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ABSTRACT 

The twenty-one elastic constants of IriC/inic copper sulphate penta hydrate 

havc beel! determined at room temperature by the ultrasonic pulse echo method. 

An iteration technique is used for solving the full cubic Christoffel equation exactly, 

(J. Indian Inst. Sci., 50 (1968) 170) to ohtain the elastic constants of crystals 

from ultrasonic velocities along arbitrary directions. Th,' stiffness coefficient, are 

obtained from measurenwnts along eleven directions. The elastic constants 
referred to the I.R.E. s),s!em of axes are: 

cl1~5.65; cI2~2.65; c13~3.21; c,.~-033; c,,~-0.08; 

c22~4.33; c2,~3.47; C24~-0.07; c25~-0.21; C26~0.20: 

c34~-0.44; c35~-0.21; c'6=-0.16; C44 =1.73; c4s~0.09; 

'5s~1.22; c50 = -0.26 and c66 = 1.00 in units of 1010 N/m2. 

C'6~ -0.39; 

c" ~ 5.69; 

The results are discussed in relation to other studies on CuSO, 5H20. 

1. INTRODUCTION 

In spite of the developments in the experimental techniques for deter­
mining the elastic constan'is of crystalline solids, it is surprising to note that 
not many crystals belonging to the less symmetric systems have been 
investigated. Since 1946, after Mason's' stndy on monoclinic dipotassium 
tartra!e, a handful of monoclinic crystals has been studied2 • Copper sulpha.e 
pentahydrade CuSO.5H20 is the first triclinic crystal to be studied for its 
elastic constants. 

1n the case of a triclinic crystal the difficulties encountered in the deter­
mination of the elastic constants are two-fold. In order to determine the 
twenty-one constants, one has to carry out a minimum of twenty-one n011-

degenerate velocity mcasurements along different directions. Secondly, the 
I,:hristoffel equation describing the elastic wave propagation cannot be resolved 
Into pure modes for an arbitrary direction in an anisotropic material. 
Consequently, one has to solve a set of simultaneous cubic equations to 
obtain the elastic constants. 
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It was with a view to study triclinic crystals that an interation techniquel 
to solve the Christoffel equation to connect the analytic expressions for the 
velocities in terms of the elastic constants was developed. The evalution of 
the elastic constants of CuS0,.5H20 is now presented. 

Large size crystals of CuSo,.SH,O were grown by the slow evaporation 
of the aqueous solution. The crystal belongs to triclinic 7 group with 
n:h:c: : 0.5721 : 1 :0.5554 and a - 82"5', P= 1 U7"8' and Y = 102"41' (Groth4). 
Among a large number of forms observed, most common is the one sketched 
in Figure 1 with vertical zones a(l00), m (110). P (IfO), % (150) and h(010) 
with w'(lf i )  as end faces. The interfacial angles in a large crystal can be 
be measured by means of a contact goniometer. 

Schematic view o f  Cu SO,, 5H.O. Crystal. Choice of AxerX,. X,, X,. X, Axis is outward 
Normal to . face. XS Axis is along ..p Edge upwards 



Once the 'a' and 'm' faces are located their intersection immediately gives 
the e-sxis. In the original choice of the coordinate axes, identical to 
Sreedhar'ss preference in his thermal expansion studies, the X,-axis coincides 
with the c-axis of the crystal. The ' a ' face is taken as the X,X, plane, 
the x,-axis being the outward normal to the ' a '  face. The X,-axis 
completes a right handed orthogonal system of coordinates. I t  lies on the 
6 , .  face and points horizontally towards right in the direction of the ' b ' 
face. 

1t was noticed later that this original choice does not conform with the 
I.R.E. convention6. Even though the choice of X, Y, Z axes in a triclinic 

for describing the elastic properties is arbitrary to some extent, the 
I.R.E. committee seeks to establish a convenient pattern for all crystal 
systems. The crystallographic c-axis is chosen as the Z-axis. The Y-axis is 
taken as the outward normal to  the crystallographic ' b ' face and is ortho- 
gonal to Z. The X-axis is then obtained by completing the right handed 
system of axes. 

