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ABSTRACT

Applying Panavko's direct linearisarion methed the frequeney of transverse
vibrations of a nom-linear wavelling string has been obtanied which is more
accurate than that obtanied by the author’s by the merthod of harmonic balanee
earlier. The method in extended 10 the curve of moving thread line, considered
earlier by Ames

1. INTRODUCTION

The problem of nonlinear transverse oscillations of travelling strings
has been approximately solved by Mote? using the method of characteristics.
It has been shown that the fundamental frequency of transverse oscillations
depends not only on the initial tension, but also on the amplitude of
transverse oscillation. The same feature has been demonstrated by the
method of harmonic balapce? and an approximate expression for frequency
obtained. The present paper is concerned with the solution of this problem
by & direct linearisation procedure. The frequency as obtained by the dircet
linearisation procedure is found to be more accurate than that obtained by
the method of harmonic balance.

2. EqQuATION OF MoOTION

The transverse oscillations of a travelling string are governed by the
following nonlinear parnal differential equation?®.

Wont 28wy —L(L— B+ G2 D wy, = [
where
w=nondimensional transverse displacemeni of the string
7 =nondimensional time

£ -~ nondimensional axial coordinate
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X =nondimensional velocity

B=xla, « =nondimensional initial tension

The boundary conditions are,

w{0,7)=0, w(l,p)=0 2]

The initial conditions are

w (€, 0)=w* sin(n§), w, (§,0)=0 3]

In the harmonic balance method? the approximate solution is assumed in
the separable form,

W{E) =X (&) . T () 4]

As a first approximation, X (&) Iis assumed to be of the form

X (£)=X,.sin (w§) {51

so that the boundary conditions in eq. [2] are satisfied. Substituting eq. [5]
mto eq. [1] and equating the coefficient of (sinwx &) to zero, an ordinary
differential equations in 7'(y) is obtained.

37vﬁ

T4 T {m? (1 -9} u"{g !

XZI =0 161

Assuming an approximate solution of eq. [6] in the form T (3)=T, cos(wy)
and equating the coefficient of (cos wy) to zero, the approximate frequency
will be,

w=m V[ {1-%)+(9/32) = (BYA?) 0*?] (71

where w* =X, T,=amplitude of transverse oscillation of the string. Eq. [6]
can be solved exactly in terms of elliptic functions. The exact solution is

T(v)='rocn{7w/((1 3)+ 2/3 )1/( {i%ﬂii}—ﬂ)]q (8

It can be seen that the frequency as obtained by the harmonic balance method
is very close to the exact frequency (at least, for small values of the
transverse oscillation amplitude w*).
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3. DIRECT LINEARISATION METHOD

Equation {1} can be rewritten in the form
2 s L 2 2 o o 3 .

Wy 2 wey ™ (L= B gy = (B/22) (8/88) (v 9
In the direct lineaijsation method? the term wg ineq {9] is repluced by up
cquivalent linear term p? w, where the constant p* is chosen 1m such a way
as to make the mean square of the moment of the difference between the
#§ and p*w, curves a minimum, over the range —H =0 = H, H, being the
awmplitude of w,. The minimising condition yields

H
(d,/rlpz)éf [wi—ptwe) . w P dwg=0 [0}
or p*=3 H? [

where A is the maximum value of w,. The approximation for eq [9] wili
then be '

Py 28 gy =g {(1— B +(5/14) (BN H} (]

As in the harmonic balance method, an approximate solution of the same
foim as in eq. [4] is assumed. X (£) is further assumed (o be of the same
form as in eq. [5]. Equating the coefficient of (sin » &) to zero, the
ditferentizl equation for T(y) becomes,

T4 [(1— 3 +(5/14) (BYA2) HY T=0 (3]
The amplitude of w, will be H=o w> . [14]

The approximete frequency is then,

@ =V[ (1~ (5/14) (B /A% ¥ w2 ] 115]

It is evident that eq. [15] represenis a closer approximation to the exact
frequency of eq. {6] than the approximate frequency as obtained by harmonic
balance method. eq. [7]. The error in the guantity

{[whwz (1-p9] 7\’}

BTt 42

is 25% by the harmonic balance method and 4.76%, by the direct linearisa-
ion method.
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Ames® has considered the nonlinear oscillations of a moving thread line
‘The approximate fundamental frequency, in two of the three casgs considere(’;
by him, has been obtained by the method of harmonic balance?. The direct
tinearisation procedure can be applied to these two cases.

