are 

and 

Putting a - A a  - 14 k 4  h2 / (w i  t k2)'] in (4.191 and solving we hare its regular 
solution as 

uro - A  1, (a! r ) ,  [4.21] 

where A is an al-bitrary constant of integration and I, ( ~ u r )  is a modified 
Bcssel function of first kind. 

Solving [4.23] on using [4.21] by the method of variation of Parameters 
we have 



where 

Sirnillarly we can find u,, us, H*, Pl, and P k o m  f4.91-j4.121, [4.14f upto 
first order in?+ 

These are 

I&- -Bit% (kr), 

ph = D KB (kr), [5.41 

where B and D are constants. The linearised set of boundary conditions is 

where the subscripts i and o stand for inside and outside quantities. The 
boundary condrtions [5.5]--[5.7] have to be applied at r- 1. 

6. DISPERS~ON RELATIONS AND DISCUSSION 

We shall now obtain the zeroth and first order dispersion relations for 
wp and m, as follows : 

From boundary condirions IS.!], [3.8] we obta~u 

B- -iH,Br/K,(k). f6.11 
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From 15.51 we obtain 

A (4 (a)+~,I/g: i(a16) 10 (u) -+I t  (a)) 

- ~ ( ~ z / ~ 2 )  { ( ~ 2 / 2 ) 1 0 ( ? ) ~ ~ 8 ' ( ~ ) ] 1 ) - ( ~ e ~ t  ,up w,) 81=0 [6.5] 

~ ~ u a t i o n s  [6.4] and [6.51 are two simultaneous homogeneous equations 
in A and 6r. The condition for the existence of a non-trivial solution gives 
us the following zeroth and first order d~spersion relations respectively: 

4 .Az 
= - - - - - ( 3 k z + w : ) i $  M ( w i  r k ' )  ~ ~ ( c t - ~ ~ I + ~ I ~ ( c t )  ci 6 \ 

i ' 

where 

T ' =  { 2 Y , I o ( k ) & ( k ) - - k H : [ K o ( k ) / K , ( k ) ]  - T ( k 2 - I ) ] .  

We shall write [6.6] in the form 

a $ ( w , ,  ci, k ,  A)-0 [W 

This implies that either a = O  or  $=O. In  case a =0, ##0 the system 
is stable or unstable according as 

k2- or i 2 A .  L6.91 



In case a i 0, 4 -0, we find that thc frequeiicy of srable oscillations 
is increased due to the form of  the field we have chosens. Further for 
such modes we find that 

(i) For fixed values of ' A '  a rd  . 7 ' :IS [he wive  nicrnhcr ' k ' 
~ n c ~ e a ~ e s  

w -- w, t p, w ,  inireascs 

(ii) For fixed ' A '  and ' k ' the frequency Cncreases as  ' Y ' incre:~ser 
and for fixed ' Y ' and ' k ' the frequency incrcasea L S  ' .\ ' 
increaseaa. 

Also we notc that the system is stable in thc abscncs of the gt-i:vitational 
force and the azimuthal magnetic field. This result is in agreclnenr with o u r  
conclusions drawn in section (3) of  the present paper Further f w m  the 
conclusion drawn in section (3) for small ' r*,' we notc that OUT results 
obtained by applying normzl mode analysis are in good agreenieiir. 

The authors are grateful to Prof. P. L. Bhatnagar for. h ~ s  kern i m c r r i t  

and kind encouregemeut dnring the prep:iration of t h ~ s  paper. 
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