The present X,-axis corresponds to  the I.R.E. Z-axis ; therefore a 
rotation of the present system by -10°48' about X, will bring it  into coinci- 
dence with the I.R.E. system. Reference to Figure 2 clearly shows the 
relative orientations of these sets in a plane perpendicular to  the c-axis. 

Fro. 2 
Relative Disposition of the two sets of Axes. c-Axis (X,Z) Perpendicular to and outwards 

from paper. XI, X, present axes ; X, Y, I.R.E. axes. 

The original system of axes was chosen to facilitate comparison with the 
work of late Sundara Rao7. H e  was the first person to attempt studies on a 
triclinic specimen. However, there were some discrepancies in his results 
and they were not published. Sundara Rao's X-axis (denoted by X: to avoid 
confusion) is the inward normal to  the ' a ' face and is thus-X,, where XI 
is the axis used originally in this study. The edge common to  the ' a' and 





8 (, faces was taken by Sundara Rao as the Xi-axis and its positive direction 
was outwards towards the ' h ' face, from left to right. If  the ' a ' face is 
taken as the Xi Xi plane, the Xi-axis is taken normal to Ihe Xd-nxis, its 
positive direction being down into the crystal. The X,'-axis then completes 
a right handed orthogonal system. A rotation of his axes about XI brings 
his system into line with the present choice. 

3. EXPERIMENTAL SAMPLES 

To determine all the 21 constants a t  least 21 non-degenerate velocities 
must be determined. Eleven specimens were used in all. Three of them 
were axial cuts ix., propagation along .Yl ,  X, and X,. Two each had 
propagation direction in the XlX2, X2X3 and X3Xl planes, while the two 
remaining propagation directions were completely arbitrary. 

The orientations of these blocks may he specified a s  follows : Xd is 
taken as the direction of propagation, giving a quasi-longitudinal mode q,. 
Xi and X: ame the two perpendicular directions and q, and q, are the 
quasi-transverse modes having vibration directions respectively along Xi  and 
x,'. The directions X i  are related to the crystal axes XI by the scheme 
X,'= ciij fYI A specification of ail now uniquely fixes the direction of 
propagation Xi  and the two transverse directions Xi and X,'. This is done 
for all the eleven blocks in Table 1. 

The longitudinal and transverse velocities are measured by the ultrasonic 
pulse echo method8. The values of q,-Pv:, where P=228, kg/m3 is assumed 
are recorded in Table 2. All the velocities were determined for blooks 
1, 3, 7, 9 and 10. For  directions 2, 4, 5, 6 and 11, only the longitudinal 
mode was excited. For Directions 8, the L and T2 velocities were obtained. 

For propagation along Xi-direction, the Christoffel equation is 

I c;,,, -St) PV" = 0 [{I 

Here c:, are the constants in a rotated coordinate system and they can be 
expressed in terms of the elastic constants cv and the direction cosines of the 
rotated system 9.10.'1. For the sake of convenience this is given separately 
in Appendix I. 

The iteration procedure starts with equation [I], I c : , ~ - G , ~  Pv'1-0, 
where if the off diagonal terms c:,,~ are neglected, the c:,, are obtained as the 
Pvf in the zero order approximation. Now, c:,,, involves the linear combina- 
tions of the elastic constants c,,; so by solving a sufficient number of 
cimultaneous equations for c!,,~ along different directions the zero order 
values of the elastic constants c;J are obtained. These cjp,' are used to 
calculate c;,,~ Then the corrections ~ , - p v t - c ; ~ ~ ~  are obtained by numeri- 
cally solving the cubic equations fully. This gives the first order values of 
&i and ct) are evaluated from them. The operations are continued until 
the convergent limit is approached to the desired accuracy. 
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Direction 

1 

2 

3 

4 

'5 

6 

7 

8 

9 

10 

11 
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TABLE 2 

Effectiv: Velocities for the Eleven Samples 
P 

qx=Pv? (10'ON/m2)* 
Description 

&=% 1 - 
X,-cut 

X*-cut 

,%-,-cut 

XI  (-14"28') X2 

X, (47"201) X, 

X, (-52Y2')X3 

X, (26'7') X, 

&, 18, 7 (Xi I to w face) 

X, (23°C) X, 

X, (-48'55') X, 

a ,  P ,  7 

The third decimal is tetained in the preliminary calculations t o  avoid serious propagation 
of errors. 

