J. Indian Inst. ci., Jan.—Apr. 2004, 84, 1-20
© Indian Institute of Science.

A fractionally integrated model for some Indian monthly
rainfall data

L. A. GIL-ALANA

University of Navarre, Campus Universitario, Faculty of Economics, Edificio Biblioteca, Entrada Este, E-31080
Pamplona, Spain.
email: alana@unav.es; Phone: +34-948 425 625; Fax: +34-948 425 626.

Abstract

We examine some Indian monthly meteorological data by means of fractional integration. The results show that
long memory is present in the monthly structure of various rainfall data. Moreover, they are homogeneous across
the regions, with the values of d ranging between 0.25 and 0.75. Attempting to summarize the conclusions for the
individual months, the degree of dependence between the observations during May—September seems to be higher
than for the remaining months.
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1. Introduction

Time-series analysis has been applied to many situations in recent years, including several
applications in water-related areas such as stream flow modelling [1], event rainfall data in
semi-arid climates [2], detection of climate changes [3], water quality analysis [4], rainfall
storm flow assessment [5], etc. In this study, an attempt has been made to apply time-series
analysis to some Indian monthly rainfall data for the time period 1871-1999. The impor-
tance of the Indian rainfall data when modelling and forecasting the monsoon rainfall at dif-
ferent spatial and temporal scales has been in vogue for nearly a century. The idea is to
develop suitable mathematical models in order to get a better understanding of its behav-
iour. Broadly speaking, these models may be classified as empirical or dynamical. The pre-
sent work deals with the empirical models in the sense that it will be based on the
variability of past observations. A basic feature of rainfall data is its non-gaussianness
across different temporal and spatial scales. However, most of the statistical techniques,
usually employed, require gaussianity in order to make statistical valid inference. In this
paper, we use a methodology that, though based on the likelihood function, does not require
gaussianity; a moment condition only of order 2 is required.

Since excellent reviews of the empirical models used for prediction of Indian rainfall are
available [6-9], we only mention a few important facets here. A large number of potential
predictors have been used in the analysis of these data, including factors such as El Nifio,
southern oscillation, snow over the Himalayas and Eurasia, and some global and regional
conditions on spatial scales. Additionally, in the last two decades, new techniques based on
auto-regressive moving average (ARMA) models [10], power (nonlinear) regression models
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[11, 12], dynamic stochastic transfer models [13], as well as neural network models [14,
15], have been used, and a model that utilizes 16 parameters to provide qualitative predic-
tions on the basis of the fraction of favourable parameters can be found in Gowariker et al.
[11, 12]. On the other hand, the neural network model [14] uses only information on past
history of rainfall data. The present paper deals with the latter approach in the sense that we
use a univariate model, based on past information, following the line of research based on
‘let the data speak for themselves'.

We focus on the long memory property of the data and, in particular, on the fractional
differencing parameter in some monthly rainfall data corresponding to several regions in
India. For this purpose, we use a parametric testing procedure, proposed by Robinson [16],
that has several distinguishing features compared with other methods. Thus, Robinson’s
method permits us to test unit and/or fractional roots at zero and the seasonal frequencies.
The tests have standard null and local limit distributions, and this standard behaviour holds
independent of the way of modelling of 1(0) disturbances.

For the purpose of the present paper, we define an 1(0) process{u,t=0,+1, ..} asaco-
variance stationary process with spectral density function that is positive and finite at the
zero freguency. In this context, we say that a given raw time series {x, t =0, £ 1, ...} isI(d)
if:

1- )¢ x=u, t=1 2, .., (D

% =0, t£0,

where u; is [(0) and L, the lag operator (Lx; = %_1). Note that the polynomial above can be
expressed in terms of its binomial expansion, such that for all real d,
- L)d—aagg 1)U =1- o||_+‘3'(OI D2
[7]

The literature has usually stressed the cases of d=0 and 1, however, d can be any red
number. Clearly, if d=0 in (1), X, =u;, and a ‘weakly autocorrelated’ x; is allowed for.
However, if d> 0, x; is said to be a long memory process, also called ‘strongly autocorre-
lated’, and so-named because of the strong association between observations widely sepa-
rated in time. As d increases beyond 0.5 and through 1, x, can be viewed as becoming ‘more
nonstationary’, in the sense, for example, that the variance of partial sums increases in
magnitude. (Models with d ranging between —0.5 and 0 are short memory and have been
addressed as anti-persistent [17], because the spectral density function is dominated by
high-frequency components). Fractional processes were introduced by Granger [18, 19],
Granger and Joyeux [20], and Hosking [21] (though earlier work [22, 23] shows an aware-
ness of its representation). They were theoretically justified in terms of aggregation of
ARMA processes with randomly varying coefficients in Robinson [24] and Granger [18].
Similarly, others [25-28] also use aggregation to motivate long-memory processes, while
Parke [29] uses a closely related discrete time error duration model. Time series with this
characteristic has been found to be present in hydrology [30, 31], economics [32, 33], high-
speed networks [34, 35] and in other areas.
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To determine the appropriate degree of integration in raw time series is important from a
statistical point of view. If d =0, the series is covariance stationary and possesses ‘short
memory’, with the autocorrelations decaying fairly rapidly. If d belongs to the interval (O,
0.5), x is still covariance stationary; however, the autocorrelations take much longer time to
disappear than in the previous case. If d1 [0.5, 1), the series is no longer covariance sta-
tionary, but still mean reverting, with the effect of the shocks dying away in the long run.
Finaly, if d3 1, x is nonstationary and non-mean reverting. Thus, the fractional differenc-
ing parameter d plays a crucia role in describing the persistence in the time series behav-
iour: higher the d, higher will be the level of association between the observations.

