
By V. A.  BAPAT AND P. SRINIVASAN 
tDepsrtmenr of Mechonrcal Engineering, India11 Insrilule 01 Science, Bangalore 22, zndja) 

[Receive3 : October 27, 19701 

In this poper the effect ofstatic-deflection on $he step function respoiise of a 
non-linear spring mass system is investigated. The maximum displacement of the 

system is obtained by integrating she equation of motion srraight away. An 
approximate method of determining the period of  oscillation is considered and 
compared with the exact values, that can be obtained for some special cases 

of restoring force characteristics. The above analysis reveals that the static 

deflection has a prefound e f ec t  on both the peak displacement and the period of 

oscillation of the non-linear system. 
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The step function response of n o n h e a r  spring mass systems exhibits 
certain features that are not encorlntered in linear sysiems, when the gravity 
effect of oscillating mass is considered. In linear spring mass systems, 
except for a s h ~ f t  in the epuilibnum pos~t ion,  the gravity force of the 
oscillating mass has  no effect on such sa l~en t  character~stics of the motion as 
(a) the maximum displacement, (b) the period of oscillation. However, in 
nonlinear, systems, the static deflection of the system influences both these 
characteristics o f  the step response. In the present analysis the effect of 
static deflection on these features will be invzsltgated. The maximum dis- 
placement of the system may be obtained by  integrating the equation of 
motlon straightway. To determine the period of oscillalion a second 
~ntegra~ion o f  the equation of motion will be necessary. A closed form 
expression for the period cannot in general be  obtained, because O F  the 
complicated nature of the  integrand. In the analysis that follows an 
approxinlate method for determining the period of oscillation will be 
considered1. The accuracy of this approximation will be determined by 
coinparison with the exact values that can be obtained for some special types 
of restoring force characteristics. The extension of the approximate 
Procedure for more general types of restoring force characteristics will be 
ind~cated. 
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2. EQUATION OP MOTION AND SOLUTION 

The Schematic diagram of the system is shown in Fig. (I-a). Let the 
restoring force characterlskic of the system be represented by f (x), a contl. 
nuous, single valued, nonlinear odd function of the displacement x .  ~f the 

Static deflection 

Static QqUilibrium 
posi t~on 

Fro. la 
Schematic Diagram of the Oscillating System 

characteristic is assumed to be of the hardening type then f '  (x) increases 
with increasing x. The equation of  motion taking into account the static 
deflection will be, 

m (d %/dr2) + f ( x  + A ) = Fo + mg, Po > 0, [ I ]  

where the static deflection A satisfies the static equilibrium condition, 

f (n)=w PI 

If  the system is initially assumed to be at rest, the initial conditions will be, 

Letting x- V and using equation [ Z ] ,  equation [ I ]  may be rewritten in tho 
differential form, 

I t  can be seen from equatlon [I] that corresponding to the initial conditions 
in [31 the aceleration of the system will be positive as soon as the step forcing 
function is applied to it. Hence the velocity will be positive in the neighbour- 
hood of t - 0  and the displacement increases initially. The velocity reaches 



- 
value of V when the a c e h a t i o n  i s  zero. The corresponding 

displacement IE.will be the solution o f :  

f ( i i - A ) = F o + f ( A ) .  IS1 

The first integral of the System with initial conditions as  specified in 
equation [31 is, 

The maximum displacement x* of the system is obtained by letting x = x 4 ,  
2-0 in equation [&a]. This yields, 

Further, equation [&a] shows that the phase trajectory is symmetrical about 
the x-axis. Hence the oscillations are periodic and the system oscillates 
between the positions x=O and x=x*. 

Separating tbe variables in equation [6-a] and integrating, 

t being a dummy variable of integration. Observing that the time taken by 
the system in  undergoing the displacement from x=O t o  x = x *  is 4 t*, and 
using equation [6-b], the period of oscillation r* will be, 

An approximate expression for the period of oscillation of the system 
in equation [ I ]  can be obtained by Panovko's Direct linearisation method. 
This procedure consists in replacing the nonlinear restoring force characteristic 
aj ( x ) = ( l / r n )  { f  ( x t  A)--& -f ( A ) ]  by an approximate linear characteristic 
~ ~ ( x - k f ) ,  where M represents the displacement of the centre of v~bration 



from the equilibrium position x=O and p, the approximate frequency 
O ~ C ~ ~ I ~ I I O ~ .  In the present case as  the system osci?letes between the positions 
x-- J and XFX*:, M will have the value o f  ( ~ " 1 2 ) .  The constant pa of [he 
approximating linear characteristic is SO chosen as to make the  mean square 
of the moment of the d~fference between + (1) and p2(x-M), aboutthe 
ceiirre of vibration a min~nium over the range 0 s x s x". 