The zero order values of c,,. can be determined by neglecting the 
expressions for c&, and c:, in equation [I]. Directions 1, 2 and 3 furnish 
the zeo order values 

c$'=5.380 c#=4.224 cg'= 5.749 
c$)=1.683 r$:)=(1.182+ 1.495)/2=l.339 cg-0.961 

in units of 101° N/m2, (From hereon the units 101° N/m2 arc dropped for 
convenience). Directions 4 and 7 together yield, 

cj;)-3.186; ~ j t ) =  -0.491 ; @=0.393 ; c$'=0.058 

are obtained from directions 5'and 9 and 
ci:'=3.355 ; cj0,'= -0.107; c.f$= -3.233 ; c$) - -0.034 



from directions 6 and 10 

There now remain c14, cX5 and c,, to be determined. I t  is worth 
mentioning here that even if the three velocities for Direction 8 had been 
determined, it would not have been possible to evalaate cjy, c;;) and cgl, 

~h~ set of s:multaueous equations (for Direction 8) becomes 

snd are hence not linearly independent. Therefore, the choice of another 
direction viz , Direction 1 I became unavoidable. Using the q, and q2 values 
of Direction 8 and the q, value of direction 11, the cons-ants are evaluated as : 

cjy- -0.842 ; cgl = -0.646 ; c$:'= - 0.329 ; 

The complete set of zero order values are : 

The zero order values are evidently the results of neglecting the off 
diagonal elements in c;,,, and they serve as the starting point for the iterations. 
Using cj;), the numerical values of c;,, c:,, cis, c is .  C& and ci3 for all the 
crystal blocks are written down. The numerical corrections are calculnted 
from the expressions, 



The firs1 order values of c:,,~ are, c : ,=~,  -El, c$=q, -€, and c ; , = ~ , - ~ , ,  
They are again solved to o b t a ~ n  the first order valut,s c:;'. The cholce of (, 
is such that E , + E ~ + E ~ - O  for any particular direction, since the trace of the 
c:, matrix is a constant. The first order values of the diagonal constanis are: 

, ,.d 
. , , '  

' ,- >,. ~or"d i i e&ions  1, 2 and.3 the calculations are easy whereas for the other 
directions the computations are quite lengthy. 

As.mentioned earlier the values c,,, c,, and r3, obilined froin zrbitrary 
orientations depend on a knowledge of th!: .other i8 terms The zero order 
values'because of the.peglect of off dilgonal terms in two various d~rections 
are, nectssarily approximate. In particular, el,, c,, and c,,, in d~rectionj 

: ', P and .ll,, are expressed as the difference between Lwo large quantities. 

: - "  . In ,viqw blf the errors in the e~ghteen cjp' values, the zero ordcr veiues 
, . .  tj$, ci! and c4;)'are quite unrel~able and contain disproporiionately large 

errors. The result of this ,is. t p g i v e  abnormal first iteration values to 
c:,, c:, and ck, in directions '4 onwards leading to very large osc;llat~ons in 
the iteratcd'value of 5,. 

' The difficulty is obviou'sly caused by the serious propagation of errors 
yhich occurs especially in.equations containing r, , ,  c,, and I ~ , .  In principle, , *.# 
there is no doubt that after a sufficient number of rteratlons the oscillaticns 
iil the values of c,] will damp out. In practice, it was felt, after spending a 
cms!derahle amount of time and effort, that this may take a great many 
iterations and that it would be desirable to speed up the convergence of the 
iterations. 

I n  the equations [Za, b, c] for 6 ,  the constant, term depends on the product 
of c:,, r:, and r:, with (c:, -$), (c;,--c;,) and'(&-,&). Of them, (r&-&\ 
and (c;,-c:,) are usually large, of the order of 3 4. When c:, is also large, 
the oorrections f, and.c2,for the shear modes will be large. The corrected 

',, , yalues of c&"and c:, upset the entire procedure leading to either divergence , . 
gr.violent oscillations in' the iterated values of cii Therefore, it appears that 
the best way to accelerate the convergence of the iteration is to choose 
initially the values of c\i', c;:) and ciO$ stch that ck, is small in directions 4-11. 
The choice 4'= -0.2, cj0,'=0.2 and c:t)= -0.4 IS found to effect this. With 
this choice, the first order values of c,, are : , 