There exist many approaches of estimating and testing the fractional differencing pa-
rameter d. Many of the estimators are graphical in nature (heuristic estimators), while some
involve numerical minimisation of a likelihood-type function [36—40]. However, several
papers in a hydrological context showed that the presence of periodicities might influence
the reliability of the estimators [31, 41, 42]. Analysing the series of the monthly flows of
the Nile River at Aswan, it was found that many heuristic estimators gave a positive value
for d, indicating long memory where none was present. In another paper [43], an extensive
Monte Carlo investigation was performed to find out how reliable the estimators of long
memory were in the presence of periodicities. The conclusions were that the best results
were those obtained using the likelihood-type methods.

In this article, we use a parametric testing procedure of Robinson [16] described in Sec-
tion 2. In Section 3, the tests are applied to some Indian monthly rainfall data, while Sec-
tion 4 contains some concluding comments.

2. Thetesting procedure

Most of commonly used unit-root tests existing in the literature [44-46] have been devel-
oped in autoregressive (AR) alternatives of form:

@-rb)x =u, (2
where the unit root null corresponds to
Ho:r =1, (©)]

Conspicuous features of these methods for testing unit roots are the nonstandard nature of
the null asymptotic distributions involved, and the absence of Pitman efficiency. However,
these properties are not automatic, but rather depend on what might be called a degree of
‘smoothness’ in the model across the parameters of interest, in the sense that the limit dis-
tribution does not change in an abrupt way with small changes in the parameters. Thisis as-
sociated with the radically variable long-run properties of AR processes around the unit
root. In (2), for |r| > 1, x; is explosive, for |r| < 1, % is covariance stationary, and for r = 1 it
is nonstationary but non-explosive. In view of these abrupt changes, the fractional processes
have become a rival class of alternatives to the AR model in the case of testing unit roots.
Robinson [16] proposes a Lagrange Multiplier (LM) test of the null hypothesis:

Ho: d =d,, (4)
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for any real value d, in a model given by (1), and where x; can be the errors in a regression
model:

Ye=b'z +x, (5

where b¢= (by, ..., by) isa (k" 1) vector of unknown parameters, and z isa (k~ 1) vector
of deterministic regressors that may include, for example, an intercept, (e.g., z° 1), or an
intercept and a linear time trend (in the case of z = (1, t)9. Clearly, the unit root corres-
ponds then to the null hypothesis:

Ho: d = 1. (6)

Fractional and AR departures from (3) and (6) have very different long-run implications. In
(6), % is nonstationary but non-explosive for al d3 0.5. As d increases beyond 0.5 and
through 1, x; can be viewed as becoming ‘more nonstationary’, but it does so gradualy,
unlike in the case of (2) around (3). Specifically, the test statistic proposed by Robinson
[16] is given by:

cad8” a .
"“§As 57 0

where T is the sample size and
T T-1
'—Zp—ay(l D90 010 $7=520) =2 g0 ,:010 )

1

R Zaaol gl R o Tt 0

A=ztay(l))?- ay(l el ;) ae(lj)e(lj)'+ “acelyy ()

&i=1 =1 g =1 p
y(l;)=log ZsmI é(l )—ilogg(l t); J-:ZP%J..

I(l ;) isthe periodogram of G,, where
L1
R R ~ 0 3
G =(1- L)% y-bw, w=(1-L*z;b=cq wwk g w(@- L)*z,
et=1 g t=1

and g above is a known function coming from the spectral density of u:
4y _S?2 .
f(l j,t)—zgﬂ i;t).

Note that these tests are purely parametric and, therefore, require specific modelling as-
sumptions to be made regarding the short memory specification of u.. Thus, for example, if
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U; is white noise, g° 1, and if u is AR(1) of form: u, =tu., +e, g(l ;;t)=|1-te"i|2, with
s?=V(e), so that the AR coefficients are functions of t.

Robinson [16] showed that under certain regularity conditions (which are very mild, and
concern technical assumptions to be satisfied by y (1 )):

F®,N(OL) a T® ¥. (8)

Thus, an approximate one-sided 100a%-level test of H, (4) against the alternative: Hy:
d>d, (d<d,) will reject Hy if F >z, (f <-z,), where the probability that a standard nor-
mal variate exceeds z, is a. Furthermore, he shows that the above test is efficient in the
Pitman sense, i.e. that against local alternatives of form: H,: d = d, + dT 2, with d* 0, the
limit distribution is normal with variance 1 and mean that cannot (when u, is gaussian) be
exceeded in absolute value by that of any rival regular statistic. Therefore, we are in a clas-
sical large sample testing situation by reasons described in Robinson [16]. Empirical appli-
cations based on this version of Robinson's tests can be found in [47, 48], and other
versions of his tests, based on seasonal (quarterly and monthly) and cyclical data, are pre-
sented in [49-51].

