
ORDER PROCESS 

kYNa%IIAL EQUATIONS 

Developed h e  i.9 on arci!rofe second order procesr .for ohtcri,~ing veal and 

co~~zflex zeros of o r e d  pohornini. Thfs procedure is rmriinly concerned with 
lMCAuley method (or an equally good o k m a t i ~ e  nzefhod suggested) coupled wit12 

N~ton's. A complex pdynoiniai though i7ot trrared here direeriy, $rids  if^ place 
tilrougi. o conversion ul,rro,,iti~m ((7umer~io11 from complex to real polynomial) 
de~cr;bed here. A polynomial of' repeafed zeros, lhough remains notorious to 
both MtAuiey type ond Newton m e t h d s  [as jdp,M(x,)/rl .r~~+3], is very weli 
bvvaved with the aforesaidprocedure. Algorithms for the evaluation of' a real 
oolyr~omia! and its derivarives, r u  jhcy form an integral part of the pmccdure, are 
also discussed. 

Lin-Bairstaw', McAuley2 and othcr methods of quadratic Factors are 
1101 amenable to a polynomial having multiple zeros. The present procedure 
is a stable iterative one that provides us, unlike McAuley, Ein-Bairstaw and 
othcr methods3, all the pairs o f  the roots having same accuracy. We first 
obtain two approximate zeros of an  N-lh degree polynomial p , ( x )  using 
McAuley method o r  the alternative mclhod suggcstcd below. Then lo 
sharpen these two zeros we use a technique based on L' Hospital's rule 
coupled with Newton's method taking care of higher derivatives of p N ( x )  
that may tend to  zero for repealed roots. 

Comp;ttotional sreps of McAulty and the suggested merl~ocls : We assume 
that thc degree o f  the polynomial is even, for if it is not so i~ can be multiplied 
by ( x ~  1) introducing thereby an extraneous root of - I .  A slightly altered 
and convenient form of common computational steps are  g i x n  bdow. Lea 



we obtain a' and R,, R, of the ielnoincicr terrli R, .*"' - I  R,xN- '  f i . ~ t i ~  itie 

tr ia l  values of m and ti as 

A 
(I) a,=- ----, ru,,,cr.,-0; i - i , 2 ,  . . . , N - 2  

n 

To obtain the changes in trial values of rn and n in order to make the 
remainder term zero, McAuley method uses two term Taylor's series of  two 
variables but the suggested method uscs the  aforesaid algorithms I, In, 11, 111 
producing almost identical results. 

A R 
McAuley computionaP steps to obtain , 

am 

Let b 's  are given by 

then 

Suggested compuralional steps to obhin  aR" , 5 aRl : 
am a m ' = ' - Z  



where h, k are two small quantities (say . I  or .M). The rhs qriuntities are 
ubtained using reiations I, la,  11, III .  

New common trial wlues are then given by 

P l R z - P 2 R f  mx+,=m,+ Anix (1X) Am, =-- 
%P,-%P,  ' 

This iterative process gives us the approximate quadratic factor of the poly- 
nomial p, (x), which in turn produces two approxi~nate roots that are dealt 
w~th the following process. 

!Venton-Raphson's method coupled with L' Hospital's r u k  ; The Newton 
Rephson's i terai~ve scheme is written as 

where :c, is an initial compiex approximation. When p,  (x) h:is s repented 
roots 

pfi' (x,) - 0 as x, -+ the repeated root 

but pk'(xs) is non-zero. The iteraiive scheme [A] never allows us to obtain 
a repeated root as  ( x i )  always tends lo zero gear the root. The conse- 
quence is rhe oscjllat~on of 4 near the root asp,(x,) tends to zero more 
rapidly than p$) (xi). Evidently Newton-Raphson's method has to be 
nmiifisd for repeated roots. 