The iternlions were carried on  until two successive values of r. agreed 
, i th in  the experimental errors. The velocity lneasuremcnrs indlLate an 
error of &O 2$4. So P v? is correct t o  20.5:1:,. The  diagonal ternis have an 
error of t h i s  magnitude. I n  sets like cI2, c,,, c,, and c4, the errors can be 
estilnated by knowing the uncertainties in P 1,' and the values of the diagolial 
constants. They amount t o  be only 50 .02  t o  1 0  04. The error in the set 
c,,, c2,, c,, and c,, is also of the same ordcr. However, in the set c,,, c,,, e,, 
axid c,, the errors are somewhat large 20 .02  t o  +0.10, mainly because 
directlolls 6 and 10 are  only 4' apart .  The  propagation of errors in the case 
of cI4. c~~ and c , ~  is drama~ic :~l iy  seen whcn the errors are calculated to be 
i 0 . 2  for (,,. 1.0.1 for c,, and 1 0 . 1  for c,,. The iteration results are 

, summar~zed 111 Table 3. 

, , 

Order of 
approx-. 

0 

1 " 
5 '  
9 

12 
13 

Order of 
npprox. 

0 c s  

1 
5 

9 
12 
13 

, . 
, >  , TABLE 3 . 

Elastic constants o f  Coppersulphat. Pentahydrate at  25OC 
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Order of 
approx. 
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1 
5 
9 

12 
13 

Order of 
approx. 

0 

1 

5 

9 

12 

13 
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The calculations were stopped with the 13th iteration. It was found 
that further iteration did not change the numbers appreciably. For example 
cjy 'were  c1,=5.315, ca=4.221, c33-5.689, r,=1.230, c,,=-0.480, 
cM- - 0.396, rs = - 0.284, c,, = 0.177, and s o  on. 

The final set o f  r t j  values in the original choice o f  the X,, X,. X, axes, is: 



The manner in which the c,j values have changed during the successive 
iterations is evident from Table 3 The final values are quite different from 
the zero orders values in the case of many constants. The least differences 
are among the diagonal terms C,, , r,,, c3, and c,, which have not changed by 
more than - 2%. c,, has changed by - 5% from the zero order to the final 
value. The two zero order values of c,,, 1.182 and 1495 have finally come 
as close as 1.291 and 1.250. However, the final value of c,, is notably 
different from its zero order value. Among the principal off diagonal terms 
cl, and c13 are smaller in the final approximation than they are in the zero 
order calculation whereas final c,, is higher than zero order c,,. The changes 
are , 5-10%. The zero order sequence c131-c2,%cl, is changed to 
, , r I 2  As regards the remaining minor off diagonal terms, the largest 
of them has a magnitude -0.5. Nine of the elements have not changed in 
sign, though their magnitudes h-ve changed by 0 01 to 0.35. Three constants 
have changed sign but the differences between the zero order and final valnes 
are again less than - 5.35. Such differences are not entirely unexpected. 

The final cZJ values are substituted in the usual Christoffel equation 

I ri, -s,, pv2 I = O  [41 

where r , ,=c i lk l  L Y ~ O L ,  to calculate the velocities and to see how far they 
agree with the measured values. This is nothing more than a mere check on 
numerical computations. For example, the calculated Pvi  along the eleven 
directions are (with the measured values in brackets). 

Direction 1 : 5.749 (5.749) ; Direction 2 : 4.224 (4.224) ; 

Direction 3 : 5.380 (5.380) ; Direction 4 : 5.766 (5.765) ; 

Direction 5 : 5.494 (5.490) ; Direction 6 : 6.190 (6.190) ; 

Direction 7 : 4.747 (4.746) ; Direction 8 : 5.672 (5.674) ; 

Direction 9 : 5.469 (5.468) ; Direction 10 : 6.172 (6.172) ; 

Direction l l  : 6.082 (6.081) . 

As indicated earlier Sundara Rao, as early as 1950, had attenipted a 
determination of the elastic constants of CuSO4.5H,O. The present work, 
though begun as early as 1967, took a considerable time in the absence of 
high speed computation. Meanwhile Siegert and ~auss i ih l "  have published 
an analysis of the elastic constants of CuS0,.5H20 using Schaefer-Bergmann 
techniques of study. 