There exist other procedures for estimating and testing the fractionally differenced pa-
rameter, some of them also based on the likelihood function. We believe that as in other
standard large-sample testing situations, Wald and LR test statistics against fractional alter-
natives will have the same null and local limit theory as the LM tests of Robinson. Sowell
[38] employed essentially such a Wald testing procedure but it requires an efficient estimate
of d, and while such estimates can be obtained, no closed-form formulae are available and
so the LM procedure of Robinson seems computationally more attractive. In the following
section, the versions of the tests described above will be applied to some Indian meteoro-
logical data.

3. Data and empirical results

The time-series data analysed in this section correspond to the monthly observations of the
homogeneous Indian rainfall datasets for the time period 1871-1999, for al India and six
subdivisions (Core monsoon; North east; Central west; Central northeast; North west; and
Peninsular. See Fig. 1), obtained from the Indian Institute of Tropical Meteorology (India
Meteorological Department).

Any modelling effort on this dataset will have to be based on an understanding of the
variability of past data. Thus, considerable literature is available on the analysis of the In-
dian rainfall data [10, 52-56]. Some of these papers, for example [10], assume that the se-
ries of interest is nonstationary, and first differences are adopted in order to examine the
short-run behaviour throughout the ARMA structures. In other words, it has imposed an or-
der of integration equal to 1 as opposed to the case of d = 0 if the seriesis stationary. In this
paper, we permit the order of integration to be a real value and, in doing so, we alow for a
much richer degree of flexibility in its dynamic behaivour. Other recent empirical papers
based on forecasting Indian monsoon rainfall data are those of Gadgil et al. [57] and lyen-
gar and Raghu Kanth [58].
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Tables | and Il display some salient features of the data. In Table |, we report the mean
and the standard deviation for all India and each of the homogeneous regions. We observe
that for north east, central northeast and peninsular, the mean values are above the mean of
the whole country. The same statistics were also computed for each month in Table II.
Here, we observe large differences across months, the highest values for the mean obtained
during the months from June to September.

Figure 2 displays plots of the original data for the whole country along with its first sea-
sonal (monthly) differences. We see that the original series has a strong seasonal compo-
nent, while the first differences may be stationary. Figure 3 displays the correlograms and
the periodograms of both the series and we observe that the differenced series may be over-
differenced in relation to its seasonal structure, with a large negative value in the corre-
logram at lag 12, and the periodogram with values close to zero at the seasonal frequen-
cies.

Tablel

Salient statistics for All India and homogeneous regions (mm/month)
All Core North West Central North Peninsular
India monsoon east central northeast west

Total Mean 909.61 800.17 1725.23 898.93 1002.50 455.65 968.10

Std dev. 954.81 1096.84 1528.17 1130.68 1201.91 718.57  787.65
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Rainfall monthly data for All India
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FiG. 2. Original series and first monthly differences.
Tablell
Salient statistics for each month in All India (mm/month)
January  Mean 111.33  Stddev. 77.36 July Mean 2737.76  Std dev. 362.22
February Mean 127.36  Stddev. 88.08 August Mean 2433.79  Std dev. 380.01
March Mean 151.89  Stddev. 91.23 September  Mean 1712.29  Std dev. 373.83
April Mean  262.72 Stddev. 89.66 October Mean 779.30 Std dev. 285.46
May Mean  527.89  Stddev. 161.27 November Mean 315.54 Std dev. 183.95
June Mean 1633.98 Stddev. 361.24 December Mean 121.72 Std dev. 98.22
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FiG. 3. Correlograms and periodograms of the original series and first monthly differences. The large sample
standard error under the null hypothesis of no autocorrelation is 1/OT or roughly 0.025 for the series used in this
application. The periodograms are drawn for the discrete frequencies| j = 2pj/T,j =0, ..., T/2.

Figures 4 and 5 display respectively the plots of the original series and the first seasonal
differences for each of the six regions in India. Similar to the data for the whole country,
the original series clearly appear nonstationary with a strong seasonal pattern. The seasonal
differences, however, may be stationary.

