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ABSTRACT

The solution to the problem of electromagnetic radiation from a semi-infinite
dielectric-coated spherically tipped perfectly conducting cone excited by delta
function sources has been obtained by wusing the orthogonal properties of
Sommerfeld’s complex-order spherical Hankel wave functions.  The posibility of
radiation of the symmetric as well as unsymmerric TM, TE and hybrid modes
from such a structure is discussed.

1. INTRODUCTION

The problems of radiation and scattering of electromagnetic waves by a
perfectly conducting cone has been studied by many authors’~% 2. The exact
solution for the problem of electromagnetic radiation from a circularly
symmetric slot on the conducting surface of a semi-infinite dielectric-coated
spherically tipped conducting cone has been obtained by Yeh® for the
symmetric M wave. It is the purpose of this paper to discuss the possibility
of radiation of symmetric as well as unsymmetric TM, TE, and hybrid waves
from such a structure,

2. THE STATEMENT OF THE PROBLEM

The geometry of the structure is given in Fig. 1. Spherical coordinates
(r, 0, ¢) are used. The vertex of the cone is taken at the origin of the
coordinate system. To eliminate the singularity at the vertex, a small
perfectly conducting spherical boss of radius a, with its centre at the origin
is situated at the tip of the come. The outer boundary of the perfectly
conducting cone is @0, and the outer boundary of the dielectric coating
is 8=0,. The permitlivity and permeability of the dielectric coating are
€, and m; respectively. This radiating structure is embedded in a perfect
dielectric medium of permittivity and permeability €, and u, respectively.
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The excitation of the structure is by means of a radial electric field delta-
function source for TM modes, a radial magnetic field delta-function source
for TE modes, and a combination of these two sources for hybrid modes.

3. TM Mobes

Assuming variation of all quantities with time as exp {(—jw ), the field
components inside the dielectric sheath ist0
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and

Hy=-% 5w, 1) cos (m §) =
! n=0 J @iy

[4™ P™ (cos 8) = By O (cos )] exp (~j w 1) [6]

and the field components outside the dielectric sheath is

E, - 20D L4 6,5 cos (m ) 1C) P cos B)] exp (= w 1) 7
" ase Ky r
E,. = s 114 [r AV (kg 1)] cos (m¢p) A [Cn PP (cos B)] exp (~jwt) (8]
¥ ok, r dr de
Eor 2 L L L0k (0] - sin (m ) [Cyf P cos 8)] exp (—~jwt} [9]
¢ aeo kg rodr sin 6
H,,=0 (10]
Hy,=-Z ka B (k, r) msin (m ¢) [C7 Py (cos 0)] exp (~jw?) [11]
n=0 o ity
and
Hy=~ é K h“) (kqr) cos (me) —_[C’" P (cos B)] exp (~jwi) [12]
n=0 jou

where k; = wy/(4,€), ky=wV (1, €,) and 47, B?, C7 are arbitrary constants to
be determined by the boundary conditions and m=0, 1, 2, - - - Applying
the boundary condition that the tangential electric field components E; and E;

must vanish for all ¢ and all 0 on the conducting spherical boss of radius
a, gives

- [r B (ky )]y me = inside the dielectric sheath  [13]
r

d . . . .
and - [r b (kg 1)) p=0 outside the dielectric sheath ([14]

The roots of Eqns. [13] and [14] are designated n,and n, respectively. n is
put equal to n,m eqns. [1] to {6] and # is put cqual to n, in eqns. [7] to {12],
and the summatlon is taken over all values of n, and n, respectively.

For TM modes, let the excitation be

EfPP=E,d (r) exp(—jwt) ccs (mg) for 8=6, [15]
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where
d(N=1 for ro <r <rg,
~0 for a <r <ry, and r>ry.

