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ABSTRACT

In this paper the effect of static-deflection on the step function respense of a
non-linear spring mass system is investigated. The maximum displacement of the
spstem is obtained by integrating the equation of motion siraight away. An
approximate method of determining the period of oscillation is considered and
compared with the exact values, that can be obiained jfor some special cases
of restoring force characteristics. The above analysis reveals that the siatic
deflection has a prefound effect on both the peak displacement and the period of
oscillation of the non-linear system.

List of Symbols :

m mass

x displacement

X% maximum displacement

14 vclocity

v maximum velocity

* displacement corresponding to v

t time

™ pericd of oscillation

T* e non-dimensional period of oscillation
T* e approximate non-drmensional period
€ percentage error in period of oscillation
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A static deflection
A non-dimensiconal static deflection
Fe Force

acceleration due to gravity

¢ variable of integration

13 approximate frequency of oscillation

m, moment about centre of vibration

M displacement of centre of vibration from the equilibrium
position.

E? mean square moment

y* maximum non-dimensional displacement

H, Non-dimensional force amplitude

v, B, Y, v non-linearity parameters

1. INTRODUCTION

The step function response of nonlirear spring mass systems exhibits
certain features that are not encountered in limear sysiems, when the gravity
effect of oscillating mass is considered. In linear spring mass systems,
except for a shift in the equilibrium position, the gravity force of the
oscillating mass has no effect on such salient characteristics of the motion as
(a) the maximum displacement, (b) the period of oscillation. However, in
nonlinear, systems, the static deflection of the system influences both these
characteristics of the step tesponse. In the present analysis the effect of
static deflection on these features will be investigated. The maximum dis-
placement of the system may be obtained by integrating the equation of
motion straightway. To determine the period of oscillation a second
integration of the equation of motion will be necessary. A closed form
expression for the period cannot in general be obtained, because of the
complicated nature of the integrand. In the analysis that follows an
approximate method for determining the period of oscillation will be
considered’, The accuracy of this approximation will be determined by
comparison with the exact values that can be obtained for some special types
of restoring force characteristics. The extension of the approximate
procedure for more general types of restoring force characteristics will be
indicated.
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2. EQUATION OF MOTION AND SOLUTION

The Schematic diagram of the system is shown in Fig. (1-a). Let the
restoring force characteristic of the system be represented by f(x), a conyi-
nuous, smgle valued, nonlinear odd function of the displacement x. If the

E,

___L
Static deflection
Oscillating MQSS o) rg_ B - - G tatic @quilibrium
T position

+ R

fFixe+A)

TLREATTTN
FiG. la
Schematic Diagram of the Oscillating System

characteristic is assumed to be of the hardening type then f' (x) increases
with increasing x. The equation of motion taking into account the static
deflection will be,

m(d3x[d?)+f(x+ Ay=Fy+mg, Fy> 0, (1
where the static deflection A, satisfies the static equilibrium condition,

F(A)=mg ‘ 2
If the system is initially assumed 1o be at rest, the ipitial conditions will be,

x=0, x=0 at t=0 1l

Letting x=V and using equation [2), equation [I] may be rewritten in the
differential form,

(@V]dx) =[Fo+F (A)~F (x+ A))mV 4]

It can be seen from equation [1] that corresponding to the initial conditions
in {3] the aceleration of the system will be positive as soon as the step forcing
function is applied to it. Hence the velocity will be positive in the neighbour-
hood of 1= 0 and the displacement increases initially. The velocity reaches
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2 maximum value of ¥ when the aceleration is zero. The corresponding
displacement x,will be the solution of :

-+ A)Y=Fy+f(A). [5]
The first integral of the system with initial conditions as specified in
equation {3] is,

X
m(x2/2)+j FE+A) dE=TR+F(A) ] x [6-2]
4

The maximum displacement x* of the system is obtained by letting x==x*,
%=0 in equation [6-al. This yields,

e
j FE+A)dE=[Ff(A)]5* [6-b]
o

Further, equation [6-a] shows that the phase trajectory is symmetrical about

the x-axis. Hence the oscillations are periodic and the system oscillates

between the positions x=0 and x=x*,

Separating the variables in equation [6-a] and integrating,

J dl=tr~(nz)1/zj <2[{Fo+f(A)}x“j f(§+A)d§}>—mdx
0 H &

¢ being a dummy variable of integration. Observing that the time taken by
the system in undergoing the displacement from x=0to x=x* is L r¥, and
using equation {6-b], the pericd of oscillation * will be,