Referring to figure (I-b) the difference r ! x )  between the exact 
approximating characteristics is, 

Equivalent lincax 
characteristic 

Frc. 1B 
Diagram Illustrating the Principle of Direct Linearisation Method 

The mean square moment 2' will he, 



Substituting M=x*/2, 

Let x-x*/2=u 

Then. 

- 
Some particular cases of restoring force characteristics that permit exact 

evaluation of the integral in equation 17-a] will now be considered. The 
expressions for the approximate perlod will be developed alongsides, using 
equation 17-h]. The accuracy of rhe approximate period relative to  the exact 
period w ~ l l  be determined in each of these cases, to judge the feasibility of 
satisfactorily applying the direct linearisation mothod for such systems whose 
restoring force characteristics do not permit an  exact evaluation o f  the period 
of oscillation. 

4. PARTICULAR CASES 

( i )  f (s )  - OIX t p (Sgn x) I xJ2, oc and fi being positive const:rtrrs 

From equation [6-b], the maximum displacement will be given by, 

~ * ~ + a A x * + ( P / 3 )  x*'+PAx*'+,8~~x*=li,x*+ aAr*-tPAzx' 

Substituting, 

Y* = (81 e) x*=maximum nondimensiofial displacement, 

A = (PI a )  A = nondimensionai static deflection, 

H,= (8/or2) &=nondimensional force amplitude, 
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the above equation simplifies to, 

3 y * ( ~ i - 2 ~ ) + 2 y * 2 = 6  H, 

3 (1 t2h) 
y*= {[I + 16 H,/(3 (1 + 2 ~ ) ~ > - ' ] ' ~ ~  - I ) 

4 IS1 

The variation OF y* with No for various values of the non-dimensional siatic 

deflecticm parameter is shown in figure (2). 

59 

FIG. 2 
Variation ofy* with He: If(=> - j I x ) = a r i p  ( w r )  I XI? ,  a>O. P>OI 

From equation [7-a1 the period of oscillation will be 
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7 * - d i a / m ) " 2 .  t*=nondimensional period of osciilatmn the above equa- 
tion simplifies to, 

"* 

consider the definite integral [ 3 ,  pp. 441 

- - -1- K {[(el - e , ) / ( e ,  - e,) l1I1)] ,  el > e, > eg ; e , ,  e ,  and e, 
d ( e ,  - e,) 

being all real [IO] 
Comparing the integrals in equations [9] and [lo!, 

- - 
e,  = y* > e,=O > e, = - {y* + (312) (1 + 2 ~ ) ] ,  since y* and A are 

greater than zero. 

Therefore, 

4 4 3  rX = . K 
4 1 4 ~ * + 3  ( 1 + 2 . i ) )  *.-3 (1+2a) 

Substituting for y* from equation [S] 

The variation of T* with H, for various values of the static deflection 
parameter g is shown in figure [ 3 ] .  

The opproximate frequency of oscillation obtained by using equation 
17-b] will be, 



-* 
Hence the approximate non-dimensional period, T ,  will be, 

If the percentage error in the period of osciIlat~on is defined as, 



Figure [4] shows the variation of 6 with H ,  for various values of 

FIG. 4 
Variationof e wirh Ho. [ f ( x ) = a i + @  csgnx) I r P ]  

(ii) f (5) = ,8 (Sgn x) 1 x I-', ,8 > 0: 

From equation [6-b], rhe maxlmum displacement x* is determined by, 

~ ( X * ~ / ~ ) + ~ A X * ~ ~ - ~ A ~ X * = F ~ X * + ~ A ~ ~ *  

With, y" - ( ,B IF , )~ '~ .  x* =nondimensional displacement 

- (P/lj,)'iZ- A =nondimensional static deflection, 

the above equation reduces to 

y * 2 + 3 y * a  - 3  
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The variatioll o f  y* with & iis shown In figure (5). 

