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Abstract

An intense laser radiation (w1,
→

k1) propagating through a plasma at an angle to the density ripple (01,
→

k0) produces
current and density perturbation at (w1,

→

k1+
→

k0). The density perturbation combines with the oscillatory velocity
at (w1,

→

k1) to produce nonlinear current at (2w1,(2
→

k1+
→

k0)), driving a second harmonic electromagnetic radiation.
For a specific ripple wave number k0 ~~ k0c, the phase-matching conditions for the second harmonic process are
satisfied, leading to resonant enhancement in the energy conversion efficiency. The efficiency of the process
is sensitive to the angle between the density ripple and the incident laser and beam energy.
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1. Introduction

Harmonic and subharmonic generation in plasmas has been an area of considerable interest  for
more than four decades [1]−[7]. It acts as a valuable diagnostics in short pulse laser–plasma
interaction experiments and in frequency up-conversion devices. In this process, two (or more)
photons of energy −hw1 and momentum −h

→

k1 combine to produce a photon of second (or higher)
harmonic radiation of energy −hw2 and momentum −h

→

k2, where, (w1,
→

k1) and (w2,
→

k2) satisfy the linear
dispersion codection for electromagnetic waves. The energy and momentum conservation in a
second harmonic process is subject to the following conditions

w2 = 2w1
→

k2 = 2
→

k1

(1)

In an overdense or inhomogeneous plasma, second harmonic can be generated by exciting an
electron plasma wave either by linear mode conversion near the critical layer or by decay instabil-
ity [7], [8]. The density oscillations arising from the Langmuir wave combines with the oscillatory
velocity caused by the laser to produce a second harmonic, giving rise to second harmonic
radiation. At higher laser intensities, relativistic effects contribute to harmonic generation  as the
electron oscillatory velocity contains all the harmonics. Park et al. [3] present an account of
relativistic third harmonic generation by linearly and circularly polarized light. Esarey et al. [4]
deal with the effects of diffraction and phase detuning on relativistic harmonic generation by
intense laser beams. Wilks et al. [5] describe odd harmonic generation by an ultraintense laser
beam incident upon a sharp vacuum–overdense plasma. Liu et al. [6] have observed third har-
monic generation from a hydrogen gas with a range of laser intensities.
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In an underdense plasma, no significant density oscillation is induced by the laser that could
beat with the oscillatory electron velocity due to the laser to produce a second harmonic. Further,
condition (1) does not hold in a dispersive medium like a plasma, and the process is nonresonant
as the momentum −h

→

k2 of second harmonic photon is larger than twice the momentum of a funda-
mental photon, and thus is low in efficiency. The process can be resonant if an additional momen-
tum −h

→

k0 = −h
→

k2 − 2−h
→

k1 is provided. Rax and Fisch [9] studied resonant third harmonic generation by
an intense laser in a plasma based on a resonant density-modulation scheme. Shibu and Tripathi
[10] have developed a nonlocal theory for the above process. Agrawal et al. [11] have studied
resonant second harmonic generation of a millimeter wave in a plasma filled waveguide in the
presence of a helical magnetic wiggler. Weissman et al. [12] have studied second harmonic
generation in Bragg-resonant quasi-phase-matched periodically segmented waveguides. Ding et
al. [13] have developed a theory for quasi-phase-matched backward second and third harmonic
generation in a periodically doped semiconductor.

In this paper, we propose a mechanism of providing the momentum by a density ripple, which
acts as a virtual photon of quantum energy 0 and momentum −h

→

k0, where 
→

k0 is the wave vector of
the density ripple. The physics of the process could be understood as follows: The laser induces
oscillatory velocity →n1(w1,

→

k1) of electrons which beat with the density ripple n0(0, 
→

k0) to produce a
current n0

→n1 and a density perturbation n1(w1,
→

k1+
→

k0). n1 beats with →n1(w1,
→

k1) to produce a nonlinear
transverse current at (2w1, 2

→

k1+
→

k0), giving rise to second-harmonic radiation. For resonant excita-
tion, the second-harmonic field must satisfy the electromagnetic dispersion relation w2