X% x

= ~12
* =2 mx*) J [AJ f(§+A)d§—x*J f(§+A)d§} ® i [7-a]
0 a

3. APPROXIMATE SOLUTION BY DIRECT LINEARISATION METHOD : [2]

An approximate expression for the period of oscillation of the system
in equation [1] can be obtained by Panovko's Direct linearisation method.
This procedure consists in replacing the nonlinear restoring force characteristic

é(x) (fm) {f(x+ A)—Fy -f(A)} by an approximate linear characteristic
P (x— M), where M represents the displacement of the cenire of vibration
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from the equilibrium position x=0 and p, the approximate frequency of
oscillation. In the present case as the system oscillates between the posit;ons
x=Jand x=x*, M will have the value of (x*/2). The constant 2% of the
approximating linear characteristic is so chosen as to make the mean square
of the moment of the difference between ¢ (x) and p? (x-—-Af), about the
centre of vibration a minimum over the range 0 = x = x*.

Referring to figure (i-b) the difference r{x) between the exact and
approximating characteristics is,

r(x)=¢(x)-pt(x-M;
=[(1/m) {f(x+ AV =F—f(AY} —p* (x—M))

and the moment about the centre of vibration is,

my(x) ={(1/m) {f(x+ AV —Fo—/(A)} —PP(x—M)}] + (x— M)

1{x)

Equivalent lineor
f=M characteristic

//4

b Non finear characteristic
%

Fic. 1b
Diagram Dlustrating the Principle of Direct Linearisation Method

The mean square moment £2 will be,

E=(1/x%) J. LM {F G+ A)=Fg—f (A} ~p* (x = M) P (x= M) dx
L]
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For this mean square moment to be a minimnm, (3 £%/3p* =0. This yieids,

x®

j [f (4 A)=Fy—f(A)] (i MY dz

Y

a5
B T ~ MY v M

Substituting M =x%/2,

*

p=22 j [f G+ AY=Fa—(A)] - (x—ff)’dx
[

mxxs

Let x—x%2=u
Then,
x*/2
*
p’:—sors jf(u-#A-i—ic—) u® du {7-b)
mx 2
~x*/2

Some particular cases of restoring force characteristics that permit exact
evaluation of the integral in equation [7-a] will now be considered. The
expressions for the approximate period will be developed alongsides, using
equation [7-b]. The accuracy of the approximate period relative to the exact
period will be determined in each of these cases, to judge the feasibility of
satisfactorily applying the direct linearisation mothod for such systems whose
restoring force characteristics do not permit an exact evaluation of the period
of oscillation.

4. PARTICULAR (CASES
() f{x)=ax+B(Sgnx) |x|’, o and B being positive constunts
From equation [6-b], the maximum displacement will be given by,
(@/2) x4 qg Ax*+(B/3) x¥+BAX*+ LA x* =Fox*+ o Ax*+ LA x*
Substitvting,
y*=(B/a) x*=maximum nondimensional displacement,
A =(Bla) A =nondimensional static deflection,

Hy,=(B/ o) Fy=nondimensional force amplitude,
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the above equation simplifies to,
IR (L42A)+2y*2=6 Hy

or y*=3_(_1__+4_2.§*_7 (1416 Hyf 3 (1 +2 AV~ 112~ 1} 0

The variation of y* with Hy for various values of the non-dimensional static
deflection parameter A is shown in figure (2).
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Variation of y* with Hy: [/(x) -f () =ax+B (sgnx) p 213, a0, B>0]
From equation [7-a} the period of oscillation will be

<*

:*=¢(2mx*)” *{(ax* 2+ o Ax*+(Bx®3) + BAX+ B AT 2}
—x*{(ax?2) + @ Ax-+(BxYD + A2 o +B A}
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1{7*=1/(01/m)”1 - t* =nondimensional period of oscillation the above equa-
tion simplifies to,

*

r= (| @ . 9]
Vi{—y -y D+ + 32 022008

a

Consider the definite integral [3, pp. 44]