Expanding the applied field in terms of Sommerfeld’s complex-order wave
functions' gives

Eo = (1/ky r) 2z L"' n,(n, +1) h“) (ky 1) P (cos 8y) cos (m ¢) exp(~jwr), [16]

't

1
Lr = Egr D (k) dik 17
where L7 n (a1 1) Py (005 0) N..,(/\lﬂ),’. or b)) (kyrydikyr) 17
in which the normalising factor is
Na (k@) = J WD (g IE d (K, 7) (18]

ka

By assuming d(r) to be a delta~function source,
" Eyriky }'rEI,) (ky ) (191
o tn, 1) PR (cos6) N, (K, a)

Now applying the boundary conditions that the tangential electric and
magnetic field components E,, E, and H, are continuous at 6 = 6,, we
obtain

n,(n,+1 m y (n, +1
3 M (7, (kkr R0 lyry (€ P (005 6] = = "«%7-) Y (kg 1)

LM 2 ap
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= 3 o4 [,. /,(1) (kI 145, P (cos 8,) + B2 O (cosf))] [21]
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wy j widy
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The boundary conditions [20], [21] and [22] cannot be satisfied by equating
each term of the series expansion. These conditions have o be sutisfied {or
all values of 7 from r=a to 7= oo. Consequently, the orthogonal property
of the spherical Bessel functions'! is made use of. Therefore, substitute
the following in the above three equations {20}, {21] and [22]

) (g
h;ly) (kyry= :V.: oy, e 11;" (ky 1) [23
*
where,
I j h;"’ (ky 1) hff: (k1) dikgry 124)
e kaa
and
My, = [0 GanF d s 25
ya

The equations [20], [21] and [22] then become

+ i m m
il’z.ﬁ”j_‘) KD ey r) [ P (cos 8)]

=2 ?""*(‘n',';;‘l)' (2 an,,n, B Gy ][4 Fi7 (c0s 0)) -+ BT O (cos 8, [26]
m, 1 e

1 4d
?F Gr @ Ir B (a1 ICT, PT, (cos 6))]

1 d
= — (1) m pm
2% B D Geen M e LT P (08 + B 0, (c0s )

[27

By By

kz (1) d m pm
%..}’C—u}:; hnl‘ (ky 1) d_(:", [C,,l‘ P,,” (cos 9];]

k a
=2 10} m pm W
w Jeu [,,2, LT 70, (47, P (cos 8) + B 07 (cos 6,)]
(28]

Also the applied electric field E® must be equal to E,; for all values of r
between a and oo for 8=0;. Therefore,

a, 1 m
Ewr = or i‘, L n,(n, + 1) A2 (k1) Py (cos 8g) = E,, (at=60=6,)
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-3k (”k LD (k) A7 BT (cos B) + B O (cos O] [29]

ny 1 r

Equating coefficients of h“) (k,r) in equations [26] and [28), those of
dir b (kyr)lfdr i equatlon [27] and those of A (k;7) in equation {29],
we have
”_.Elk_* D (¢ P, (cos 6]

2

=2 ap,a f’.v,f_”_[;_*” (42, P (cos 6,) 4- BT, O (cos 6,)] [30]

By 1

1
T [Ch, P7, (cos o]

= U, 7, (45 PR (cos ) + BT OF (cos N [31]
"y Ay
kK 4
RSN Vol T 8
Fouy 78, [T 0000
o Ky " pm e
-3 ,“;;1 Cuy,ny 9- [A2 BT (cos 6,)+ BJ: Q7 (cos 6,)] [32]
Iy P,',"v (cos B) [4rPr (cos 6] + B Qn (cos 81 [33]

We have four sets of equations [30] to [33] and three sets of unknowns
4z, . BY, and CJ, and these equations are independent of each other. Hence,
there-is no unique solution for these unknown coefficients. This shows that,
in gemeral, the unsymmetric TM modes canrot be excited om the dielectric
coated spherically tipped conducting cone.

