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ABSTRACT

The characteristics of a4 microwave resonator consisting of circular cylindrical
corrugated metal rod terminated at both ends by large circular metallic plates and
excited in Ey—mode are studied theoretically.  Expressions for the Q —factor and
resonance frequency of the resonator as jfunctions of groove spacing, depth and
other parameters of the axial rod are derived.

1. INTRODUCTION

The open-type of microwave resonator utilises the surface wave
characteristics’* 3, of the corrugated moatallic rod. Wait*"¢ has made
significant contributions to different aspects of surface wave phenomena.
The characteristics of different types of microwave resonators have been
studied extensively by Chatterjee, ez a/7"'". The object of the present
report is to make a theoretical study of the resenance properties of a surface-
wave resonator conmsisting of a circular cylindrical coriugated metal rod
excited in E;— surface wave mode and terminated at the two ends by two
identical circular metaliic plates of radius much larger than the radius of the
structure. The large size of the end-plates and excitation of the structure
by surfice wave mode ensures that the loss of electromagnetic energy by
radiation, if there is any, through the open side of the resonator is negligibly
small.

2. FieLD COMPONENTS

The corrugated structure consists of three media (Fig. 1). The first
medium consists of the uniform portion of the rod (0 < # =<a), The second

* The project is supported by PL—480, Contract No. E.262-63(N), dated June 15, 1969,
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FiG. 1 (a)
Corrugated Metal open type Resonator with end Plates.
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Corrugated Metallic Structure.

338

medium consists of the grooved region (¢ <P <b) and the third medium
(P = b) is air. The grooved region is considered as a homogeneous

dielectric medium of dielectric constant.
s+t
€q e e
s

which has been derived from the consideration of equality of optical path.

The field components in the three different media are ;
Medium 1: O<fP<a
Eoy=A Jy (uy @) exp (—~72)
Ey=d 1d, (ju; P) exp (=7 2)
Juy

Hy= AT 2801 Guy py exp (<7 2)
Sy
Medium 2: a=xfPgh
Ea={BJy (ju, )+ C Yy (Ju, )] exp (7 2)
b . .
Ez’""j‘u— [BJ, (Juy )+ C ¥y (Jug P)} exp (=7 )
2
Hep= 227280 (B Gy +C ¥y Gy ) exp (=7 2)
Sy
Medium 3: b=spP<oe
E=D Hy" (juy Py exp (—72)
Ey=D l H 7 (juy P) exp (=7 2)
Jig
Hyy=D “e HW (g ) exp (=Y z)
U3

where, u=a +jb, wy=a,—jb,, uy=a;—jb,, and V=0 +j8

{1

2

{31

4

151



33€ (Miss) A, S. Prasuavatil anp 3. K. Coarrinice

2.0 Standing Waves.

The standing waves are represented on a vector basis as follows.

Hygom Hysd Hya o [63)
By Byt Eg
Bopgs= Epyt Eps

Hogem Hyyt Hys {6b}

for the £, wave. The subscripts +and —indicate components of the wave
travelling in the +z and —z directions respectively. Due to reflections taking
place at the two ends (z=0and z=L) of the structures the following
telations hold good.

Eg =+ Eq, Ey= 1 Eagy
Eppe = —Epps Epse = £y
Hygp = + Hy, Heyo— +H,, [6¢]

Using the above relations, the field components for the standing waves
media 2 and 3 respectively are

¥edium 2:

Eae=2 [ BJy g PY+C ¥ (Juy 8y ] cos Bz

Y Y .
Fyy= e B, (Juy )+ C Yy (ju,P) | sinfz
2
2o+ v
Hoypy= Mz}{ Jﬁ"fi){ BE, Gug® + C Y, Gy P T; cos Bz 7]
2

Medium 3 :
Eoe=2 DH® (juy ) cos iz

2D . .
Epyy=—J W;__’a Hy'W (jugP) sin gz
3
2D :
Hys= 22950 B0 (uup) cos B 2 8]
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2.2 Resonant Waves.

The field components of the stunding wave satisfy the boundary condi-
tions at the end plates f.e., E, =0 atz=0andz=L (ie) sin B L=0, which
requires that 8=n=/L, where n is a positive integer 2nd indicates the number
of half cycles variations of the field components 1n the z —direction.