In discussing all these matters it appears best to follow the 1.R.E.- 
recommended system of coordinate axes. The I.R.E. Z-axis and the original 
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X3-=is chosen in the prese~ll studies are the ssmc. The ' a ' and ' b '  faces 
of the crystal arc inclhed at 79-12'. Thus a rotation of the present original 
system by -1W4S' about the X,-axis makes it coincide with the I.R.E. axes, 
This can be easily effected by a transformation matrix. 

With the aid of Table A-l  and the above direction cosine scheme it is easy 
to transform the to I.R.E. c@'s. They are : 

5.64 92.653 3.210 -0.327 -0.076 -0.389 

F0.03 k0.03 k0.08 50 .2  - t 0.03 - t 9.02 

4.329 3.47Q -0.063 -0.206 0 201 

3~0.02 k0.04 +0.02 +0. 1 - 4-0 04 

5.689 - 0.444 -0.210 -0.159 

10.03 10.04 - t 0 . 0 4  f O 1  

1.729 0 088 0.032 

+_0.01 COO2 +'I02 

1.218 -0265 

k0.32 k0.03 

1.004 

5 9 0 2  [a 

The c,;s are matrix-inverted to obtain s,;s in mils OF 10- '?m2j~ .  

2.902 -1.095 -0.914 0.248 0.083 1.21 1 

5.174 -2.641 -0.649 -0.006 - -  1.857 



The relationship between Sundara Rao's choice of axes and the present 
coordinate system was already mentioned. The s,. values given by Sundara Rao 
were first matrix-inverted to obtain the following c,, (:n his own system of axes) 

-1.86 -0.67 0.49 0.94 -0.39 0.47 
1.07 0.65 0.33 0.01 0.67 

1.95 -0.11 --0.48 0 11 
-0.17 0.11 -0.19 

0.44 0.26 

0.41 [S] 

Sundara Rao's results. though pioneering, are based on static measure- 
ments. Consequentlp, the accuracy is rather poor and there is also the risk 
of plastic deformation. Added to this, one is apt to  expect large propagation 
of errors too in the calculat~ons, especially when the specimen is a triclinic 
crystal like CuSO,.SH,O. Glancing at Sundara Rao's values (equation 8), it is 
striking to note negative c,, and c4, values, which are two of the principal 
elastic constants. It  is well known from the conditions of the stability of a 
crystal that the principal d~agonal terms must be positive and every major 
determinant should also be positive. Therefore, clearly there must be a 
serious error in Sundera Rao's dehrmination of the elastic moduli. 
Furthermore, some of the off diagonal terms are even larger than the main 
diagonal terms. In  view of these and other defects a transformation of 
Sundara Rao's c , ~  to I R E. axes is not useful. Sundara Rao's work, though 
pioneering, contains serious errors which make his final results untrust- 
worthy. 

Coming to Siegert and Haussijhls' results, the choice of axes is indenti: 
cal to the I.R.E. recommendation. They employ 14 specimens in all and 
determine the longitudinal and one of  the two shear wave velocities for, all of 
them. Their values at 20°C are in loLo N/rn2, 

5.709 2.062 3.164 -0.426 -0.042 -0.221 
0.1% 17; 1% 5% 20% 3% 

3.577 2.340 -0.281 -0.012 -0.058 
0.2% 1% 5% 60% 20% 

5.841 -0,084 -0.284 -0.075 
0.1% 1(~% 5% 20% 

1.650 ., -0.185 f 0.119 
1% 3% 10% 

1.515 -0.353 
1% 3 % 

1.205 
1% t93 
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fi, can be obtained by matrix-inverting C,J. 

Ccmparing Siegert and Haussiihls' values and our values, there is 
good agreement in the main terms ell, cs3 and ru. Also the sequence 

> cl,, c,,> c,,r c,,> c,is maintained. Ln the case of cross constants, 
33 

save for cZ6 and c,,, there is general agreement in magnitude and sign. Even 
in these two cases the differences are -0.2. This overall agreement con. 
sidering the complexity of experiments and calculations must be considered 
good. 