7= 4
- J VA (y—e) (y—e) (¥ —ep}

-l K {lley—e/(e—e]'"D}, ey > &3> &35 ey, 6, and ¢
Viey—es)

being all real [10]
Comparing the integrals in equations {9] and [10],
& =y¥> ,=0> ey =~ {p* + (3/2) (1+2A—)}, since p* and A are
greater than zero.
Therefore,
*vesann “emies) |
V{43 (1+2A)} 4p* a3 (142A)

Substituting for y* from equation [8]

2 2Y812
7*:4[ S ]W K[_I_h_(_iﬂfﬁé_)___-) } (11
{16 B+ 3(1+2A)} 21 16 Hy +3(1+2A)

The variation of T* with H, for various values of the static deflection
parameter A is shown in figure [3].

The opproximate frequency of oscillation obtained by using equation
[7-b] will be,

e 12
p- [~—8° ! j (@ (u+ A +x%/2) +8 (A + {x*/2})] du]
mx*5
-x*/2

m

=(L+3_/3_é_+_/3.’f)‘”
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Fig. 3
Variation of -* with Hy: [ f(x)=ax+8 (sgnx) 150*]
Hence the approximate non-dimensional period, ’F, will be,
:;L 27:_ _ _ 47\; ] 117
VI+2A +y*) [1+2A)+ {9 (L+2 AN 48 Hy} 2
If the percentage error in the period of oscillation is defined as,
—_— &
€= 106 {1 —(T/T}] {13l
then from equations [11] and [12],
62100{1_ 7:_[(16/3) f12+(1+2A)z]1/4m. _‘_,} (4l
{(U+2A)+[9(1+2 A ) 148 2 L2 K(R)
where.
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Figure [4] shows the variation of € with Hy for various values of A.
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(i) f(x)=$(Sgnx) [x, B>0:
From equation [6-b], the maximum displacement x* is determined by,
Bx*3) + BAX™ + B A%x* = Fyr® 4 A%

With, y*=(8/F)V?. x*=nondimensional displacement
A = (B/Fy)V*- A =nondimensional static deflection,

the 2bove equation reduces to

Pr43y* A =3 ‘ {15]
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The variatiom of y¥ with A is shown n figare (5).

2

y , Maximum nondimensionol displac ement
T

' -
o I . i
9] - I 2 3
A, Nondimensional static deflection
Fig. S

Warfation of y* with 7: [f(®)=Bsnx) 1xit}

The period of oscillation as given by equation [7-a] will be,
s

1*=\/(2.mx*)'l- [ {@x—ﬁ—ﬂAx*‘+ﬁAx*}#
°

* {E:—a——f—ﬁAxﬁ—BA’x”Au dx

with T#=[(BF)¥*/m] - 1* =nondimensional period, the above integral may be
rewritten as,
J"
T*=(6)'2 J {—y (r=y*) (3 +p* +3 A2 dy 116}
&
Comparing the integrals in equations [16] and {9}

e=p* > e;=0> ey= — (¥ +3 A), since y* and A are both positive quantities-
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Hence.

24/6 [/ 3® )un
T*= - K P
V2yE+3A) KZy*r:vsA

Substituting for ¥* from equation [15]

14 ‘ A 12
62 { 2_ } JK { U_(l,, 8] 1 r7]
4+37° 2 VOAT+L)
A plot of equation {17] is shown in figure (6)
5
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Variation of -* with Z: [F(x)=8{sgnx) tx{®]
The approximate frequency of oscillation from equation [7-b} will be
x*/2 [
80
P=f— Blu+ A +(x*2)Puddu
mx*
-x%2
=[(2BA +Bx*)/m]?
Hence the approximate nondimensional period will be,
T 27¢ _ 2 ()M 118]

VQA ) (AT OAR+ I
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Substitui:ng equations [17] and [18] into [13] the percentage érror and wij be,

~ (d+3AH 1
i) 1= g A
[A +O A+ K (k)