But for the special case m=0, ie, for the TM symmetric mode,
Eg =H = Hy =0, and only E,, E, and H, will exjst. Proceeding as
before and applying the boundary conditions for the tamgential components
E, and H, at 0=8,, and equating the E, component to Ef% at 8=0,, the
followmg three sets of equations are obtained for the three sets of unknowns
A, B., and Cy,.

uJt (n +])[C° P, cosel)]mz [ — .’l!_gil.”_i.l)_ X
k2 ny v kl

[42, P, (cos 6,) + B, O, (cos 6] (34]
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ky d o P Ky d
Jwuy a0, LCo, P (o5 €)= ] ot LT
[49, P, (cos )+ BS, 0., (cos 6] 135
and
4, (€08 05) =[45 P, (cos 6;) +B) Q,, (cos Y [36]

There is 2 unique solution for the unknown coefficients Aﬂv, Bf,’y and CS“
and hence the field components for the symmetric TM mode can be uniquely
determined. This shows that the TM symmetric mode can exist on this type
of stracture.

4, TE Mopes

The field inside the dielectric sheath is

E,~0 (37)

™ cos (m) [4;™ P? (cos 0) + B,"Q (cos 8)] exp (—jwt)
[38]

Ey= 2K (k, N

n=0Q

Eyy=~2 1 ) sin Omg) ZI% [4!m P cosB) + BI™ Q (cosB)] exp ( ~Jwr) [39)

H,= 3 oD 1 ga ; ' pom
WA e B (kyr) sin (mg) [4," P (cos 8)
+ B Q% (cos 8)] exp (—jwt) [40]
Hy= 3 -1 _1_ d — 1 KD () sim () —- [A"" P™ (cos 6)
w=0 Jouy
+B™ Q% (cos 0)] exp (—jwl) [41]
H=3 L L 400 A
w2 ]Tu_, - E[l‘ ( r)] cos (m@) [4," P7 (cos 9)

+B;" O cos 0)] exp (~jwt) [42}
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The field outside the dieleetric sheath is

E =0 [43]

Z s (Azr) ) m cos (mg) (O PI (cos 6)] exp (- —]wz) [44]

Eym - % HY (ko) sin () l[[H [ Pricos ) exp ( ~jor) [45]
n=0Q [248

AR R (kyry sin (mep) [Com P tcos 0] exp (—jwt) [46]

0 j Wiy r

E W L g0 @y il sin (g %[C',',"'P,:' (cos 6)] exp (~jwr)
we0 Jwig PG
(471
) 1 bd o m N f e pm . .
Hym 2o ool rhfD (k)] = cos (mep) (O Py (cos B)] exp (—for)
we0 JOMy o dr sin @
(48]

Applying the boundary condition that the tangential components E; and E,
must vanish for all ¢ and for all & on the spherical boss of radius a4, gives

D (kg @) = 0 inside the dielectric sheath, i.e. ri=n, [49]
and A (kya) =0 oulside the dielectric sheath, i.e. n==n',, [50]

Let the excitation be
H® o Hyd (r) exp (- jwl) sin (me) at 60, t57]'

where d(r) =1 for ry<r<rg,
~0 for a<r<ryand r>r,
In terms of Sommerfeld’s complex-order wave functions,

Hep — L) L,l 1, (R 1) h“’ (kyr) P2, (cos ) sin (me) exp (—jwi) [52]

T ny K
where,
1 a
L e | Hrh D () d 1531
Yoy (n, +1) P, (cos 0y) Ny, ke &) f 0 ey dkan)

ro
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and N, (kya)= J’ [h},:,) (ky NP d k) (54
kia
By assuming 4 () to be a delta-function source,
Horikey hiL) (ky ry)
1y (B, +1) P22 {c0s Op) N,y (ky @)

L =

ny

[53)

Proceeding in a similar manner for the TM modes and applying the boundary
conditions that the tangential electric and magnetic field components £, H,
and H, are contimuous at 8=0;, also equating the applied magnetic field H
to H,, for all values of r between a and o at 860, and making use of the
orthogonal properties of the spherical Bessel functions, it can be shown that
the following four sets of equations {56] to [59] result for the three sets of
unknowns A", B and C.

d tvm pm od ‘m pm .
FTA [Ca. B (05 ] =2 a0 @T[A,,,, Py (c0s6,) + BT, O, (cos 8,)]
[56}
Ry (1) o™ P (eo ne (n,+1) .
i) o, sO)]= 2 Byt ' pm 9
jwM, [ Ta Nt ( l)] nye jw,ul ‘xn,r n [A"y' Pny‘ (COS )