Denoting each of the time series by y;, we employ throughout the model given by (1) and
(5), withz = (1, )G t3 1, z = (0, 0)¢ Thus, under the null hypothesis (4),

Yi = bo +bit+x, t=12,.. (9)

1- L)* X% =u, t=12,.. (10)
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FiG. 5. Plots of the first monthly differences.
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and treat separately the cases by =b; =0 a priori; by unknown and b; =0 a priori; and by
and b; unknown, i.e. we consider respectively the cases of no regressors in the undiffer-
enced regression (9), an intercept, and an intercept and a linear time trend. However, given
the similarities obtained in the results across the three cases, we report in the tables the val-
ues based on the case of no regressors. (The coefficients corresponding to the intercept and
the linear trend were insignificant in all the cases where H, cannot be rejected. They are
based on the null model, which is short memory, and thus standard t-tests apply). We report
the test statistics not merely for the null d, = 1, (i.e. a unit root), but also for d, = 0, (0.25),
2, thus including atest for stationarity (d, = 0.5), for 1(2) processes (d, = 2), as well as other
fractionally integrated possibilities.

The test statistic reported in Table I11 is the one-sided one corresponding to f in (7), so
that significantly positive values of this are consistent with orders of integration higher than
do, Whereas significantly negative ones are consistent with alternatives of form: d<d,. A
notable feature observed in Table Il (i), in which v, is taken to be white noise, is that the
value of the test statistic monotonically decreases with d,. This is something to be expected
in view of the fact that it is a one-sided statistic. Thus, for example, if H, (4) is rejected
with d, =1 against the alternative d > 1, an even more significant result in this direction
should be expected when d, = 0.75 or 0.50 are tested. We see that the results change sub-
stantially depending on the series under study. Starting with the data corresponding to the
whole country, we observe that the unit root null hypothesis (i.e. d = 1) is rejected in favour
of higher orders of integration. In fact, the only value of d where H, cannot be rejected
corresponds to d = 1.25. The unit root null is aso rejected in favour of higher values of d for
north east: it is nonrejectable for west central and central northeast, while for the other three
regions (core monsoon, north west and peninsular), it is rejected in favour of smaller values
of d. The last column of the table reports the 95%-confidence intervals of those values of d,
where H, cannot be rejected. We see that for all series, except All India and north east, the
intervals include the unit root, the values ranging from (0.44-0.62) for north west to (0.97—
1.18) for central northeast. For the whole India, the interval is (1.16-1.36).

The significance of the above results, however, may be in large part due to the unaccoun-
ted for 1(0) autocorrelation in u. Thus, we also performed the tests, imposing autocorrelated
disturbances. We use AR(1) (in Table Il (ii)) and Bloomfield [59] disturbances (in Table
I11 (iii)). The latter is a nonparametric approach of modelling the 1(0) disturbances in which
W isexclusively specified in terms of its spectral density function, which is given by:

f(:t) =5 expc2d t, cos(l )= (11)
ZE o

The intuition behind this model is the following. Suppose that u; follows an ARMA process,

J

J
u=afu..+e- aae.,,

r=1 r=1
where e is a white noise process and all zeros of f (L) = (1—f ;L — ... —f ,L") lie outside the
unit circle and all zeros of q(L) = (1—qiL—... —q4L") lie outside or on the unit circle.

Clearly, the spectral density function of this processis then,
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Values of Robinson’stest statistic (f) testing Ho: d = d, in the model (1 — L)%, = u;

Series/d, 0.00 025 050 075 1.00 1.25 150 175 200 Conf. intervals
(i) With white noise disturbances

All India 16.12 13.03 1112 785 411 0.17 -3.65 -7.08 -9.95 [1.16-1.36]
Core monsoon 1272 894 507 100 -296 -655 -958 -12.01 -13.89 [0.72-0.91]
North east 17.81 1539 1221 794 275 -2.70 -7.64 -11.54 -14.32 [1.06-1.20]
West central 1395 1099 7.29 340 057 -436 -7.71 -10.49 -12.69 [0.87-1.06]
Central northeast 14.14 11.70 835 480 111 -252 588 -880 -11.22 [0.97-1.18]
North west 9.60 490 044 355 -6.99 -9.84 -12.10 -13.85 —-15.20 [0.44-0.62]
Peninsular 1351 930 366 -176 -6.55 -10.36 -13.14 -15.06 —16.36 [0.60-0.74]
(if) With AR(1) disturbances

All India 20.62 1031 -0.33 -6.87 -9.07 -9.26 -10.04 -10.04 -10.37 [0.45-0.53}
Core monsoon 197 -576 -781 -817 -883 -876 -9.02 -959 -10.35 [0.01-0.09]
North east 1653 281 -693 -7.77 -7.86 -855 889 -990 -9.97 [0.28-0.33]
West central 8.34 -1.75 -753 -820 -889 -893 -8.94 -930 -993 [0.15-0.23]
Central northeast 1290 263 -515 -865 -957 -958 -969 -975 -9.83 [0.28-0.36]
North west -5.85 849 -9.03 -9.05 -922 -969 -10.37 -11.15 -11.96 —
Peninsular -551 -6.53 -656 -7.18 -7.97 -803 -8.83 -10.80 -12.54 —