There are, however, small differewes in details. For example, Siegert 
and HausGhls' value of c,, (3.58) is significantly smaller than the present 
value (4.33). c,, (1 52) and c,(1.20) are larger than the present 1.22 and 1.60. 
As regards the off diagonal terms c , ~  (3.16) > c,, (2 34) > c12 (2.06) whereas in 
the present measurements cz3 (3.47) > CIS (3.21) > clz (2.65). I t  is also found 
that the largest of tho set c,,(3.16) is only 10% smaller than c2, whereas inthe 
pulse echo measurements the largest of the set cZ3 (3.47) is nearly 20% smaller 
than c,,. As for the remaining 12 terms, the largest magnitude for them is 
-0.4 and ten of them agree in sign in both cases. Even those two that do 
not agree in sign are small. 

The overall agreement must be considered satisfactory. Nevertheless, 
it seems desirable to discuss the relative merits of the two determinations. 

Certain points arise from the studies of Siegert and Haussiihl. Consider 
first of all, the overall accuracy of 0.1% quoted by them for c,, etc. This 
implies an accuracy of 0.05% in their velocity measurements. Siegert and 
Hauss"h1 use a Schaefer-Bergmann pattern and in this case the accuracy of 
velocity determinations depends on the sharpness of the fringes. The 
precision of this procedure is generally 0.5%. Even pulse echo measurements 
which are generally considered more accurate show normal errors - 0.1% in 
velocities. In the present measurements the estimated errors in velocities are 
not less than -0.2%. It is quite surprising that Siegert and Hausschl could 
claim an accuracy of 0.05% in velocities determined from Schaefer-Bergmann 
patterns. 

Secondly, Siegert and Haussiihl have used in their calculation, the 
iteration procedure developed by Neighbours and SchacherI3. This is an 
elaboration of the earlier method of Neighbours and Smith1'. In this method 
instead of solving the cubic equations exactly to obtain the correction to 
the effective velocities, the linearized equations are dealt with. Solving the 
linearized equations to obtain ri is, in principle, not an exact solution of the 
cubic Christoffel equation. E\en if the errors in the individual values of El 
are small, the final resultant error in the case of a triclinic crystal may be 
ve-y serious because of the considerable propagation of errors. From that 
point of view Siegert and Haussiihls' values of the elastic constants of 
CuSO, SH,O are not the 'true ' values. In the present calculations the 
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simultaneous cubic equations are solved fully for each crystal block in every 
step of iteration to obtain the exact corrections. Hence the convergent values 
of the elastic constants are the ' t rue '  solutions of the full Christoffel 
equations. 

Another feature of the Schaefer-Bergmann measurement of Siegert and 
~ ~ u s s u ' h l  is that only one transverse velocity is identified for all the 
14 specimens. Normally along a general direction in an infinite anisotropic 
crystal one quasi-longitudinal and two quasi-shear modes can propagate, 
For a given boundary condition, viz , a specified vibraiion direction of the 
transducer, these will involve some linear combination of the three amplitudes 
to iatisfy :he boundary condition. Within the crystal, necessarily all the 
three modes will be launched simultaneously with appropriate amplitudes. 
In the Schaefer-Bergmann pattern there is an additional complicacion because 
the intensity of the light spot depends on the piezooptic coefficients also. 
~t is surprising lo  note ihat ihe second transverse velocity has not been 
observed even for one sample. 

In a finite crystal block there is an additional complication arising from 
mode conversion a t  the boundaries. When a compressional wave is reflected 
from a boundary a t  an arbitrary angle, the reflected wave is, in general, 
compressional plus shear15. The admixture o f  modes is unavoidable in 
anisotropic orystals even for normal incidence, the relative amplitudes 
dependmg on the presence of symmetry elements, boundary orientation and 
elastic constants. Such a mode conversion has been observed by Joelt6 in LiF. 

There is no doubt that an exciiing transducer gives rise to the 
simultaneous propagation of the three waves. Even in pulse work, this has 
been clearly demonstrated by Briscoe and Norwood." The three waves 
moving independently of one another with a characteristic velocity will have 
dtfferent transit times. But in a standing wave pattern such as $he Schaefer- 
Bergmann histogram all the three waves must so exist with different amplitudes. 
But the two shear modes have not been identified in Siegert and Hauseiihls' 
experiments. In other words, the spots obtained by Siegert and Haussiihl 
cannot be due to pure transverse modes, but due to an admixture of T, and, T, 
modes in some proportion. 