+Bp, 07, (c0s6)]  [57)

1 o 1 . .
== (G, PP, (c0s 8)] =j——— P %y, LA PR, (COSB)) + B, O, {cos By))

j“’“z Wy By
[58]
‘m pm - 1 7 ” o
L Py, (cos fg) —Jm A, Pri, (cos 6g) + B, Qr, (cos 6y)] {591

This shows that there is no unique solution for the unsymmetric TE modes.

. But for the symmetric case, m=0, E,=E;=H;=0 and only E, H, and H,
exist. By applying the boundary coaditions for the tangential components
E; and H, :1 6=6, and equating the H, component to Hz®P at 8=0, will
result in the following three sets of equations [60] to [62] for three sets of

v o -
unknowns 45, By, and C,,“",.

d ’o d ’
'Je—l‘ [Cﬂ,,l Pn,.r cos ol)] = E an,.” ”,r 'd'_el— [Ana,' Pn,l (COS 61) +B;ly‘:; Qu,' (COS 0‘)]
[60]
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+ o My (e 1 ’
n e (M 1) D Cno( et (cos 8] X (_‘uv D U s [A2, Py, (cos 8,)
7 Too M 4 » td L4
Jwsy Ay Sy

By, Qn, (cosf)]  [61]
" . Y .
Ly, Py, (c0s 6g) - Fou, (43, P, (cos 6)+ B, @, , (cos 0)] [62]

This shows that the 7K symmetric mode can exist on this type of structure

5. Hysrip MODES

A superposition of the field components of the TM mode as given by
eqns. [1] to [6} and those of the TE mode as given by eqns. [37] to [42] gives
a hybrid mode for each particular value of m. To excite such a mode
a superposition of the excitation eqn. [15] for a TM mode and excitation
eqn. [51] for a TE mode is necessary. Applying the boundary conditions
that the tangential components E, and E; must vanish at r=a, and that the
tangential components £,, Ey, H, and H, are continuous at § =0,, by equating
the applied electric and magnetic fields E** and H*® to E, and H, respec-
tively at 8 =8,, and by muking use of the orthogonal properties of the spherical
Bessel functions, the following six equations [63}-{68] are obtained.

+1) 1 .
2’1&’; D L ten (cy, P, (cos 8]

ne 2 r

-zl 1 [z « KD Uer)] (4, P, (c0s 6,) + B, 03, (cos 8]

y k1 r el Mu
[63]
=L i[rh(‘) (][O PP (cosB)] =7 .-
makyr ar” TETE e Y sin 6,
+ ZHY, (k r)-i!——[C'”‘ Pz, (cos 6,)]
T N }
-z L i[rZ‘a,, e B (Kor)) A, Pr, (cos 0,) + Br, O, (cos 0,)]____
Ry oar o ne v T 2 ¥ & Py 1 » Xy !

+Z 3D sy, kL (kzr)..d—g.[A::, P (cos 6,) + By Oy (cos 6;)  [64]
1

L
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5 M € (e =1) K (g7 [Crgr P» (005 B7)]

LY ]w,uzr

=3 D S Y Ge) (4 B (cos 8+ Bi QR (cos 8]

nyt ]mU. r ul

165}
k d P
— 3 "2 p0 (feyr) —— [Cry Pry, (cOs 4]
fa J0 iy “(z)d(?‘[ o
L ) (O PR (c0s 0,))
+ﬂf‘2’jﬂ),“; rodr [rhsid (ear )] (g, B € *sin 6,
--=Z_ 2 Uy, hnH (kzr)] ——[A,,p P, (cos 8,) v Bn, OF, (c0s 6,)]

3 R ip D oy, nye 141 (k)] (A PRy (c05.8,)

ny ]mﬂ-‘ dr " e
+ B, Or, (cos 8] m/(sin 9)) [66)