(19

3A ]
(AT 1)

where k=1 [ 1—

The variation of ¢ with A is shown in figure (7)
(i) fx)=ax+¥x%, «>0, ¥Y>0
From equation [6-b] the expression for maximum displacement will be,
(ax** )+« AP+ (Tx* /) + 13 A +2 TP AT+ Y A =Fpx* + a Ax*+ 7 Abs
Let p*=(¥/a)"%x* =maximum nondimensional displacement
A=(Ya)"* A =nondumensional static deflection,
Hy= (712} ¥?). Fy = nondimensional force amplitude
Then the expression for nondimensional displacement reduces to,
2% (143A2) +4 Aps? 4 p° =4 Hy 20]
A plot of y* against H, for various values of the static deflection parameter

A is shown in figure [8]-

From equation [7-a] the period of oscillation will be,

[ x (a2 x4 o Ax*+ (Vx#44) Y-z
YA LI VAT LY A ]

| {(af2y P+ o Ax+ (T x4/4)
VAP EVREAZEYANRY

ELd

- 12
5= (2 mx*) J dx

—(2m)n J'x‘ { =% Gr=x®) [(a/2) +(7/4) (F*+xx* -+ 342
0

FY A xR (32 VANV gx

If T*=[a[m]"*. r* is the nondimensional period, then
y.

7*-,—2(2)112{ {=y U= +rF A A) + @+ 2+ 4 A p* + 6837112 gy
[
2(2)V2 & Ly 0D+ 2 AR+ (£
l +2 A +2B’+2)}>“’dy 21
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A, Nondimensional static deflection

Fig. 7
variation of e%With Z: [S(x)=8 (wn o) 1242
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Variation of p* with Hy: [F{x)=as+yx* a>0. >0 |

Comnsider the definite integral {3, pp, 47}

24

I‘j‘ {—(r—a)y—a) [(y—+s3} V2 ap

s

- 1 N , %> &y S>0, (23]
{184 (0t — PP [S2+ (g ~r)7 18
where _ _
kz__n_{ - S+ (oty —r)(ay—r)] } 23
{183+ (ay ~nA [S? +(ay -} 112



Nonlinear Spring Mass Systems taking into Account the Static Deflection 247

Comparing the integrals in equations [21] and [22],
X =yr > &2=0; since y* is positive
r=—{(*/)+24]
3:{%y*z+2[§y* +2A%+2> 012, since y=and A are both positive.

Therefore,
4(v2) K (k) 241
3% 23 AyE 6 AR +2) (¥ 44 26 AT 12) |18

T*e=

{25

{1_ T Gy RAP EI2A ) }
+2) ]2

23 B AV 6 AT+ Dy LA Ay 6 A2
The variation of T* with Hj for various values of A is shown in figure (9).
The approximate frequency of oscillation as given by equation [7-b] is,

x® [2

psl 805. {a ur A+ D)+ Va+ A +(x*/2)] u’du]
mx¥
~x® [2

= (UVm) [a+3YA (A +x%)+(13/14) ¥ x*2JH3

Hence the approximate nondimensional period will be,

T*=(2n/p)

=[1+3A%+38)% +(13/14) y¥)]"V2 . 2 126

Substituting equations {24] and [26] into [13). the percentage error in the
approximate period will be,

w (3t 8By= +6A242) (P +4Bpr +6A242) 1 ]
30 (27

€ =100 { 11— i — -
2v2 [1+382+30y% + (13/14) yx 112

k being given by equation [25).
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The variation of the percentage error ¢ f. 1 i
g or various valucs
. 10 valucs of H; is shown
i figure .
40 5

: CA/
b

G

a

< 05
5

£

b

w2 O

o

2

z

9

o

&

5

[+

o

€,

R
25— -
o R P—’/J_::ﬁsﬁi:—,r& e
o ) 2 3 4 5 13 9 to
Hsy Mondimensional force amphtude
FiG. 10

Variation of € with Ho: [/ () =axtyss, a~0,y>0]

(iv) f(x)=71x% 7>0
) The expression for the maximum displacement x*. as obtained by substi-
wiing f(x) = Yx3 into equation [6-b] is,
(V4 2% 1 Y30 1 (3/2) T AB4 Yk AS = Foxk + Y A%,
With p* = (y{F)13x* = maximum nondimensional displacement,
Z=(7/F0)”’ A = nondimensional static defiection,
the above equation reduces to

PR L ARy L6 Ay — 4 128]
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The variation of p* with A s shown in figure (11),

