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The solution to the problem OJ. electromagnetic mdiation from a semi-injinite 
dielectric-coated spherically tipped perfectly conducting cone excited by delta 
function sources has been obtained b.v using the orthogonal properties of 

Sommerfeld's complex-order s~~herical Honkel wave functions. The posibility of 

radiation of the symmetric as well us unsymmerric TM, TE  and Iybrid modes 
from such a structure is d immed.  

The problems of radiation and scattering of electromagnetic waves by a 
perfectly conducting cone has been studied by many authors'-8, ". The exact 
solution for the problem of electromagnetic radiation from a circularly 
symmetric slot on the conducting surface of a semi-infinite dielectric-coated 
spherically tipped conducting cone has been obtained by Yeh9 for the 
symmetric TM wave. It is the purpose of this paper to discuss the possibility 
of radiation of symmetric as well as unsymmetric TM, TE, and hybrid waves 
from such a structure. 

2. THE STATEMENT OF THE PROBLEM 

The geometry of the structure is &en in Fig. 1. Spherical coordinates 
(r,  0, +) are used. The vertex of the cone is taken a t  the origin of the 
coordinate system. To eliminate the singularity at the vertex, a small 
perfectly conducting spherical boss of radius a, with its centre a t  the origin 
is situated at the tip of the cone. The outer boundary of the perfectly 
conducting cone is ~ - 8 0 ,  and the outer boundary of the dielectric coating 
is 0=0, .  The permittivity and permeability of the dielectric coating are 
c, and r ,  respectively. This radiating structure is embedded in a perfect 
dielectric medium of permittivity and permeab~lity c2 and p, respectively. 



The excitation of the structure is by means of a radial electric field delta- 
function source for TM modes, a radial magnetic field delta-function source 
for TE modes, and a combination of these two sources for hybrid modes. 

3. TIM MODES 

Assuming variation of till quantities with lime an eKp (-j w t ) ,  the field 
mside the dielectric sheath is" 

d - [A ;  P; (cos 0)  8; Q; (cns %]I exp ( - j  w t )  
(1 0 

' l l d  I 
Ed;= 2 - - - [ r  )I;' ( k l  r ) ]  --... in sin (m +) Y 

" - 0  k ,  r dr stn 0 
[AT P,: (cos 8) -!- 5 ;  Q; (cos 8)l exp ( - j  o t )  [3] 

H , ~  - o [dl 

" k 1  
H g ,  = - 2: !- hi ')  ( k ,  r )  -- . m sin (nr pi) x 

.=o . j w ~ ,  sinit) 

[A: P," (cos 8 )  + B," Q; (COS 0)l exp ( - j  o t )  [5] 
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FIG. 1 

The gcometry of the structure 
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and - k d 
H,, - - Z -L h!' ( k ,  r )  cos (m @) - x 

" - 0  j w ua d 0 

and the field con~ponents outside the dielectric sheath is 

E,, = 5 "(ntl) h:l) ( k ,  r)  cos ( m  g)) [c,"' P; cos a)] exp ( .-j o 1) [7] 
.=o k,  r  

' I l d  d 
E,,= 2 - - - [ r  h!) (kz I')] cos (m gi) - [Cr P," (cos 8)]  exp ( - - j w t )  [8] 

.=o k,  r dr d o  

1 
H - - h ( k )  - m sin ( m  q5) [C," P,"(cos %)I  exp ( - j d )  [ I l l  I)r - 

n-a J W . U Z  sm 0 

and 

d 
H - hi') (k,r) cos (mg)) - [C," P," (cos O)] exp ( - - j w t )  

n=o j u p 2  d o !  
1121 

where k ,  = wd(plc l ) ,  k2= w d ( p 2  E , )  and A?, B r ,  C; are arbitrary constants to 
be determined by the boundary conditions and m=O, 1, 2. . - Applying 
the boundary condition that the tangential electric field components Ed and E, 
must vanish for all rp and all % on the conducting spherical boss of radius 
a, gives 

d - [ r  hi ' )  ( k ,  r)],=. = 0 inside the dielectric sheath [I31 
dr 

and d - [r lirl (k2r)],-,,=O outside the dielectric sheath [I41 
dr 

The roots of Eqns. [I31 and [I41 are designated n,and n, respectively. n is 
put equal to n , in  eqns. [ I ]  to [61 and n is put equal to n, in eqns. [7] to [IZ], 
and the summation 1s taken over all values of n, and n, respectively. 

For T M  modes, let the excitation be 



where 
d ( r )  = 1 for r0 i r  < rl 

--0 for u < r  ire, and r >  r , .  