2 = w2
P/

g+k2
2c

2, where wp is the plasma frequency and g, the relativistic factor. Using w2 = 2w1, k2
2 =

|2
→

k1+
→

k0|2,  and w2
1 = (w2

p / g)+k2
1c

2 in the dispersion relation, one obtains the value of 
 →

k0 required for

the phase matching: [ ])/(12cos16cos4
2
1 2222

110 ckkk p γωθθ +±−= , where è is the angle between →

k0

and
 →

k1 (c. f. Fig.1). Figure 2 displays the behavior of k0 with w1 for different values of è and ã.

2. Nonlinear current density

Consider the propagation of an intense laser  in a plasma of density n0
0. The fields of the laser are

given as,

)(
11

11ˆ zktieExE −−= ω
r

,

11
1

1 Ek
c

B
rrr

×=
ω , (2)

FIG. 1. Schematic of the process.
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where k1 ≈ (w1/c)[1−wp
2 /(gw1

2]1/2
, wp

2 = (4pn0e
2/m)1/2  is the plasma frequency, e and m are the

electronic charge and rest mass, respectively. g will be defined later.

The plasma also contains a density ripple such that

n0 = n0 exp(ik
→

0.x̂), (3)

whose wave vector k
→

0 makes an angle è with the z-axis. The equation of motion for electron
momentum, p→, dp→/dt = − eE

→

1−(e/c)v→1 x B
→

1 can be resolved into x and z components as,

)sin( 11
1

1 zkt
dt

deE

dt

dpx −−= ω
ω , (4)

and

111111 /)cos( ωω zktEvek
dt

dp
x

z −−= . (5)

From  eqn (4), we get,

px = − eE1 sin(w1t − k1z)/w1. (6)

Equation for electron energy (gmc2) is

)cos(. 11111
2 zktEevvEe

dt

d
mc x −−=−= ωγ r

r

, (7)

where

g2 = 1+(p2
x + p2

z)/(m2c2). (8)

g is also 22
1 /1/1 cv− .

Multiplying eqn (5) by w1/k1 and substracting from (7), we get

(a) (b)

FIG. 2. Variation of normalized density ripple wave number cko/wp with normalized plasma frequency w1/wp and
angle between incident laser and density ripple è for (a) g = 1.2 and (b) g = 1.4.



MEETOO SINGH et al.186

mc2 g − (w1/k1)pz = constant = mc2 g0 − (w1/k1)p0z, (9)

where p0z is the initial value of pz and g0, the initial value of g; g2
0  = 1+ p2

0z/(m2c2). Using eqns (6) and
(9) in (7) and on simplification one obtains g as

[ ]2
0

2
0

2
02

0

)1(1
1

1
aηη

η
γ −++−

−
≈  , (10)

where a2
0 = (eE1/mw1c)2  and h0 = ck1/w1 are the plasma refractive indices.

The x and z components of electron velocity can be written as

)(

1

1
1

11 zktix
x e

mi

eE

m

p
v −−== ω

γωγ , (11)

and

γ
γη

γ
)1(

01

−== c
m

p
v z

z , (12)

respectively. In solving the above equations, we have assumed electron collision frequency,

n << w1 .

→n1, in conjunction with the density ripple n0, produces a density perturbation ]ˆ).(['
1

'
1

011 xkktienn
rr

+−−= ω .

This is obtained by solving  the equation of continuity ∂n1
′/∂t + ∇.n0n

→

1 = 0,

1

010'
1 2

).(

ω
nvk

n
r

r

= , (13)

where we have used the identity R
2

1
Re.Re BA

rr

=  [ ]*..Re BABA
rrrr

+ .