= -
¥y ’Maxmum nondime nsional displocement

1 L I
© 10 20 3.0
&, Nondimensianal static deflecton

F1G. 11
Variation of y* with 7 : [£f(0)=yxt,y>0]

From equation {7-a] the exact period of oscillation is,
Mo { (Yxrtd) - Y Axw 4 2 YAt L Y AL 1 42

= 2mx)l? [ ax
v L=t e vad + L yak? e yedx ) )
Lettmg, T*=[(VF§)""%/s/m] - t* = nondimensional period of oscillation, the
above integral becomes,
-

"*=2(2>"’[ =y vy { v (/D) 1284 2228995203 3112 gy [29]
°
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Comparing the ntegrals in equations [29] and [22], il can be seen that
ar’-"* > &210: since »* is positive
re [ (/2 28],

s={3 34 20% 128782 > 0, since y* and A are positive

Hence the period of oscillation will be
2
oo CAVREE - 130]
[(3p*2+88p% 4 6Az)(}'*2+4éy*L6Al)]"‘

where

2 A 2
kzﬂ%{va o o N [31]

(3322 RE y% -6B3)(p52 14 (42 + 647 12

The variation of T# with & js shown in figure (12).

The approximate frequency of oscillation resulting from direct linearisation

procedure will be,
a2

12
2=/(80/mx*%) 3 J ‘!(u+A+x*/2)3-u’du}

~x® j2

=[1Vm} 374 (& ¢ x*)+ (13/14) Txx2 V2

Hence the approximate period T+, will be,
T* =2n[p
=[33 (B 4p%) +(13/14) 2712 . 2%

Substituting equations [30) and [32], into [13], the percentage error in approxi-
mate period will be,

®  [3pRig 3A17*+5A2)(y$2+4Ay*4 6A1]”‘ 19 133]

2V(2) [35 (B +y%) 4+ (13/14) y:i]_“—lkm~~ KBS

€=100 {1#

where k is given by egquation {31}
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The variation of € with & is shown in figure (13}
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vy S =8 Sgax) [xP+ 75 B>0, 7> 0
From equation [6-b] the maximum displacement 1s given by
BLa%3/3 4 axrd 4 A2xe] 4 Vxxt[d 4 x + 207062 5 A%y
= Fox* - BA%xw 4+ TA*
Upon introducing,
y*=("/B) x* = nondimensional displacemen.,
2 =(7/B)- & =nondimensional static deflection,
Hy=(7?/ %) Fy=nondimensional force amplitude,
the above equation reduces to,
33 L Apw? (14 3A) 46D (2.-38) ~ 12 H, 134
The variation of y* with H, for various values of the static deflection
parameter A is shown in figure (14).
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Fic. 14
Variation of y* with Hy: (£ (x)=8 (ssax) Ix [4yxs, 20, ¥>0]
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From cquation [7-a] the exact period of oscillation will be,

. (x{ﬁ([x*’/?ﬂwh AX*E ATx*) - V[xe44] o Ax*af -
F LT3/21 A 2x#2 3 4y
t*=\/(2mx*)J . [3/21 A%x*2+ A% x*)} de
—~x* B3]+ Ax?+ AT+ ([ 4]+ A XD

@ |
i +[3/2 AT R+ AP )} !
With 'r*=([3’/\/"7m) t#= nondimensional period of oscillation,

this reduces to
*

=222 { [

] {213} AQR+T3A) -4/9+ {3/4}p#Y

=y =y + P2} +2A + (23174 {23101 3 A) "

(351

Two cases should be considered in the evaluation of this integral.
@ I Gl y+ @3 * A+3A)+ (23 AQ+3A) > 4/9)
Comparing the integrals in equations [35] and [22]
Tay =y* > a,=0, since * 15 positive

e — (242 A +2/3)

S={(3/4) y*2+ (2/3) y* (1 4+2A)+(2/3) A 2+3A)"2 >0
Hence,

44/6 - K (k) (36]

[ +8y%(1+3A)+6 A BA + 21 [+ 47 (1+3A) +6 AG A +2)]}

¥ =

where,

il_ 3 __-,,,:,frizmzz.xm2&5.%:%,3411,-i (37
1

(9248 (1+3A) +6 ABA +2)] \
(32 +4px(1+3A)+6AG A+ DI |

) If (3/4) 2+ (2/3) y* (143 A) + (/N A Q@+3A) <4/9

Equation [35] may be rearranged as,

¥

remay [ P — [38]
gV {—y (1) (- oy) (P @}
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where
Ty — (242 A F 2D V- B[y 23y (1434