- a 
A, Nond~rwensianal rtattc dafl~ct~ora 

FIG. 5 
Yaskt~rpg ef p with ;;: [f ( 4 ~ 6  s ~ n x )  I r I* 1 

The period oC oscillation as given by equation 17-a] will be, 

r * = z/(r mx*) j l x {~ifiAr*l+BAsr 
0 

with 7*=[(flF~)B"/ml - l*=nondimnsional  period, rhe above integral may k 
rewritten as, 



Subslituting for I." from equation [I51 

A plot of equation 1171 i s  shown in figure ( 6 )  

The approximate frequency of oscillation from equation [7-RJ will be 

Hence the approximate nondimcnsional period will be, 

2 7 ~  2 (i)'" m 
7*= _ _ _ = - - -  

,,/\/~a +J*) 15 -! (9i2+ 12pfl~1!z 
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Substitutmg equations [I71 and [I81 into [I31 the percentage error and be, 

- 
The variation of E with A is shown in figure (7) 

(iii) f ( x )  - N X I -  Yx3, O( > 0 ,  Y :, 0 

From equation [6-b] the expression for maximum displacement will be, 

( a ~ * ~ / 2 ) +  a A ~ ' + ( Y x * ~ / 4 ) +  Y x a S A  +$ Y X * ~ A ~ + Y A ~ X * = F ~ X * +  ~ A x * + Y A ] ) R  

Let y * = ( ~ / a ) " " x *  -maximum nondimensional displacement - 
A = ( Y / E ) " ~ A  -nond~mensional static deflection, 

Ha=(Y112/a3f')~Fo-nondimensional force amplitude 

Then the expression for nondimensional drsplacemenr reduces to, 

2  y* ( 1 + 3 ~ 2 ) + 4 ~ y * 2 + y * 3 = 4 H o  1201 

A plot of y* against H, for various values of the static deflection parameter 

is shown in figure [8]. 

From equation 17-a] the period of oscillation will be, 

f , ( x { ( a / 2 ) x * 1 t a ! A x * + ( ~ x * 4 / 4 )  I-"' 
1 + Y A x * ~ + + ~ x * ~ A ~ + Y A ~ ~ * )  

1 -x* { ( a / 2 ) x 2 +  x A x + ( Y  x4/4)  i dX 
O - t Y A x ) + f  Y X ~ A ' + ~ A ~ X ~  J 

If 7% = [ a  / m ] 1 i 2 .  t* is the nondimensionai period, then 
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Consider the definite integral [3, pp, 471 

2 K (k )  - - - --------- , or, > or,, S >  a, 
{[SZi-(a,-r)2][S2+(ut -r)Z] ]'!4 

where 



comparing the integrals in equations I211 and [22], - 
&=y* i a,=G; since y* is positlve 

r=-[(,:*/?)+2zl 
- - - 

S = [ + ~ * ' + - ~ A Y * I - ~ A ~ + ~  > O]''', since ,v= and  A are both positive. 

where 

The variation of T *  with Ha for  various values of 5 is shown in figure (9). 

The approximate frequency of oscillation as given by equ.ition [7-b] is, 

Hence the approximate nondimensional period will be, 

7*-(2mli.) 

-11 + 3n~+3+ +(13/14) y+u2 . 2 1261 

Substituting equations I241 and [26] into 1131. the percenrage error in the 
approximate period will be, 

.I being given by equation 1251. 





The variation of the percentage error € for various valucs of Ho is shown 

in fipre (10). 

(iv) f ( x )  = r x3, Y > 0 
The expression for the maximum d~splacement x*.  as obtained by substi- 

tuting f (x) = Y s 3  into equation 16-bj is, 

( 7 1 4 )  x*4T Y X * ~ A  + (3/2) T . ~ * ~ A ~ +  7x*A3=Fox*+ YAsx*. 