To quote a few numerical examples, Siegert and ~ a u s s u h l s '  block 3 is 
identical to our Direction 1 for which the propagation direction is the 
Cr~slallographic c-axis. Siegert and Haussiihls' measured value of Pv20f .'. 
(1.364) is midway between the present vaiues (1.182 and 1.683). Similarly, 
for propagation perpendicular to the ' a' face, the Schaefer-Bergmann pb2 of 
1.031 is again in between the pulse echo values of 0.961 and 1.495. This is 
in support of the point discussed earlier. 
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ln ;his connection it is worlh mentioning that H;~ussi ih l ' s~~ values of the 
elasLic cons.ants of sodium chlorate and sodium bro~nate  obiained fro,,, 
~ ~ h ~ ~ f ~ r - B e r g r n a n n  patterns show large deviations in the cross constant 
For NaCIO,, the averages of our pulse echo measuremcnts3 and those obtained 
by rhe resonance method by Mason1' and by Bechrnann1° are cIl=4.g6, 
~,,=1.16 and ~ , ~ - 1 . 4 1  (lO"'N/mZ), while Haussuhl's v a l ~ e s  are c,,=5.00, 
c,,- 1.16 and clz-= 1.55. For NaBrO, the average values obtained from pulse 
echo21 and resonance studies are c,, =5.85, re= 1.54 and c,,-2.05 whereas 
Haussu!~l gels respectively 5.48, 1.57 and 1.63. I t  is clear that the agreement 
of c,, is less satisfactory than that for c,, and c,,. 

I n  the pulse echo method these complications arising from the simul- 
taneous presence of more than one mode are avoided, because the transducer 
fil.ers out' one mcde a t  a time and furthermore, the L, TI and T2 niode~ 
would be reccived scparated in transit times. In the present measurements 
small unccrtlinties could have crept in from Lwo of the blocks used. The 
block corresponding to Direction 6 had a thickress 2.64 mm just sufficient 
enough to give echoes separated by a small time inlerval 1.01 P scc. Further, 
Direction 2, had a rather small sectional area for the transmission of the 
pulse. Therefore in the measurements made with these two blocks the errors 
n13y hsve hzen more. Because of the propagation of errors, these two blocks 
affect the overall accuracy of the other constants. Perhaps the combined 
accuracy of the present measurements can be improved by higher precision in 
velocity measurements. 

Finally, the relationship between the elastic constants and other 
properties of CuS0,.5H20 may be briefly indicated. X.ray studiesZB show 
ihat in CuS0,.5E120 Lhe Cu atoms are arranged in a face centred lattice 
surrounded by four water molecules which arc a t  the corners of a squale. 
The fifth water molecdle is not coordinated and all the waters show kwo 
oxygen bonds cach. Neutron diffraction studyz3 of the water molecules 
provides full details of the shape and environment of these water molecules 
and of hydrogen bonds which link together the atoms in the structure. 
Studies" on the magnetic properties reveal a symmetry axis, coinciding with 
the intersection of the two.planes formed by the water molecules around each 
Cu atom. Unfortunately this symmetry axis is not seen in other properties, 
which must therefore be an accidental symmetry. 

Sreedhar' in his thermal expansion studies has chosen a system of axes, 
which coincides w i ~ h  our original choice. The thermal expansion coeflicients 
X,=29.27, A,=41.56 and A,=4.45 show extreme anisotropy of expansion. 
I t  is interesting to note that Xz z A, > A, whereas c,~ z cl! > cZ2 for the 
longitudinal elastic constants. But the elastic constants do not show the 
extreme anisotropy exhibited by A, Neither do these properties reveal the 
magnetic symmetry axis. 
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In the iteration calculation, values of c',,, c',,, c',,, c',,, c',,, and c',, 
are required along arbitrary directions X',. They may be expressed in terms 
of c,, and the d~rection cosines defining X,' with respect to XI. The direction 
cosine scheme may be written as 

x, X2 x, 

In terms of the direction cosines (written as a,, Pi, 7, to avoid con- 
fusion with the a,, used in the text), the vatues of ch are given in Table A-1. 
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