
AR TRANSVERS 
VELLING STRING 

App@,rg Pana~,ko's iiireci lirrpurisarion method she jiequrtlry of iramygisz 

ejbmtiorr,~ of a non-linear rr-uvelling siring has been obfunied whicia is morr 

accurate fhari that obtunicd by rhe aulhor's by the method OF harmonic baiantr 

earlier. The method in  pste~~ded to the curve of moving thread line, mnsjdfred 

eudier by dmrs  

1 .  J / I \ ' T K O D U ~ T I O N  

The problem o f  nonlinear transverse osc~l ia t ions  of travelling strings 
has been approximately solved by Mote' using the  method o f  characrerisrics. 
It has been shown that the fundsmental frequency o f  transverse osciilations 
depends not only the initial tension, but also o n  the  amplitude of 
transverse oscillation. The same feature has  been demonstrated by the 
method o f  harmonic balance2 and an  approximate expression for frequency 
obtained. The present paper is concerned with the solution of this problem 
by a direct linearisation procedure. The frequency a s  obtained by the direct 
linearisation procedure is found ro he more accurate than  that obtained by 
the  method of harmouic balance. 

The transverse oscillations of a travelling string are  poveiiled by  the 
following nonlinear partla1 differential equationP. 

w q q t  28 we,, - f  (1 - f i2)+(3jg2/2h2 )I ;) ] wet --O [ I )  
where 

w-nondimensionsl tranwerse displacement of the string 

1) -nondimensional time 

f -- nondirnensional axial coordinate 



The boundary conditions are, 

w ( O , q ) = O ,  ~i<I ,v j .=o  121 

In Lhe h a r m o n ~ c  balance methoda, the approximate soluiton is assun?ed in  
the separable form, 

AF a iirst approximation, X ( E )  is assumed to be  of the form 

X (f) = X, . sin ( m f )  IS] 

so that the boundary condifions in eq. [2] are satisfied. Substituting eq. [S] 
into eq. [ I ]  and equatinp the  coefficient o f  (sin 7r f) to zero, an ordinary 
differential equa t~ons  in T ( 7 )  is obtained. 

e 

Assuming an approximate solution o f  eq. [ 6 ]  in the form T ( 7 )  = To cos ( w q )  
and equating the  coefficient of (cos w l )  to zcro, the approximate frequency 
will be, 

where w*-X, T,=amplitude o f  transverse oscillation of the string. Eq. 161 
can be solved exaclly in terms o f  elllptlc Amctions. The exact solution is 

It can he seen that the frequency as obtained by the harmonic balance merhod 
is very close t o  the exact frequency (at least, for small values of the 
transverse osc~l la t ion amplitude iu*).  



In the direct lineaiisation n:ethod3, the term 11,: in eq [9] is replaced by 
e.Luivalen".inear rerm p2 w5 where the constant pi 1s ciwsen lo buch a i P b y  

as to make tile mean square of the momenr of the diKerence beiweeii rile 
n 2 and p2 M.( curves 3 minimum, over the range - N 5 0 5 N; H .  be~ng  :he 

ai:ipiitudz of wt . The minimising condition yield> 

w:iere H is the maximum value of wt,.  The approximation for  cq 191 w , ~ :  
rhzn he 

- - 
WV8-i28 w<,,= wbt {(l  - p l )  + (5/14) (P2/X") N'] [ I 2 1  

As in the harmonic balance method, an  approximate soliition o f  the same 
foim as in eq. [4] is assumed. X ( f )  is further assumed lo be of t h e  same 
Form as in e q  [S]. Equating the coeficienl of (sin -R ,t) to zero, the 
di!Ferential equation for T ( r ] )  becomes, 

The :irnplitude of will be H--R ~ r *  1141 

Tl!e approximete frequency is then, 

d=d[ (1 -p2 )  1-(5114) (P2 /X2)  n2 w * ~ ]  !Is] 

i r  is evident that eq. 1151 represents a closer approxim:ttion to the exact 
l'rcquency of eq. [GI than the approximate frequency as obtained b y  harmonic 
ha1;ince method. t q .  [7]. The error in the quantity 

1s ?% by the harmonic balance method and 4 . 7 6 y  hy lllr direct linearisa- 
. ~ O F L  method. 



t'le nonlinens revm ran" (U,) is replaced by an eilvriv:~lemt linear term $Us 
where. 

H 
1 )  ta11-yH-I)- - + H1 

12 3 j 

5 P H Z  I f 4  M 6  - -. - +  - - - .  . .  
1.5 3.7 5.9 7.11 

Equation [l6] wifl  hen be approxmated hy 

Assuming an approximate solution of the form as in eq. [4] and furlher 
assumrng X ( x )  to bc of t h e  form specified in eq. [ 5 ] ,  the differential equalion 
for T ( t ) ,  after setting the cocfficicnl of (sin mx) to zere will be, 
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with N=TLI", the approximste frequency will b e  

The frequency, by the h>rmon:c bbl:,nce method wi l l  be, 

The boundary and mitial conditions are the same a s  in Case 1. Eq. [22j c:%n 
be rewritten in the form 

Replacing tan-"(U,) by pZ Ux and noting that the second term does not 
contribute to the T ( t )  equation, the d~fferential equation for T ( t )  will be (by 
proceeding along the same l i n t s  as in Case 1). 

Therefore, tlie frequency is, (with H=.n U.') 

From the results presented in the paper it i s  seen that tlie so1ution to 
the problem of the transverse vibrations of moving a non-linenr travelling 
string Equation [6]  by the method of direct linearisation proposed by Panavko 
is in error by 4.79 qi, compared to the exact solution in terms of elliptic 
runctions. Equation [81 on the other hand the soldtion obtained by the 
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