Expandmg the applied field in tcrms of Sommerfcld's complex-order wave 
funclionsl' gives 

E;BP = (Ilkl r)  2 Lyv n,.(nl t 1) If!,:) (kl  r) F,: (cos Oo) cos (mqb) exp(-jwr), [16] 
"* 

1 
where Ly' - ---- r  /I!:) (k l  r )  d (kt  r) [I71 

n, (11, I 1 )  f':, (COS Oo) Nn, (hl a )  '. 
in which the nornalising factor is 

By assuming d ( r )  to bc a delta-function source, 

Eo rl kl /I:;) (k l  r , )  L.". ; --------.-- 
n, (up ! 1) P; (COS 0,) h',," ( k ,  a) 

Now applying the boundary conditions that Ihe tangential electric and 
magnetic field components E,,  E+ and H+ are continuous at 6  - 6 , .  we 
obtain 

1 d 2 - - [r It:" (k ,  r ) ]  [Cq PC (cos O r ) ]  
. . k , r d r  * 

1 d - z - - [r /I,!:) (k l  r)] [A;' p; (cos 0,) i-8; Q,m* (cos0,)l [211 ",, k , r  dr 
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The boundary conditions [go], [21] and [22] cannot be satisfied by equating 
each term of the serics e ~ ~ s n s i o n .  These conditions h ~ v e  to bc ~ u ~ i s k d  for 
all values of r from r - a  to r -  m . Consequently, the orthogon;tl property 
of the spherical Bessel functions" is made use of. Therefore, substitute 
the following in the above three equations 1201, 1211 and [22] 

hi:) (kl r )  = 2 unp, n p  hi: ( k 2  r l  [w 
"r 

where, 

h;' [k,  r )  (k2 r )  d \A2 r )  1241 

and 

1 d - 2 - - [r I: a,, , .p hi: (k ,  r)] [A,", Pz (cos 8,) + B,": Qr, (cos 
n, k, r dr ",, 

P71 
kz d Z , - h,!: (k, r )  - [C; P< (cos 01,] 

n , I 0 k  dot 

Also the applied electric field E;PP must be equal to E,{ for all values of  r 
between a and .o for 8=8,. Therefore, 



Equating coefficients of h.(:) ( k , r )  in equations 1261 and 1281, those of 
d [ r  h$ ( k ,  r ) ] /d r  in equation [?7] and those of h$' (k, r) in equation [29], 
we have 

n~ ( n ~  tL.2 LC: prP (COS el)]  
k2 

We have four sets of equations [30] to [333 and three sets of unknowns 
A:". BE and C,": and these equltions are independent of each other. Hence, 
there is no unique solutian for these unknown coefficients. This shows that, 
in general, the unsymmetric TM modes canrot be excited on the dielectric 
coated spherically tipped conducting cone. 

But for the special case m-0, Le., for the TM symmetric mode, 
Ec = H, - H ,  - 0,  and only E,, Eg and H+ will exist. Proceeding as 
before and applying the boundary conditions for the tangential components 
E, and H b  at 0 = 0, , and equating the E, component to E,? at 8 =8,, the 
following three sets of equations ate obtained for the three sets of unknowns 
A:, . B,", and C,", . 
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and 

L2#Pnp (cos 8,)-[A:" P," (COS O0)+B:" Qlly (COS %)I [361 

There is a unique solution for the unknown coefficients A:", B:" and C:, 
and hence the field components for the symmetric TM mode can be uniquely 
determined. This shows that the TM symmetric mode can exist on this type 
of structure. 

4. TE MODES 

The field inside the dielectric sheath is 

E,, = 0 

1 - EB, -nF:F' (k,r), rn cos (m$) [A:" P r  (cos 8) + B ; ~ Q ;  (COS $)I exp (- jot )  
sln 0  

[381 

d Egi -  -2 11;') (kl*) sin (m$) -- [ALmPr cos8) f Bim Qr (cosO)] exp ( - j w i )  [33] 
,,=o dB 

H,i = 2 n (n hL1' (k,r) sin (m$) [A:" PT (cos 8) 
"=o jwp l  r 

+BLm Q r  (COS Q ) ]  exp (-jwt) [401 

" 1 d KO,= 2 - _ff_ [r hjll) (k,r)] sin (m$) - [A:'" PP," (cos 0) 
R=O jopl I dr dB 

+B:~ Q; (COS %)I exp ( -jwt) [411 



The field outside tbc d i r l ~ c t r i c  sheath is 

E,,=O 

1 
E - 2 hb') (k,r)  --- tn cob ON+) [C1? :": ((cm B ) ]  exp ( - - jwz) 

Or  - "so stn t) 
[443 

H,,= 5 *' I $,'j (h,rr s:n (nr+r [('>P: ices 0)J exp (-jw!) [46] ... o j wz r 

Applying the boundary condition that the  tangential components E+ and Eg 
must vanish for all #I and for all B  on the spherical boss of radius a, gives 

1 '  ( k  a 0 inside the dielectric sheath, i.e. n-n;  [49] 

and hi1' (k, a) -0 oulsidc the dielectric sheath, i.e. n-n', [50] 