(iii) With Bloomfield (1) disturbances

All India —-4.39 487 559 650 -726 -7.92 -878 -9.22 -10.09 —

Core monsoon -486 —-6.00 666 —-745 -839 -888 954 -10.33 -10.96 —

North east -2.09 214 -282 -325 406 440 517 590 -621 —

West central -470 573 -638 -719 -7.83 -868 938 -995 -10.64 —

Central northeast —4.97 576 -6.70 -7.41 -829 -870 -9.60 -10.06 -10.64 —

North west -551 699 -7.75 -884 -9.93 -10.06 -10.84 —11.23 —-11.72 —
Peninsular -335 387 -494 -568 626 -7.16 -7.66 -847 922 —

(iv) With monthly AR(1) disturbances

All India 4.37 -3.21 -8.38 -11.50 -13.52 -15.17 -16.83 -18.63 —20.54 [0.08-0.19]
Core monsoon 1.90 -5.66 -10.36 —-13.39 -15.75 -17.94 -20.10 -22.19 -24.12 [0.02-0.11]
North east 117 -5.70 -9.94 -12.23 -13.92 -16.07 -19.03 —22.34 -25.36 [-0.01-0.08]
West central 2.39 -5.15 -9.81 -12.73 -14.88 -16.82 -18.78 —-20.77 -22.68 [0.02-0.11]
Central northeast  0.63 575 994 -1252 -14.38 -16.10 -17.95 -19.99 —22.10 [-0.02-0.07]
North west 266 536 -10.55-14.17 -17.10 -19.71 —22.04 —24.07 -25.79 [0.03-0.12]
Peninsular 166  —4.89 -9.46 -13.16 -16.74 —20.22 -23.26 —25.64 —27.41 [0.01-0.11]
(v) With monthly AR(2) disturbances

All India 3.99 -3.56 -8.69 -11.55 -13.16 -14.18 -14.92 -15.53 -16.83 [0.07-0.17]
Core monsoon 0.74 —-6.11 -10.42 -12.44 -13.30 -13.78 -14.34 -15.12 -16.04 [-0.02-0.06]
North east 0.77 —-6.11 -10.42 -12.44 -13.30 -13.78 -14.34 -15.12 -16.04 [-0.01-0.07]
West central 1.38 -5.98 -10.18 -12.51 -13.89 -14.83 -15.56 -16.19 -16.74 [0.00-0.08]
Central northeast  0.90 -571 997 -12.30 -13.62 -14.45 -15.05 -15.54 -15.99 [-0.01-0.08]
North west 1.46 -5.89 -9.96 -12.27 -13.73 -14.78 -15.61 -16.30 —-16.88 [0.00-0.08]
Peninsular 0.79 574 949 -11.62 -13.07 -14.30 -15.38 -16.28 —17.00 [-0.01-0.07]

Figuresin bold represent nonrejection values at 5% significance level.
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1- éq. qre'rI
2 —
fmu:%-'; , (12)
1- 4f.e

"
[,

where t corresponds to all the AR and MA coefficients and s is the variance of e. Bloom-
field showed that the logarithm of an estimated spectral density function is often found to
be a fairly well-behaved function and can thus be approximated by a truncated Fourier se-
ries. He showed that (11) approximates to (12) well, where p and g are small values. Like
the stationary AR(p) model, the Bloomfield [59] model has exponentially decaying autocor-
relations and thus we can use a model like this for u, in (10). Formulae for Newton-type
iteration for estimating the t, are very simple (involving no matrix inversion), updating
formulae when misincreased is also simple, and we can replace A in (7) by the population
quantity,

Qlox

2 m
|-2=P" . é |2,
6 2

| +1

"
3

which indeed is constant with respect to t, (unlike what happens in the AR case). The
Bloomfield model, involving fractional integration has not been used very much in previous
econometric models. Though it is a well-known model in other disciplines [60], one by-
product of the present work is the emergence of that model as a credible alternative to the
fractiona ARIMASs, which have become conventional in parametric modelling of long
memory. Amongst the few empirical applications found in the literature are those of Gil-
Alana and Robinson [47], Velasco and Robinson [61], and more recently Gil-Alana [62].
Reverting to the results in Table I11, we observe that using AR(1) u;, the confidence inter-
vals are higher than O, but smaller than 1, in all series except north west and peninsular and,
imposing Bloomfield (with m= 1) disturbances, they are smaler than 0 in all cases. How-
ever, these results should be considered with care since the previous specifications did not
consider the seasonal patterns observed in Figs 2-5. So, we also performed the tests impos-
ing seasonal autoregressions of form:

g
W =afik. ote,
i=1
with m=1 and 2. The results are shown in Tables I11 (iv) and (v). Here, we observe that the
degrees of integration are very small, fluctuating around O in practically all cases. This can
be explained by the fact that the seasonal AR coefficients are competing with d in describ-
ing the nonstationary component of the series. Note that the estimates are Y ule-Walker and
thus, though they are smaller than 1 in absolute value, they can be arbitrarily close to 1, this
being perhaps the reason for the nonrejection of the null when d = 0.