Numerically, when Ip.G'(xz)! < a small positive ntirnher, say, i0'3, we expect 
repetition of t:he roots to which we are approaching. Consequently, we can 
replace, u i n g  L' Hospital's rule, 

~ by ,im P%? ( ~ f )  
i in1 
xi i a repeated root P ; ) ( X , )  i ;, repcnied root ~ 8 )  (.xi) 

411 generdl, :hi s (unknawn) repe~ttcci roots we have, the general form 

x, is a good iuir ial  complex approximation 

JE is ,  however, not necessary to know how many roots are repeated, 
since (xi) will provide US the informalion through its values. The 
iterative scheme [B] necessitates the evaluation of p ,  (x) and i t s  derivatives. 
These are obtained through Newton-Horner's recurrence scheme as given 
below: 

iV~wton-Horner's recurrence sclreme3for evaluating pjrf (x) and its derivarivei : 

Let 
f(x)=$x"+d,xN-'+ . . .  i d N  

then 

[GI 

The value of p,  for a given x is the value o f  f. For k-th derivative, the 
scheme has the following general form : 



We have to obtain pN (x) (xi which is :r real polynorniai of' degrec 2.ai. 
Cuefic~enl of I"' : 

for 0 s m < N and na is even 

for 0 s ~n < .V and m is odd 

for 2 N > m z N and ma is even 

for 2 N z m s N  and m i s o d d  

i?) P for m - 2  N 

Besides increasing rounding errors associated with successive qbadratic 
factors, McAuley and the alternative method usually work out well for a 
po~ynomial of all distinct zeros. The following simple exanlple of a po<y- 
nomid of multiple zeros, which is not\.rious to McAuley and similar other 



rneLhods, illustrares its good behaviolir with the present procedure calcu. 
latlons are carr~ed out in 25 dit floaling point arilhnletic (using CDC 3600 
computer). 

p,(x)-x4+12x9 t 5 4 x Z +  1 0 8 r i -  81 - 0  

McAuley method gives 
- 3.0005588912 1 j 00043 835543 

and 
-2.9992488620 + j .00090097350 

as roots even with such a h ~ g h  precision calculation. The present 
procedure produces accurate roots i e . ,  

-3 ,  -3, -3 ,  -3 

correct up to all 25 d~gi ts .  

The successive approximation in [B] is of the form 

The sufficient condition for convergence of the scheme [El is 

This condition should be satisfied near and at the root for ( B )  to be stable. 
But for the repeated roots the condition (F) is not satisfied a t  the root when 
the scheme is Newton's. Irrespective of the nluItipiicity o f  the roots the 
condition (F) is satisfied for the scheme (B) .  

If there are N repeated roots a of p, (x)=OI we may think of the 
following scheme : 

(x. - a)" - x - a  x , + , = x i - ~ - -  -x.-  l_ 
N(xi-a)"-' ' N [GI 

Since a is not known, we cannot use (G) as it  is, even though the 
denominator is a non-zero quantity N .  We can, however, write (6) in the 
following form : 



IF we can obtain [f (xi)i)ll'' accurately, [HI could be a good scheme for 
Epeated roots. But unfortunately [f (x,)]'IN cannot be obtained at the root 
,,jng and logarithmic functions. Even successive square-rooting 
piocess4 mvolves considerable rounding errors. Furthermore we have no 
knowledge of the number o f  the repeated roots in practice. The scheme [B] 
is thus an attractive scheme both for any number of repealed as well as for 
non-repeated roots. 

Even though the present second order procednre provides us all pairs of 
one after the other, ~rnlike Henrici's linear p r o c e s ~ ( ~ ~ ~ J  for the simul- 

taneous approximation of ail  zeros of  a polynomial, accuracy of all the pairs 
remains same. The precision of  the computer, however, sets the limitation 
to  our desired accuracy. 

The initial approximation for m and n in the trial quadratic factor 
~ z ~ r n x + ~ ~  should be such that 

for con~ergence'~). If we take m = 1.5 A ,  and n= A,- ,  (A,_, $ O), we 
~suaily achieve convergence. 
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