The field components of the résonant waves are
Medium 2:

Fap=2 [ By Ljits ) C Yy ( iy #) ] cos ('%)z

a5
Eﬁﬁﬂ_if {B./1 Gty )+ C Y, Gita ) ‘ sin (%‘)-
w. J2oarjee) | o . AW
g2 = ot Jua PY+C Yy (Juy BY § cosf — 3¢ (91
iy L
Medium 3

Eyp =2 DH (juy P) cos (f’%‘) z

D { ) . fnm
Eppp= —2f (== JH,® juz Pysin{ — }z
a3 <4 u;( L) v Jus 3

Y
Hy, =2 D% B (uyP) cos(’i‘) :
g L

3. ENERGY STORED IN MaGnevic FIELD

The total energy stored in magnetic fields of the two media (2 and 3) is

Wiae=Way + W 33}
where,
b L 2
S g v

¢i0 pra z=0
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2n b

L
43192 D) (g (juy0)CY, (e x
uy 15 { I

i
N f F

0=¢ p=a z=0

ne

{B:s Jy (=Y + C* Y, (- jufP) } cos2(,z_> 20 dpdg de
{

2020 T
= M(Lzrﬂfil i | AR AR A A ]
uy U

(12

where,

b
1,=f B, (i) Ty (—jus P P dP

p=a

- ETTB—ZTZY[ I, ) T (= 9 — ity B Ty (il ) g it m]i
2 P=a
[12a]
B
,2=J CHY, (uyP) ¥, (~jul p) P P
c? I~ s a s
= @r—u—g) ['J“z PV (—ju; P) Yy ("‘J”z ”
P Y —ju P) Tl it P)}b [125]
p=a
5= fBCJl i) Yy (~ju @) P dp
p=a
_ BC .. " . . ) -
= @:&5 [—Tuy @ Yo (—juy 0) 7y (g @) —juip @ Jo (g £ Yy (=i, ) -a
[12c}
b
L= | BCJ(=ju;P) Y, (juz ) P dp
p=a
g IR (I8 Yy (ia) =] 100, (=5 8) Yo (i Plen

[12d]
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am AL
Wz = LA“;D } ,’( J {er !Z pPapd¢d:
d=0 @b =0

) M 3 . am
e By (u H® (-juf p) x
a i 1 ftey @) HEP (- jig £)

L -
f 4D et

| Sy

8 p=b 220

\

cos? <’}Ii} cPdRdds

i w? €l D?

Bas Bl Bl
FG -

—juf e 1Y Gy, py B (—jufe)
P

=y P g P R (- qu 0)

b
4. ENERGY STORED IN ELECTRIC FISLD
The energy stored m efeciric field in raedivm 3 is

P 4 EA

2 Lo o
SARLE {i{ ;Z) o 5 iy P H{s(” (Juy ) H_,® (~ju, 0}
py—uy L

—iy P H_O (g P) H (— g P)}
o=

s

AD2 42 et e
" i;ﬁf%“;z%" {”’“3’ PH® Ly P HG™ (i P )
3 T 343

p=d
g P HGY (i p) H @ p (il p)}
1 p=b

Where,
(EF - {Eﬂ {: + l Eys lnl

Using the following relations of Hanke! functions
H_O (g 9y =™ HO (Juy )= ~BD (Ju5 2)
H_ () { juy pr=e"™ HP (juy Py = —HP it £)
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equation [14] reduces to

4 D? . : . PN
wn:Z‘fﬂi: e {4 jus P H™M (g p) HP (—jul p)
2 uf? —

+juy p H W (g p) H® (—jug pY }524

n?

x

s =i e B (i 2) Ho® (- #)
L7 ug 0

. a1
—~ juy P Ham (ju; P) me (—jus #) jS;g j [14c]
Similarly,
2n B L
We, :_;zj' j 4] (BIy (jug P) +CYq (juy P) 1t cos? <’”‘) Pdpd g dz
d=0 p=a z=0
2.2 27 b L
4dx*n . .
T i J. j J | BT, (jiy PY+ CY, (g ) 2 ¢
=0 ¢

sin’(’f)z pdpdegds
L

[15}
2,2
=2n Le; Ry +2me, HWT 2
Uy Uy
where,
erR}(}) + RI(Z) + R!(‘” + R1(4)
Ro=R" + Ry + R + R® =L+ B+ T, +1, [15a]
R BB