Uik Z L7 1, (n, + 1) KD (kyr) Pa (cos 6y)
By

s (” “) HD Geyr) LA BT (cos By) + B O, cos )1 (67

"y

WS BT ny O+ 1) B (Ryr) P (cos 8g)

=St e o L PR (cos 69) + BT Qi co0s )] [68]

ny w7

For kya < < 1, the roots of equationg [r AP (kyr)),-, = 0 approaches the
{a

roots of [H{ (k;")],-,=0, where £=n+1.  The roots of [A" (k") =0 are
the roots of[{\/(ﬂ/(Zklr) o (klr)],,a-o ie. those of [HY (ky)].,=0.
Hence for small values of kya or of k,a, we may approximately take n, =7,
and n,=n,, in equations [63]—{68].
Using the asymptotic expression for hi)) (k) for kpr > > 1 as given by
B (o) ~ (k) (=)™ exp (Jkyr) (691

in equations [64] and [66] and putting 7, =#,. and n,=n,, we obtain
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s Loy et L exp (ko) [C P (cos 8] -7
" r ky sin 6,

N E__(__j),.ﬂ *exp (fkyry ig [Caw Py (cos 8]
13

nu gt
= B S exp (k) a4, P, (208 6,)
"wklr Ry
Mo m -
+ Buy Qu, (cOS f%)}sinﬁl. ' i%kz L JY R fexp (Jhyr) ds,, ne X
djd8 [Aus Pay (cos 1)+ Bdy Quy (vos 8,1 [70]
~ 2_._1__.(‘-]‘)"“ exp (jkyr) O P (cos 8))]
s fiar m
A B e (=)0 fexp (fhyr) [Cay Pay (008 9,)]
A fhyt 6!

. s . d
sxhk Dy, ay - [y I eRp (Jkyr) o LAy Pay (€05 8))
Ay n phy kor (19,

-

FBIQIeos O] - XX Lo a1 exp Unkr) AT P (cos 6,)

my N Hyd
+BMQN (cos 8] " 71
sin 8,

Equating coefficients of HY (kyr) in equations [63] and [65], those of A% (k, 1)
in equations [67] and [68] and those of ({/r) (~j)"* "' exp (jk,r} in equations
[70] and [71], we obtain

ﬂ‘—(’lfi’_ll [Co P, (cos 8)] = 2 T (”/: D, nu [Anmy P {cOS 9y)
2 np 1

+ Buy, Qun (c08 8,)] [72]

e O D pempr sy M o, 4R (cos 6)
fy L My

4 B0, Q2 (cos 6))] (731
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L2 Par (cos 0p) = 2 [Aay Py (08 8y) & Buy Quy (cos )1 74
np
LR (cos B = = (1 juy) {45 iy (cos 0) + B, Qs (c0s )} 7]

FICm P (cos 0)] m/(sin 8,) + d[ G P, (cos )16,
=j Uegfley) T atay ny, [day By (cOs 8)) + By, Qx, (cos 8)] mjsin 8,

y
+ 2 aay, n, d {Ary Py (cos 0y} + Bay Quy {cos 8))/b, [76}
Py
1 d . =

- 75 Pl (cos )] + %;KL: 7, (cos 8))] (mfsin 6,)

= — ((ey/ 1)) Z ny s, d[Aay Pay (05 6,) + Bu Qmy (cos 6]/ 8,
ny

G E i, ny AR (c08 6) + BEQL (os 6 mi(sin6) (7]

Equations {72]-[77] are six sets of independent equations for the six sets of
unknown coeflicients Any, Baj, Cay Any, Brwy Cap. Hence there can exist a
unique solution for the six sets of unknown coefficients for all values of m.
This proves the existence of the hybrid symmetric as well as unsymmetric
modes on the structure.

6. CONCLUSIONS

It has been shown that a semi-infinite dielectric-coated spherically
tipped perfectly conducting cone can support the symmetric TE, TM and
hybrid medes 2s well as the unsymmetric hybrid modes. The unsymmetric
TE and TM medes cannot be supported by this type of structures.
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