Case 1 ,
& s ) U,
7‘? Oooha Uy >~ TU“TTZ':Z
with auxiliary conditions
0,8~0-U0,1)
Ux,0)=U sinx, U, (x,0)~0 [16]

Rewriting eq. [16] in the form
(o3, 7~ aU,+ Uy —ofax{tan™t (U}

the nonlinear term tan~* (U,) is replaced by an equivalent linear term p? U,

where,

H
5
pPres j Ul ltan~ (UM d U,
o

H3
541 . _ H® H
=l (H*—ytan" (H)— —-+_*.
H5{4 ) ¢ 12 4
5 3 5 7 3
:;__S{L(H‘hl) H—i+§_#v{{~... ;i-if—{i
H3{ 4 3 5 7 12 4
$51_'H1+ H* HE
1 759 71
e Hz«’l(‘_l)ﬂ l
=5 X (.2 ATH 17
nﬁoI(ZlH—l)(Znﬁ—S)) i

Equation [16] will then be approximated by

2 - 2w [y
@ s _HTCED Vg ap,iU,-0 {18}
4 w=0 (2n+ 1) (2n-+3)

Assuming an approximate solution of the form as in eq. {4] and further
assumimng X (x) to be of the form specified in eq. [3), the differential equation
for T(z), after setting the cocfficient of (sin 7wx) to zere will be,
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.- i szz(_l)n 012
48 2 T L~ T=0
T [ oo GniiNIn+sy 4 (19]

with H=TU%, the approximate frequency will be

- ¢ y= 2}i/2
wzw[ﬁni ('5?-7’17((':%757’%] 18]
The frequency, by the harmonsc balance method will be,
w=n [(H% WEU*2>~1 —%T"z 2
\ ]
Cuase 2
E; VAU, b aV Uy Uy = —i]fu? s ¥= T‘:TJ; o

The boundary and mitial condijtions are the same as in Case 1. Eq. {22} can
be rewriiten in the form

2
a 3 - 2 772 n
Sl fan Tt U o —{log [ U+ (1+UH 1} + U, =0 2
(4 >Bx{ 3 az{ e[ U AVI+UH + U, [23]
Replacing tan~* (U,) by p* U, and noting that the second term does not
contribute to the T (z) equation, the differential equation for T'(#) will be (by
proceeding 2long the same lines as in Case 1).

.n 2 il I 1ym
Tomt{ )52 _HZCD" 1o g 124)
L 4 n=0 (20-+13(2n+5)
Therefare, the frequency is, (with H=a« U*)

o—m P O("" 1 ; ,K?'n U*Zrn(_l)n 1/2 [’)51
4 oo (2R+1) (26 +5) -

o [1—(a?/4)] 1
erT {[1+(3/15PT/@] {26

4. DiscyussioN AND CONCLUSION

From the results presented in the paper it is seen that the solution to
the problent of the transverse vibrations of moving a non-linenr travelling
string Equation {6] by the method of direct linearisation proposed by Panavko
is in ervor by 4.79 % compared to the exact solution in terms of elliptic
functions. Equation [8] om the other hand the solution obiajned by the
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method of harmonic balance isin error by 25 %, This shows that the method
of direcl linearisation is more accurate than the method of harmonic balance.
Having established the order of accuracy of the two approximate procedures,
the method of direct linearisation is extended to the problem of the moving
thread hime and the approximate frequency obtained, whih is for all practical
purposes, well within the realm of engineering accuracy.
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