2% s {~juz p Jo Gy p) Joy (—jui3 )

~juz p Jo (‘i“; p)J_y (juy P)]?:n
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3 CC* . x . o
Rﬁ'):“w [z p Yo (Juyp)y Yy (=i p)
Uy

~jupp Yo (—ju3 p) Yoy (jup P)].l;=a

BCH ., »
Rgz):w [=juy p BNy p) Y (w5 p)
ul -l
—Jp I (jup) Yo (~juy P)]ixn
B*C . .. .
Rfﬂz PN [~Juz p Iy (—juz p) Yo (Jugp)
U —ul
=it p Jo (=ju5 p) Y_, (juy p) 328 [15b]

6. Powsir Lost

The power lost (P) in the resonator is
P=P,+P,+P;+P,+P, f16]

where,
P, = Power lost along the rim of the disc at p=b
P,=Power lost along the inner rod at p=a
Py=Power lost along the surface of discatas p<b
P,=Power lost at the end plates

P, =Power lost by radiation from the structure and flowing radially out of
the resonator.

As the end plates diameter (24) is much larger compared to the diameter of
the surface wave structure and the siructure is excited by Ej—surface wave
made, the radiation loss out of the resonator may be considered to be
insignificantly small and therefore P, may be ignored in calculating P.

27

w ug V&

Pt ( 20:)1 l J[ (Ho B0 104 1
& =0

w g El ~ D? w? 65/72‘ HO (G b) H(Z)(— % ;
={ e D By o
< 20, > uy uf R ! ) [16a]
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2
N E i
Py} 6/‘:5%':‘2 [ E {H,, HE) zfu"a,é; K
lu, d
V2w L i

TGS ((Té - w? e%}

_]BJk (ju’2 @+ C Yy ayi?

1y 15 {16b}
b o7
. LR
poet (W T T G Hg pdpdg
\20.) )]
o=a $=i)
L P P oS A
[T 2 3 T gl UGC)
—jtg p U (g p) HP (—juff 3] 524 {164}
Total power lost in the resonator is
po (PBPIL .
Total $od
where, s=spacing of discs fe., width of groove

t = thickness of discs

and Z=tlength of the structure,

7. QuALITY FACTOR OF RESONATOR

The quality factor Q of the resonator is defined in terms of the energy
stored and power lost as

Vit Wi -
B (1]

Total

Q
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which yields

G TG AL T A R AL LI A
S 3774 -

Uy u; u, ”z (u3 *43)
Q/m: \1/2 2
w Mg 7~ D? w? eobr
o H by H .
H<20’2/ uy uff (43 0 (=Ju b)
@ My ‘“’R(ls(o‘%-%wzez) ) { ) .
+(2v0m) L ZABL () +C Y, (jray]?
vE2 3
<S_‘i) {(o3+@®e3) (I, + Tyt I+ u)LEA +B,
20, u2 DY it
where,

- 20 m N _711}:325;{ ¥
5. uy vy (Ui —143)
Y=[—juy p B (iugp) AP (- jus p)
—juy p HY (10 p) HY (~ju3 p)15-s

8. RESONANCE FREQUENCY
At resomance Wp=W,,
where, We=Wpgy + Wey
W= W+ Wy,

Using (20} and equations (12-15) the foliowing expression is obtained.

2 L py o e} D? + 27 L pp (03 +w? C«} o,

: R P
uyuwd (uh 2—ud) iy Uy ¢

= 2 L gy (RO 4 R4 RO RO+ 2 6, L
Louyui
2
BELETT o PO y}

(W32 —u3) LV uy uj

Since

. —~H @yt —HL (=t
5o G gy =TT P,lf L2 (i 2)

= —Jy (=i P)

ol
(T AT )

343
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{20a]
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344
Yo, (i 1= =Y (juy £)
p BBE Cow oy s \ .
R — jiis 0 3y Ciug ) 3, (—Ji55 P)
A2 2z
ty Femup |

4 gy p) dy il 2y E G By 1y

Sumlariy for R‘(Z‘y , R‘(J} and R‘(»ﬂ
X=Ljui p HM (g 0y HY (= Ju 9)
iy P OH O Clug 0) HE (- Jud )15
Y=l—jul 0 HP (uy ) HP (= 0)—ju 0 85 Guyp) HP (—juy 0,
parameters are such that Wy, < < W, and