—2/DACFIA)HEN}
Tay— =24 2A +2/3) v { —(Bj4) p P (23} (143 A)
Z@B AL IA) H (39}

Consider the definite integral [3, pp 47],

' &

zzj L
A CE LTV CEE L NIV,

2 [[EmmEmE,
Vo~ o (o~ eyl (e, — oy (ag— oy

A o, > o, A, 139]
Comparing equations [38] and [39]
c;izy* >‘o¢2=0, > 713 > &4 as y* and A arc bosth positive.
Hence the period of oscillation will be,
e 8V 3-K (k)
[9y*’+12y*(1+3A)+]2[§(2+3A)+ 172
y* {1627 p*2 24 p* (113 A) 24 A2 +3 A)} '/2}
where
2 2V 62Ty 2 (143 A) - 24 A2 +3A)) (411

[9,;'*24-12;»*(1 FIMAVFIZAQHIA)+
P*V {16279 - 2dpe(1 3 A) =24 A (243 A)} ]
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The variation of T* with Hy is shown plotted in figure [15]
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Variation of +* with B, [£()= (sgn x) I x[Pya? |

The approximate period. of oscillation obtained by using equation [7-b] is

12

80 3 12
p= { [ Blu+ A+ {x™ 20+ Y (w+ A+ {x%2})°1 dul
*#5 j N }

i/2
= “1—*JA(2/5’4 3VAY+XHBAIVA) .x*ll
Vim | ]
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Hence the nondimensional pertod of oscillation will be,

. 2
T 2re L7

P a2 38y (L ,A) ERERS

[47

The error in penod as determined by the duect hnearisation method will be,

, ; [[9y‘“ 4 Rp*(1 7>A) UA(7 4 3L\) 10302 ap*(1 SA

FOA(Zy 3a, ‘
106 (1~ -2 ! L ~
|

! -V Kk) - /102 138) ™1 +38) 42y

€= 3y 2p* (1 +38)+18{2438)] > 4, k* being as 1 equation [37]
== -

[ wy:ﬂ,\ 120%(1+ 38+ 12B(24+38) { f

i
oo L1 A6 2o 24 (1 38) - 2452 135 1
P W3 l A(24 303 yK143D) L2y ; |

iF[2y* 2 p* (1+38)+2 A(2+38)] < &, k? being as in eqn (41} [43]

The variation of € with Hy for various values of’ & 18 shown i figure [16]

i) flO=ax+B(Sgnx) [xP 113 o >0, >0 V>0

The maxmmum displacemznt 2* of the system as given by equa-
tion [6-b] is,

o [ (e*2) + ax")+ Bx™Y3+ axwT s A2xw] 4 Y [1x78/4)
AL IAZGR L Al = (Fy oD BT YA
Let,
= (B] ). x*=maximum nondimensional displacement
& =(f/o) A =nondimensional static deflection
Hy=(B/a*) F,=nondimentional force amplitude
»={7a/B* =nonlinearity parameter.
Then the above equation reduces to

63" (1428 433 A +4(1+3y A)y#? 43543 12 H, {44}
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4 Or 3.0
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Variation of e with Hy: [£(x)=8 (sgn %) { x [t +ya?, §50, v>0]

The variation of y* with H, for various values of the parameters & and
v=0.2, 5.0, is shown in figures [17] and [18]. The exact period of oscillation

2s obtained from equation [7-a] will be,

X% X ARl

{x! [oc(STA)+/3(§~:A)2+7(§1-A)’ld§) !

1*=\/(2mx*)j
0

dx
X

[ ~{x*f[oc(§—v &) +B(E+ 8+ V(E+ 0Pl J
S [+) &
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2 ey (peye) = 2+ (2)3
= (2% 30) (1 +3v2) + (2

; ~ 1230 +257)

v) +2_A]2+%Jy*2 y =12
vy (1 +

) (1

w2 (2] ay]?