With y* = (y/F,)1'3x* = rnaximnm nondimcllsicnal displacement, 
- 
A =(7/Fo)"Q == nondimensional static deflection, 

the above equation reduces to 

Y * 3 + 4 a y * 2 + 6 a z y *  = 4  



Prom equation (7-81 the exact period of oscillalion is, 

Letting, T* = i ( 3 ~ 2  O) "6 1 6 1 .  t*=n~ndirnensional period of  oscillntion, the 
above integral becomes, 

= )  - ,,,.,. ( 2  2 i1,.2.,.2n,r; 4 .  > - " 2  + ,2VI 
0 



Hence the period of oscillation will be 

where  

The varration of T* with n is shown in f igu~e (12). 

The approximate frequency af oscillation resulting from direct linearisation 
procedure wi.ill be, 

.%* 1 2  

p = - t ' ( S O / n ~ x * ~ )  Y (u; A i - ~ * / 2 ) ~ .  u3 du 

Substituting equations [30] and [32], into [13], the percentage error in npproxi- 
mate period will he, 

where k i s  given by equation [311. 



I 
0: I i 
0 I 2 x, Fdondimonsional static deflection 

FIG. 12 
Variation of r" wlth h: [ I  (A)=+, ,>01 
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- 
The variation of E with A is shown in figure (13) 



- 
A = ( ? I @ ) .  A =nondlmensional static deflection, 

165 (y2/P3) Fo- nondimensional force amplitude, 
the above equation reduces to, 

3y.3t4y*2(li3a)+~zy* ( 2 + 3 a )  - 1 2 ~ ~  1341 

The variation of y* with Ho for various values of' the static deflection 

parameter a is shown in figure (14). 



From equation [7-a] the exact period of oscillation will be, 

with r *  = ( j 3 / d ~ m )  t* = nondimensional pe r~od  of oecillstion, 

this reduces to 

Two cases should be considered in the evaluation of :his integral. 

(0) u ( 3 j 4 )  p2i - (213)  V* (1 + 3 L )  + ( z / 3 ) 2 ( 2 + 3 a )  , (419, 

Comparing the integrals in equations [3S] and [22] - - 
a, =y* r or,-0, since v* is pos~t ive  

r =  - (y*/2 + + 213) 

S =  1(3/4) ~ * ' + ( 2 / 3 ) ~ *  ( I  +2n)-1-(2/3)  a ( 2 + 3 ~ ) 1 l / z  > 0 

Hence, 

*I - 4 ~ ' 6  - K (k) 
[361 

{ [ 9 ~ * ~ + 8 ~ ~ * ( 1  + 3 a ) + 6 a ( 3 A  c2)][3y*2+41,*(1 + 3 ~ ) + 6 ~ ( 3 d i - 2 ) 1 1 . ~ / ~  

Equation [35] may be rearranged as, 

Y* 

7*-2(2)'12 -- ---dy - 

/dl -y ( y - - j * )  (y-  G31 (.V - LJ; 
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Consider the definite miegraY [3, pp 471, 

Comparing equations [38] and [39] 

Hence the period of oscillation will be, 

where 



The variation o f  7" with He is shown plotted in figure [15J 
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j~~~~~~ tjle no!~&mensionaI pertod of osc!ll;!tion w i l l  be, 

,*. '" -. 2 n  
[-I?] 

1' \/{A(.? jn) ya ( I j n ) l  ~r I , L ,  ,s:~z: ) 

- 
The variation of E with fro for Y3TI" I IS  V.:IUCS %)1' A I S  shown I I I  figuic j lh]  

(vi) f ( x )  = axi- fi (Sp.1 x )  1 x 1' 1 7 x3, u > 0. /3 > 0, Y > O 

The rnax!muiir dtsplaceni~nt x' ol' ihe system as g l rcn  b y  equ,,- 
tion [Lb]  is, 

v =  (Y ac/BZj - noniinearity parameter 

T h m  the  above equation reduces to 

h y * ( l i - 2 Z i 3 v n 2 )  -; 4 ( 1 + 3 . 2 ) ~ * ~ - 1  3 v y * 4 = 1 2 f I a  
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The variation of y* with H, for various values of the parametersq& and 
v - 0 . 2 ,  5.0, is shown in iipures 1171 and [IS]. The exact period o f  oscillation 
as  obtained from equation (7-a] will be, 

i* j X I  

* = 2  / i xJ  [ a ( t ~ A j - p ( f ~ A ) ~ + 7 ( < ~ - A j ~ ] d t  

0 0 



Li, ,Nondimenrionai forco amplitude 

If 7*= d(a/m) tb is the nondimensionzl period of oscillalion, then 





Two cases arise in eva!uat~ng th is  ~ n t r g r d  

Comparing the integrals in eyuatlons [45] a n d  [221 
- 
a,=y* > 2 , = 0 :  r =  - [ . y 4 / 2  t?/35, I ?Z] 