As mentioned in Section 1, several papers by Montanari and others showed that the pres-
ence of periodicities in the data may be affecting the degree of integration in the long run or
zero frequency, implying long memory when it is not present. In Table 1V, we specifically



14 L. A. GIL-ALANA

TablelV
Values of Robinson’stest statistic (f) testing Ho: d = d, in the model (1 —L*)%x, = u,
Series/d, 0.00 0.25 050 0.75 1.00 1.25 1.50 175 2.00 Conf.intervals

(i) With white noise disturbances

All India 432 -0.07 -0.14 -160 -4.04 -461 475 483 -4.88 [0.05-0.75]
Core monsoon 311 -0.01 -0.33 -212 -340 -373 -398 —4.02 -4.11 [0.04-0.69]
North east 3.02 -0.06 -0.13 -142 -349 -399 415 425 -432 [0.07-0.77]
West central 344 001 -0.24 -1.92 -348 -3.87 404 416 -4.24 [0.03-0.72]
Central northeast 2.91 -0.01 -0.28 -217 -387 -422 433 439 -443 [0.08-0.71]
North west 234 -0.06 -0.13 -142 -349 -399 415 425 -432 [0.05-0.77]
Peninsular 258 -0.08 -0.17 -157 -3.03 -338 -354 -3.66 -3.75 [0.06-0.75]

(ii) With AR(1) disturbances

All India 8.86 524 -0.70 -150 -260 -3.07 -3.13 -3.37 -3.46 [0.39-0.80]
Core monsoon 167 -154 -028 200 -317 -352 -370 -3.81 -3.90 [0.04-0.52]
North east 260 171 -0.39 -119 -261 -3.05 -3.18 -3.34 -3.42 [0.42-0.79]
West central 2.14 1.22 -0.16 -160 -281 -319 -320 -349 -3.57 [0.21-0.57]
Central northeast 2.30 1.88 -0.19 -150 -279 -311 -315 -335 -3.42 [0.33-0.77]
North west 239 1.05 -0.64 200 -325 -350 -357 -3.76 -3.87 [0.19-0.58]
Peninsular 4.47 1.29 -0.14 -160 -2.77 -3.13 -3.30 -342 -3.52 [0.22-0.61]
(iii) With Bloomfield (1) disturbances

All India 7.74 4.02 -055 -132 -259 -317 -378 —-4.09 -455 [0.36-0.79]
Core monsoon 1.66 1.31 -0.11 -1.78 -234 -3.00 -344 -376 -4.32 [0.09-0.73]
North east 233 154 -035 -144 -212 -297 -3.18 -3.43 -3.52 [0.23-0.77]
West central 2.24 1.23 -0.23 -155 -234 -3.09 -355 -379 -4.12 [0.18-0.78]
Central northeast 2.10 1.54 -0.29 -156 -211 -271 -299 -3.34 -3.78 [0.23-0.76]
North west 218 1.22 -055 -265 -335 -3.67 -377 -4.06 -4.22 [0.20-0.68]
Peninsular 3.31 1.12 -0.34 -154 -212 -2.68 -3.24 -357 -3.68 [0.19-0.78]
(iv) With monthly AR(1) disturbances

All India 2.54 1.17 -0.11 -157 -290 -395 -4.07 441 -454 [0.18-0.77]
Core monsoon 2.44 1.23 -0.14 -1.18 -210 -257 -299 -3.01 -3.17 [0.17-0.82]
North east 207 151 -0.08 -1.10 -242 -321 -350 -3.64 -3.78 [0.23-0.84]
West central 2.12 1.60 -0.11 -120 -211 -2.69 -270 -3.18 -3.35 [0.25-0.80]
Central northeast 2.35 1.61 -0.13 -1.18 -298 -3.73 -4.00 417 -430 [0.26-0.79]
North west 225 1.23 -0.30 -140 -257 -292 -3.00 -3.33 -3.48 [0.21-0.79]
Peninsular 7.83 5.69 1.44 -0.67 -181 -233 -250 -279 -297 [0.36-0.83]
(v) With monthly AR(2) disturbances

All India 2.35 1.22 -0.15 -143 -233 -289 -367 -399 -4.11 [0.17-0.77]
Core monsoon 214 119 -054 -148 -256 -298 -299 -3.14 -3.34 [0.18-0.76]
North east 265 145 -0.33 -135 -267 -332 -369 -4.09 -435 [0.20-0.80]
West central 3.11 1.61 -022 -129 -223 -278 -3.00 -319 -3.44 [0.23-0.82]
Central northeast 2.88 1.64 -0.23 -144 -218 -3.84 421 -476 -4.90 [0.25-0.80]
North west 2.36 1.33 -0.26 -137 -233 -242 -269 -313 -3.99 [0.20-0.79]
Peninsular 6.57 5.69 135 089 -177 -221 -233 -2.88 -3.11 [0.34-0.85]

Figuresin bold represent nonrejection values at 5% significance level.

take into account the seasonal structure of the series and make use of another version of
Robinson’s tests that permits us to test unit and fractional roots not only at zero but also at
the seasonal frequencies. Thus, instead of (1), we consider processes of form:
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TableV
Values of Robinson’stest statistic (f) testing Ho: d = d, in the model (1-L)*x, = u,