→n1 and 1B
r

also exert a ponderomotive force on the electrons,

112
Bv

c

e
Fp

r

r

r

×−= . (14)

The oscillatory velocity →n2 of electrons due to 
pF
r

 is

)22(
2
1

111'
2

11

4

.
ˆ zktie

mi

Evek
zv −−≅ ω

ω

r

r

r

. (15)

The nonlinear component of the second harmonic current density ]ˆ).2(2[
22

011 xkktieJJ
rr

rr

+−−= ω  due to

beating of →n1 with →n'
1 and →n'

2 with n0 is,

'
201

'
12 2

1

2

1
venvenJ NL rr

r

−−=
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+−≈

2
ˆˆ

4
10

2
1

11
2

0 k
z

k
x

mi

vEen xx

γω . (16)

The linear component of the second harmonic current density due to self-consistent electric field
]ˆ).2(2[

22
011 xkktieEE +−−=

r

rr

ω  is given by,

1

2
20

0
2 2 γωmi

Een
J L

r

r

−= . (17)

Using (16) and (17) in the Poisson equation, one obtains the second harmonic density perturba-

tion ]ˆ).2(2[
22

011 xkktienn +−−=
r

ω :

1

2
2 2

.1

ωi
J

e
n

r

∇−= , (18)

where NLL JJJ 222

rrr

+= .

3. Second harmonic field

The wave equation for the second harmonic field is written as:

22

2
1

21222
2 48

).( E
c

Ji
c

EE
rrrr ωωπ −−=∇∇−∇ . (19)

From the Poisson equation we get,

22 4. enE π−=∇
r









++≈ 10

2
02

1
2

3
1

11
2

0

2

1

2
kk

k
k

m

vEen
z

xx

γεω
π

, (20)

where e2 ≈ 1 − w2
P / w2

1 .

Using (20) in (19), and replacing  ∇2 by − (2
→

k1+
→

k0)2, we obtain

F
m

vEen

D
E x

rr

1

11
2

0

2
2

1

ω
π= , (21)

where D2 = 4w2
1 − w2

P / g − (2
→

k1+
→

k0)2 c2, and

(









++= .

2
10

2
02

1
2

2
1

2 kkk
k

c
F zx

γεω
r

 ( ) 





++




+

2
ˆˆ22 10

01

k
z

k
xkk x

γ

rr

.

Equation (21) is valid when D2 is not exactly zero, and the length of the plasma is greater than

1/|k2− (2k1+k0)|. When D2 = 0, one may write the harmonic field as )2(
22

21)( zktiezAE −−= ω . Then  eqn
(21) takes the form
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NLJ
c

i

z

A
ik 2

1
2

8
2

ωπ−=
∂
∂

 or zJ
ikc

i
A NL

2
2

1

2

8 ωπ−= .

The second harmonic Poynting vector can be written as

2
*
22 8

HE
c

P
rrr

×=
π  

2

2
1

2

2
1

2
1

42
0

2

2
22

01
2 )2(

8
F

m

vEen

D

kkc x
r

rr

ω
π

ωπ
+≈ . (22)

Using eqn (2), we get the Poynting vector for the fundamental wave as

1
*
11 8

HE
c

P
rrr

×=
π  

1

2
11

2

8πω
Ekc

r

≈ . 23)

From (22) and (23) we get,

1

2

P

P
r

 G
c

v

n

n xp
r

2

1
0
0

0

4

132

1












≈

ω
ω

, (24)

where 2

201

01
2
1

2
2

2
1

2
20

)2(
,

Dk

kkcF
G

D
D

rr

r

r +==
ωω .

Fig. 3. Variation of efficiency of the process |
→
P2/P1| with w1/wp for different values of è. The parameters are w1=

1.06 x 1015 rad/s, n0/n0
0=3%, and (a) g = 1.2 and (b) g = 1.4.

(a)       (b)
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Figure 3 shows the variation of |P
→

2/P1|with w1/wp for different values of è and g. The maximum
efficiency of the process is 9% at w1/wp = 4, è = 45o,  g = 1.2 and n0 / n0

0 ~3%.