Let the excitation be 

H ~ p p - I f , d ( r )  exp ( . j w l )  s in  (m+) at  0-0, [57]' 

where d ( r )  .- 1 for r, < r .<: r , ,  

0 Tor a ; r  < r n  dnd r ,  

In terms of Somn~arkld 's  complex-order wave functions, 

1 
H:pp = - 2: L$ nn,, (n,, I I )  Irk:! jk,r) PC, (cos 8,) sin (in+) exp ( - j w f )  [52] ' ?"' 

where, 

1 L ' ~  = --- - -. .-... 
nuz n,, (n,, -+ I )  Pi;, (cos 0,) N,", (k, a) 

[531 

r o  
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and 

By assuming d ( r )  to be a delta-function source, 

Proceeding in a similar manner for the TM modes and applying the boundary 
conditions that the tangential electric and magnetic field components E;, H, 
and H+ are continuous at 8=8, ,  also equating the applied magnetic field H;OD 
to H,, for all values of r between a and w at 8 = 0 ,  and making use of the 
orthogonal properties of the spherical Bessel functions, it can be shown that 
the following four sets o f  equations [56] to [59] result for the three sets of 
unknowns A::,, B;:, and Ci,. 

This shows that there is no unique solution for the unsymmetric T E  modes. 

But for the symmetric case, m-0 ,  E , - E I = H g - 0  and only E+ H, and Hd 
exist. By applying the boundary conditions for the tangential components 
E+ and H, ~t 8-8, and equating the H, component to H;w at 91 BO will 
result in the following three sets of equations [60] to 1621 for three sets of 
unknowns A:,, B;, and c:,. 
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This sl~ows that the TE symmelric mode can exist on this type of structure 

A superposition of the field components of the TM mode as given by 
eqns. [I] to [6] and those of the TE mode as given by eqns. [37] to [42] gives 
a hybrid mode for each particular vitluc of m. To excite such a mode 
a superposition of the excitation eqn. [IS] for a TM mode and excitation 
eqn. [St] for a TE mode is necessary. Applying the boundary conditions 
that the tangential components E+ and E6 must vanish at  r=a, and that the 
tangential components E,, El, If, and Ifb are co~~tinuous at 6 = 6,. by equating 
the applied electric and magnetic fields E / P p  and H / p *  to E, and H, respec- 
tively at 6=6,, and by making use of the orthogonal properties of the spherical 
Bessel functions, the following six equations [63]-[68] are obtained. 
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1 m + 2. . -!. [rhi$ (k2r)]  [c;", P,",, (cos @,)I -- 
* r ,  ] ~ , a ~  r dr sin d l  

( l / k , r )  2: CY nv ( n p L l )  hi:' (k ,r )  P< (cos 8,) 
li" 

1 

- Z "Iv".+') h!:' (k lr )  [A: PC (cos 6,) + B: Q?" cos f3J 
nr klr 

v71 I 
I 

d For k,a < < 1, the roots of equatiop - [r hi" ( k ,  r)],=,, = 0 approaches the 
dr 

roots of [H)"(klr)l,,,-0, where f = n + f  The roots of [ h t )  (k ,r ) ] , , , -0  are 
the roots of [ { d ( m / ( 2 k 1 r )  Hjy, (k,r)J, , ,-0 i .e .  those of [ H i 1 )  (k ,r ) ] , , , -0 .  
Hence for small values of k,o or of k,a, we may approximately take n, -n,,, 
and n,-n,, in equations [63]-[68]. 

Using the asymptotic expression for hi? (k2r) for k,r > > 1 as given by 

h!L,' (k2r) - (l lk2r) ( -j)n*+l exp (jk,r) [691 

in equations [64] and [GG]  and putting n, -n,, and n,=n,,, we obtain 



U!WP am TILI we [OLI 
suo!lenba u! (.Ly[) dxa rLa,(c-) (J/I) Jo asoql pur! '[W] pun [19] suogenba u! 
('I?) $q jo asoq 'is91 pue [hq] suo!:unba u! (A'?) $4 JO s%uapylaoa 8u!lenb~ 
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Equations [721-[77] are six sets of independent equations for the six sets af  
unknown coefficients A;, &:, C;, A::, B z ,  c::. Hence there can exist a 
unique solution for the six sets of unknown coefficients for all values of m. 
This proves the existence of the hybrid symmetric as  well as  unsymmetric 
modes on the structure. 

It has been shown that a semi-infinite dielectric-coated spherically 
tipped peifcctly conducting cone can support the symmetric TE, T M  and 
hybrid mcdes zs will as the unsymmetric hybrid modes. The unsymmetric 
TE and TM mcdcs cannot be supported by this type of structures. 

The author is thankful to the Council of Scientific and Industrial Research, 
New Delhi, 1nd:a for the grant of a research scheme on rhe above subject 
and to Dr. S. Dhawan and Prof. S. V. C. Aiya for encouragement. 
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