Series/d, 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 Conf. intervals

(i) With white noise disturbances

January 097 -152 -318 -423 -486 527 -555 -576 -592 [-0.04-0.26}
Februay 047 -224 -367 -450 -499 -533 -558 -577 -592 [-0.04-0.17]

March 209 -291 -396 -468 510 -537 -557 -573 -585 [-0.13-0.05]
April -1.30 -283 -410 497 538 561 -577 -590 -6.01 [-0.05-0.01]
May 062 003 -183 -332 -417 -470 -507 -535 -556 [-0.08-0.47]
June 008 163 -157 -369 -462 -507 -533 -551 -565 [-0.08-0.51]
July 023 426 049  -282 -439 -510 -549 -573 -590 [-0.02-0.56]
August -148 113 -131 -369 -480 -530 -558 -577 -591 [-0.03-0.00]

September  -1.29 0.94 -1.55 -3.62 468 524 558 -580 -595 [-0.07-0.50]
October 1.07 004 -194 -3.52 446 501 -536 -560 -577 [-0.02-0.46]
November  -0.20 -2.70 —-4.09 —4.92 538 565 -583 596 -6.07 [-0.06-0.09]
December -0.35 -2.08 -3.42 —4.26 478 516 -545 -569 -5.87 [-0.11-0.18]

(i) With AR(1) disturbances

January 075 -130 -2.09 -2.89 -347 -390 -423 -451 -474 [-0.24-0.37]
February 041 -1.36 -259 -3.38 -3.85 417 -443 -465 -4.84 [-0.07-0.30]

March 234 -217 -303 -381 -426 -453 -472 -486 -497 [-0.16--0.06]
April -005 -1.08 -252 -3.87 -449 -475 -492 -508 -524 [-0.04-0.37]
May -1.08 126 -002 -166 -276 347 -3.99 -441 -475 [0.25-0.74]
June 030 282 046  -219 -372 -447 -489 -516 -535 [0.40-0.69]
July 098 304 237 006  -200 -321 -393 -442 -478 [0.59-0.94]
August 092 224 080  -171 -335 -414 -457 -486 -509 [0.41-0.74]
September -1.50 210 085  -122 271 -3.63 -4.23 -465 -4.97 [0.40-0.81]
October -123 013 -059 -202 -315 -392 -446 -485 -513 [-0.11-0.67]

November 048 -0.75 -2.13 -3.34 -4.08 455 -487 -512 -533 [-0.07-0.41]
December -1.44 -1.96 -2.87 -3.45 -3.72 387 -4.01 -419 437 [-0.23-0.13]

(iii) With Bloomfield (1) disturbances

January -0.26 -1.21 -2.00 -2.87 -332 366 -390 402 415 [-0.11-0.36]
February 046 -136 255 -3.38 -389 419 -436 -452 -463 [-0.07-0.33]

March 241 -190 -262 -348 393 -411 -405 -391 -374 [-0.16-0.07]
April 014 002 -123 -299 -392 -417 -428 -505 -575 [-0.05-0.56]
May -126 042 -052 -171 -254 -301 -325 -3.37 -353 [0.24-0.72]
June 034 298 0.9 -114 -256 338 -387 -419 -439 [0.42-0.82]
July 1.03 440 253 0.18 -162 —267 -334 -367 -3.93 [0.60-1.00]
August -115 273 140 095 260 -357 -399 -411 -424 [0.47-0.84]

September  -1.58 2.14 0.81 -0.87 -221 -3.07 -358 -387 —4.08 [0.39-0.86]

October -0.54 0.10 -0.47 -1.65 -251 314 -353 -394 412 [-0.08-0.74]
November 041 047 -150 —2.52 -3.08 341 -346 -348 -352 [-0.06-0.55]
December -1.37 -1.93 -291 -3.65 -4.05 420 -426 446 —4.61 [-0.21-0.10]

Figuresin bold represent nonrejection values at 5% significance level.

(1- 12)dx =u, t=1, 2, ..., (13)

where u, is again 1(0), and test H, for the same d, values as in Table Ill. The test statistic
then adopts a similar functional form as  in (7), the only difference being in y (I ;) that
takes the form:
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+

y (l;)=log Zsinl?j

1,6
+Iog§2cos7‘2+log|2msl J-|+Iog‘2(cosl - cos%)
g

log 2(cosl - cos?éi) +log 2(cosl - Cos %)

+ Iog‘z(cosl - cos%)‘

and U,, which is now given by (1- L12)do X;. The test statistic still has normal null and lo-
cal limit distributions (Note that the polynomial (1—L") can be decomposed into (1-L)
(L+L+...+L™) and thus it includes the root at zero as part of the seasonal polynomial).
We report the results based on white noise in Table IV, AR(1), Bloomfield (1) and seasonal
AR(1) and AR(2) disturbances, and we see that the results are similar in all these cases.
Thus, the unit root is rejected in all cases in favour of smaller degrees of integration, and H,
cannot be rejected when d is constrained between 0.25 and 0.75, implying long memory and
mean reversion.