@

u
!

ay
T

I . i J 4
e LS 5 & 7
H, ,Nondimensional force amplitude

o~
o
[s}

Fic. 17

Variation of p* with Hy: [/ ()=ax+8 (sgax) | x{2+s3, »=0-21]

If 7#=+/(a/m) r* is the nondimensional period of oscillation, then

2 * —J’(J'—}'*){[y+—’2~y*+2_A1—2/3vj2+—i-y’*z
TH e 2 - ™ e
(/V)J +<2y*/3v)(1+3yA)+(2/v)(1:—2A+3»A’)L

— (/%% (1435 8)%}
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Veog=a txbigtaeg (v uds) L av=(x) /] O YA 4o jO UO11BLIBA

81 o1

2pMdWn 23404 [DUOISUBWIPUON ¢ O
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W25 0)dSIP |DUOISEIWID



262 V. A. BaraT anp P, SRINIVASAN
Two cases arise in evaluating this mtegral.

(1) I 270542 + 245 (1 + 30 B) y* £ 725 (14 28 £3380) > 16 (1 +3,58)2,

Comparing the integrals in equations [45] and [22]

W=yt a,=0; = —{pH2+2/3 1 28]

§=(1/6y) [2T5%%2+ 24 p (1 + 30 8) px 1 720(1 528 + 31 EH — 16 (1 +3vE) i 5 g

and
TH= _ 4V’6.K(k) I, T a4
{9052+ 8(1 +3p D) p* + 6 (1 +24 +3,52)] %
C PB4 (1+3wD)p*+6 (1 +26 +3yAH] |
where
pasfioz 3upP 44 (1+3pD) p* +4 (1128 439D
2 2 — — — 2
1’ i 9992 +8 (1 +3v8) y* 6 (1 + 28 +388)]. | {47
¥ [3pR +4 (1+30D) y* +6 (1425 +3,A0] |
(2 I 2752+ 24 (1 +308) p* + T2 (1 + 28 +33A2) < 16 (1 + 3pA)?;
Equation [45] may be rearranged as,
ol
T*=2v(2/3) J [~ (y=9%) (7= ag) (y— &) 1=V dpr (48]

a

where,

:3=—(;V:+i+2l +i{w(l+3v&)2_27v2y*2,24(1+_§,,A_)y*,,,}nz
2 3% 6 T2 (1 +24A 4+ 34A2)

Ry= —{ it —+ 13

2 3 ~ T2 (1425 4 3p52) }

— (y*+ 2 ZA—>~_1_{16(1+3v5)2~27v=y*2~24(1-'rSvE)y*‘v} 12
6p

Comparing the integrals in equations [45] and [39],

Xy=¥*> @y =0> oy > &, since &, y and y* are all positive.
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Hence,
x _8V3. KK
%=
Gy ¥ 12 (14302 ¥ 4 12 (1428 +3,A2) « 1
SPH[I6 (14 3pA) = 27282 04y (1435 B ) [49]
{ ~ T2 (1428 43, B2
where

P 2y% [16( 1 -#%,,A)'l 27,,),4&2 24y (1 ‘*'31'&))’#—731-1(1 YN +3v£2)}“2

QAT+ 12 (1 + 3pB) p* 112 (1428 +3pA%) +
PFII6 (L +30D)Y —2Tp%%2 24y (1 +3p8) y# — T2y (1 + 2B + 3y A2

The variation of T#* with Hy for various values of & and »=0.2, 5 is shown
plotted in figures (19} and (20).
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Variation of 7% with H,: [f(x)=ax+8 (gn x} {x{24ya%, »=0-2}
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Variation of +* with Hy: [f(®=ax+8 (sea =) | 5 1T+yx%, »=5:0]

The approximate frequency of oscillation resulting from the application

of the direct linearisation method eqn. {7-a] is,
I g0 (P {alut a2l Blus & - (xH /P |
I
p= | — |
*3 i
mx Y =Y+ o (x5 P - ldu

wA/(alm) VI(1 428 2 3pBY o4 (1= 3p8) = A1y yaY]

The nondimenfronal approximate period 77 1s,

THe (1 +28 £3pA2) 4y (1 23,0) 2 L3 ,p»2]—i2

e .2
ey 2w
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From cquations [13], [46], [49] and [50], the percentage error in (he approxi-
mate period will be,

[ {9248 (143w B) y* + 6 (1 £ 24 £ 3p AL} 14

i 270t 2y (1130 &) p¥ + T2 (1428 +3,8%) < 16 (1 + 3ph)?