4. Discussion

A density ripple in a plasma could be properly employed for resonant second harmonic genera-
tion. The process is efficient even in the underdense region. The density ripple could be excited
by an acoustic wave launched externally or produced internally via parametric instability of the
laser [14]. Typically, the pulse length is smaller than the ion acoustic wavelength, so the density
modulation can be considered as static on the time scale of laser pulse dynamics. Alternatively,
a density ripple can also be produced by laser irradiation of a periodically doped semiconductor
[13].  An efficiency of  ~ 9% can be achieved for using a 1.06m Nd:YAG laser of intensity ~ 1018 W/
cm2 in a plasma of density ~1020 cm−3 with a density ripple of  3%. Laser propagation in a plasma
is influenced by a number of nonlinear effects, e.g. self-focusing, parametric instabilities and
charged particle acceleration. Hence, the estimate of harmonic generation is only an upper bound
on it. The above analysis  is valid when the length of the plasma is greater than1/|k2 − (2k1 + k0)|.

Acknowledgements

This work was supported by the Department of Science and Technology (DST), Government of
India, under grant no. SR/FTP/PS-08/2000.

References

1. (a) P. A. Franken, A. E. Mill, C. W. Peters and G.Weinreich, Generation of optical harmonics, Phys. Rev.
Lett., 7, 118−121 (1961).
(b) A. Ishizawa, T. Kanai, T. Ozaki, and H. Kuroda, Enhancement of high order harmonic generation
efficiency from solid surface plasma by controlling the electron density gradient of picosecond laser
produced plasmas, IEEE J. Quant. Electron., 37, 384−389 (2001).

2. J. A. Armstrong, N. Bloembergen, J. Ducing and P. S. Pesrhan, Interaction between light waves in a
nonlinear dielectric, Phys. Rev., 127, 1918−1939 (1962).

3. Q-H. Park, R. W. Boyd, J. E. Sipe and A. L. Gaeta, Theory of relativistic optical harmonic generation,
IEEE J. Selected Topics in Quant. Electron., 8, 413−417 (2002).

4. E. Esarey, A. Ting, P. Sprangle, D. Umstadter and X. Liu, Nonliner analysis of relativistic harmonic
generation by intense lasers in plasmas, IEEE Trans. Plasma Sci., 21, 95−104 (1993).

5. S. C. Wilks, W. L. Kruer and W. B. Mori, Odd harmonic generation of ultra intense laser pluses reflected
from an overdense plasma, IEEE Trans. Plasma Sci., 21, 120−124 (1993).

6. X. Liu, D. Umstadter, E. Esarey and A. Ting, Harmonic generation by an intense laser pulse in neutral and
ionized gases, IEEE Trans. Plasma Sci., 21, 90−93 (1993).

7. D. von der Linde, Second harmonic production from solid targets. Laser interactions with atoms, solids
and plasmas (R. M. Moore, ed.), pp. 207−237, Plenum Press (1994).

8. C. S. Liu and  V. K. Tripathi, Interaction of electromagnetic waves with electron beams and plasmas,
pp. 54−60, 122, World Scientific (1994).

9. J. M. Rax and N. J. Fisch, Phase-matched third harmonic generation in a plasma, IEEE Trans. Plasma Sci.,
21, 105−109 (1993).



MEETOO SINGH et al.190

10. S. Shibu and V. K. Tripathi, Phase-matched third harmonic generation of laser radiation in a plasma
channel, Phys. Lett. A, 239, 99−102 (1998).

11. R. N. Agrawal, B. K. Pandey and A. K. Sharma, Resonant second harmonic generation of a millimeter
wave in a plasma filled waveguide, Phys. Scr., 63, 243−246 (2001).

12. Z. Weissman, A. Hardy, M. Katz, M. Oron and D. Eger, Second-harmonic generation in Bragg-resonant
quasi-phase-matched periodically segmented waveguides, Opt. Lett., 20, 674−675 (1995).

13. Y. J. Ding, J. U. Kang and J. B. Khurgin, Theory of backward second harmonic and third harmonic
generation using laser pulses in quasi-phase matched second order nonlinear medium, IEEE J. Quant.
Electron., 34, 966−974 (1998).

14. M. Botton and A. Ron, Efficiency enhancement of a plasma filled backward wave oscillator by self-
induced distributed feedback, Phys. Rev. Lett., 66, 2468−2470 (1991).