Finally, in Table V, we just concentrate on the data for the whole country. We decom-
pose the time series into its monthly observations, testing the order of integration for each
month in a similar way as in Table 11, for the cases of white noise, AR(1) and Bloomfield
(m=1)u;. We see that the results are similar for the three types of disturbances. The highest
orders of integration are obtained during the months from May to September, i.e. including
the Indian monsoon seasonal data, with d ranging between 0.25 and 0.75. On the other ex-
treme, March appears as the most stationary series, with d smaller than O for the three types
of disturbances.

4. Conclusions

We have examined the stochastic behaviour of several Indian rainfall datasets by means of
fractional integration techniques. We have used a parametric testing procedure of Robinson
[16] that has several distinguishing features compared with other methods. In particular, the
tests have standard null and local limit distributions, which hold independently, of the in-
clusion or non-inclusion, of deterministic components and of the different types of 1(0) dis-
turbances. In addition, they permit us to test unit (and fractional) roots, not only at zero but
also at the seasonal frequencies. Moreover, they do not impose gaussianity in order to ob-
tain a standard limit distribution, a condition that is rarely satisfied in this type of datasets
[63].

The tests were applied to the monthly observations of the homogeneous rainfall data in
India and six subdivisions. First, we performed a version of the tests with the root exclu-
sively located at the long run or zero frequency. The results showed evidence of long mem-
ory, especialy if the disturbances are white noise. However, this evidence of long memory
might be due to the presence of periodicities in the data. So, we also performed another ver-
sion of the tests, with the roots located at zero but also at the seasonal (monthly) frequen-
cies. The results here suggest that the order of integration of the series ranges between 0.25
and 0.75, showing evidence of long memory and mean reverting behaviour. Finally, we aso
performed tests segregating the data across months, the results showing that from May to
September, the degree of persistence is higher than for the remaining months.
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We conclude this paper by saying that there is clear evidence of long memory in the In-
dian rainfall data. Thus, the standard approaches of assuming either stationarity (with d =0,
as in the ARMA case) or unit roots (i.e. d=1, in ARIMA models) may be too restrictive,
and so more detailed work into the fractional (seasonal)-type of models should be resorted
to. Moreover, al the results reported here suggest that d is smaller than 1 (especidly if the
seasonal frequencies are considered) and thus the series is mean reverting, implying that
any shock affecting them will disappear in the long run. Thisis in contrast to the 1(1) speci-
fications, which imply that shocks persist for ever and require strong policy measures to
bring the series back to their original long-term projections. Also, another fact noticeable is
that the results are very similar for different regions, suggesting that there is not a different
pattern for each of the areas in India. Finaly, attempting to summarize the conclusions for
the individual months, we are left with the impression that from May to September mon-
soon seasona data), the degree of dependence between the observations is higher than for
the remaining months with the implication that this might be due to the terms of modelling,
policy and/or forecasting.

The problem of generating predictions of meteorological events (such as heavy rainfall
over a region) is more complex than that of generating predictions of other time series.
Gadgil et al. state [57]: “This is because the atmosphere is unstable and the systems re-
sponsible for the events that we are trying to predict, such as clouds or a monsoon depres-
sion are the culmination of the instabilities and involve non-linear interaction between
different spatial scales’. For long-range predictions of Indian summer monsoon rainfall, the
empirical models seem to outperform the physical ones [64], the reason being that most
of the atmospheric models have not been able to simulate accurately the inter-annual vari-
ability of the Indian summer monsoon rainfall. In this respect, the long-memory models
employed in this paper can be considered as alternative approaches when modelling and
forecasting the Indian rainfall data.

A potential drawback of the present work might be its univariate nature, with the limita-
tion that it imposes in terms of theorising, policy-making or forecasting. Theoretical models
and policy-making involve relationships between many variables, and forecast performance
can be improved through the use of many variables (e.g. factor-based forecasts based on
data involving hundreds of time series beat univariate forecasts [65]. Thus, it would also be
possible to use climate-model-generated responses to forcing factors as covariates in place
of using t as a covariate. This is the approach used, for example, in Smith et al. [66], where
it is claimed that, after all forcing factors (including El Nifio) are accounted for, the residu-
alsin an annual time series may be modelled by a simple AR(1) structure. In that sense, the
exponential decayment associated to the AR process might be replaced by the hyperbolic
structure of the I(d) models. However, the univariate approach adapted in this paper is use-
ful in enabling us to determine the degree of dependence between the observations. More-
over, theoretical econometric models for fractional structures in a multivariate framework
are not yet available. In this respect, the present paper can be considered as a preliminary
step in the analysis of the Indian rainfall data from a different time-series perspective. Fi-
nally, climatological time series may, sometimes, present some properties (e.g. hidden
trends, breaks, etc.) that may not be typical for time series in other areas. Robinson’s proce-
dure, described in this paper, allows us to include deterministic components (like an inter-
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cept, time trends or dummy variables for the breaks), with no effect on its standard null and
local limit distributions. How the inclusion of these components may alter the results of the
Indian rainfall datawill be examined in future papers.
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