7 3 4 7 = rOREET
100 | 1— ST 32 A4 +3p8) p* 4 6 (1424 1 3pa )} 14 ,
t — — —_ 1
1 N (1428 £ 385 4% (143, Ay - %%V)’*EJUZ J
‘ if 270242 £ 24y (143v8) % 1 T2 (1424 + 39423 » 16 (1 +3ph)?
| k2, being as in equation [47]
€ JI ( yr? 1 12(1 4+ 3 A%+ 12(1 228 + 382 1 (12
100 !n IS (4 30AP 2Tl - 241 4 Be A I
l i 43Ky < T2 (1424 42 AL |
! P — |
| L (L4258 £ 3,82 4 (14 3p4) s 413,742
I
|

k*, being given by equation [50] [52]

The variation of € with H, for various valuoes of the static deflection

parameter _A, for »=0.2, 5 is shown in figures [21] and [22].

An examination of figures (2), (5), (83, (113, (14}, (17) and (18) shows
that greater the static deflection, smaller wiil be the maximum response.
It can also be seen from figures (3), (6), (9), (12), (15), {19) and (20), that
the period of oscillation decreases with increasing stalic deflection for a
fixed value of the exciting force amplitude. Further a study of figures (4),
M), (10), (13), (16), (21) and (22) shows that the error in the approximate
period of oscillation as obtained by direct hLnearisation procedure is quite
small for all values of & and H,.  Thus for cases that are not amenable to
closed form integration, equation [7-b] provides a simple and sufficiently
accurate formula for approximately evaluating the frequency of oscillation.

As an example the restoring force characteristic,

F(X)=ax+A(Sgn x) |x* «, A and &, all positive, will be con-

sidered.

From equation [6-b] the maximum displacement will be,

J‘ [l + )+ A (x+ )] de=(Fy+ o s +AA™) x*

[
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Let  p*=(20/ o) D.x —nondimensional maximum displacement
& =M a) DA~ nondimensional static defllection
Hy= FoAltv=1 (3] qy=1 _ gondimensional force amplitude
Then

YR+ DA Ayt A—n-n] = (Hy 1 A7y 1531
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The approximate frequency as given by equation [7-b] is

1/2x™
2 30 LA L )y o + AL ®) 1t
:m,);*g [a u+2+5x%) +A(u+ &+dx* e’ du
-3/2x*
1/2x*
® 80A I
= T J (u+ DL x)® W du
m mx
~1/2*
g A popkynrd o anve PP AUE P 2
o & 8OA (A T ~3(8 +L x%) - (BoayT -2
m mx*3 (n+4) (n+3)
Lo 2 PN w1 __ an+ly
YN x*)z-(A fl*,’nf_z_‘.‘ AATH - lx*):’ gA ~+- _,*):*; AR
: (1 2 (1) }
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Expressed in terms of nondimensional guantities

(Z er%i)n*avgmg,

pr= Ry B _i(_), .[(.E_.%}Vj'_’qiw‘ Z:‘i‘{ “-3(1 +1y*) A
m fA! (n+4) : (n-+3)
13 (B +1y®2 wi%ff
I (n12)
—_ . (A i Vioé)vul_thﬂ-][’
TN IR 3, L___;w_ 5
(& ra) (n+1) ! 54

The nondimensional period, defined as T - 27efp) . will then be given by
equations [53] and [54] for any given set of parameters «, A, n and H,

4. CONCLUSIONS

The above analysis reveals that the static deflection has a profound
eifect on both the peak displacement and the period of oscillation of the
nonlinear system. This behaviour is a characteristic feature of the nonlinear
system that is not present in the lnear counterpart. For linear systems-the
static deflection alters only the equilibrium position of the system and the
gravity force of the oscillating mass is always balanced by the force set up
in the spring due to static deflection, so that the equation of motion and
kence the solution remains unchanged. However, for the nonlinear system,
additional terms occur in the equation of motion, when the static defleclion
is taken into account. The resulting maximum displacement and period of
oscillatiou therefore depend on the static deflection in addition to the system
and excitation parameters.
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