- - 
S=(1/6v) [27v2y*'+ 24v ( I  + 3 v a )  y * + 7 2 r ( I  i 2 A  -t 3rA2)- 16 (1 +3ya)~,111> 

and 

where 

Equation 1451 may be rearranzed as, 

where, 

Comparing the integrals in equations [4b] and [39], 
- - - - - 
~ , - L J ' * ~  a,-0 > a, > a,, since A ,  v and y* are all positive 
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Hence, 

Sf  = S d3 . I< ( k )  -- -- - - - 
/ 9 v y ~ 2 + ~ 2 ( 1 i - 3 v a i . ~ * +  1 2 ( 1 - + 2 ~ - 3 ~ ~ ~ ) -  

The variation of T* with H, for various values of n and v = 0 . 2 ,  5 is shown 
?lotted in figures (19) and (20). 



, I I I 1 I I I 

2 3 4 5  6 7 B 9 1 0  
He, Ncndlmonnonal force amplnude 

FIG. 20 
Variation of T *  with Ho: [f (I)-GX'P (9- 4 1 x lP--t*2. ).=5.0 1 

The approximate frequency of oscillation resulting from the applicatiun 
of the direct l~nearisation method eqn. 17-a] is, 



Fr.,m equations I131, [461, f491 and 1501, the percentage error in Lhe approxi- 
mate period will be, 

The vaiiation of 6 with H,  for various values of the static deflection - 
phrameter A ,  for v-0.2, 5 is shown in figures [21] and [22]. 

An examinat~on of figures (21, (5), (81, (l l : ,  (14), (17) and (18) shows 
that greater the static deflection, smaller will be the maximum response. 

It can also be seen from figures ( 3 ) ,  (6), (9), (12), (IS), (19) and (20),  that 

tlie period of oscillation decreases with increasing stzitic deflect~on for a 

fixed value of the exciting force amplitude. Further a study of figurcs (4), 

(71, (lo),  (13), (16), (21) and (22) shows that the error in llie approximate 
period of oscillation as obtained by direct I~nearisation procedure is quite 

small for ail values of a arid Ho. Thus Tor cases that are not amenable to 

closcd form integm~ion, equation [7-b] provides a simple and sufficie~ltly 

accurate formula for approximately evaluating the frequency o f  oscillation. 

As an cxample the  restorins force characteristic, 

f (x)= a x + X  (Sgn x) IxP, a ,  h  and n, all positive, will be Sort- 
sidered. 

From equation [6-b] the maximun~ displacement will b-. 

[ ~ ( r  I - ~ ) + h  ( x ~ t  A)"] dx-(F,+ oiA t-XA'')x* 



FIG. 21 

Variation of E with Ha I [f ( . u ) = a x t p  ( s n n x i  I x I 2  r7,+, "-0.2 j 
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Expressed in terms of nondimensiona! quanfities 

The nondimensional period, defined as 7"==(2nlp) . w i l l  then be given by 
equations 1.531 and [54] for any given sat of parameters a ,  A,  n and H, 

The above analysis reveals that the static deflection has a profound 
eEect on both the peak d~splacernent and the penod of oscillation of ~ h t  
nonlinear system. This behaviour is a c l i a r ac t e r~s t~c  feature o r  the nonlinear 
system that is not present in the linear counlerparl. Fo r  linear systems*thc 
static deflection alters only the equilibrium position of the system and the 
gravity force of the  oscillating mass is always balanced by the force set up 
in the spring duc to statlc deflcclion, so that the ecjoarlon of motion and  
hence the solution rcmains unchanged. However, for the n o n l i n e ~ r  system, 
additional terms occur in the equation of motion, when the static deflsclior. 
is taken into account. The resulting maxiirium displacement and period of  
oscillntiou therefore depend on the s t a t ~ c  deflection in a d d ~ i i o n  to ihe system 
and excitation parameters. 
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