If however, the structure
Wy, << Wg,, then the resonance {requency is derived [rom the equation

Wi = Wy
which leads to
., ontw? w?
a e o T g 'y
Lruy uy C2uz 5 )
which yields
P _ [XChuu? n g_ni 13
resonance dn2 Y 417 (22)

9. EVALUATION OF B AND C 1N TeErMs oF D

The excitation constants B and C are evaluated in terms of the constant
D by using proper field components and appropriate boundary conditions.

nr(l) (ﬁjf’z by _']ior(ﬂjii‘Q )

D [¢}] . .
C:.?illo Gy 0) I, (g by — T D i

and

Hi D (Guy by 1 1
B=p (M2 (0 ¢ 4 T
E 3 wb) ¥ {HD (Jus b) Yy (b ju, b)

_ Yy By B (jugh) Ty (Gugb) '
i o (23)
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where,
P 2.
75j b
g (o2t ey
Jwegu, {23a)

10. ARGUMENT APPROXIMATION

) In order to simplify the relations for @ and resonznce frequency the
following iwo sets of approximations may be mads.

Case 1:  Assuming ¢,2=0 in medium 2, the following approximations
are made.

Juhb< <1, k< <l, juu<<l, jua>>1 24)
which leades to the following approximations forms for the funciions
Jo (jupP) =1
3, Crap) 322

Yoty £) ==+ 2 log w,0 +0.18
23 0w

2
Yy (JupP) = — —— —
37 U

. 2 -
Ho® (Jup PY=} W(W—J")

Ho i P) = =j Zlm - )

2
o, 9 ju 0y = — T
U juP) —
2
H. ()= — S .
RS g P (25)

Case 2: The conductivity &, = 0in medimm 2, but is given as a

!

function of spacing o,=0,, —
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In this case the following assumptions are justified.

jush < < 1, jup> > 1, jwa>>1, jhe> > 1

which lead to

Iy (it p) = (Tzuﬁ\m cos (.I”z P "’_})
Y (juy £) = (ﬁz—,})m sin (ju2 P %)
Y, (g )= ( 7;!2]725)“911 < g B 241‘) o

11. APPROMIMATE RELATIONS OoF POWER AND ENERGY

(26)

The power and energy relations under approximations made above

reduce to,

Case 1:

P 16 D% w? €} 1 ug\"?
YU B \g

2

na Pm’e‘% w My 1z Buya 2C
Py= T _— e —
(a3+83) \ 20, 2 Uya

™ 0 €2 @ g \2
Py I+ L 4L+ o
> @R [ +5 + I+ 1) -

Pe —n Dol el (m —m)f2 » u, \H2
‘ 2 (a2 +B3)? o,
2wLM2w2€§
= Tl [ PR A /
WMZ (a§—.’b§) [F z 3 T Iél
—8 2 2 o2
Wi = L“ODW€e(mr~m)

(a3 + B2)?

t28a)

(28b)

(28¢}

(28d)

(28¢)

(281)
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where,
=0
- c? I (-8
L = = =22 4 24,5, (O
2 (a§+b§) @by l 33 + 2a, b,y (0-18)
2 a, by log bja ]
~
ooy SBC@E) [ 8he (-l
4 a, by (aF + b2y? 73
ﬁj(b ~ ) log (@ = 3B
Ea (a3 + 83)
m =L In (0.89b) (4 + b3
m =4 In (0.88d) (& + B
noo= tan~t Byfay (28g)
Case 2:
2 2 2
P25 w?ef1fw ug \! [29a]
@+ bhl \2a2)
12 9 3
Pzr.(f”_"fz —5(?2 ‘lfﬁ(a%r—w’ei)
\2 T eu (a3 +b3)° )
x| B cos [(by+jay) — (3m [4)]+ C sin [(By +ja) — 3 /4] | 298]
2\12 (el w?ed) y
P, w U _&a) 1”+1”'[”+1' 29¢
3 (Zcrc,,) (a’Lbz) L'+ + 1) [38¢]
1z 2,
Pew (f?.wp- 7 D .ufg(, )
. O, 2 (@} +52)
W= 2Nt (0dr el ) g g
a2 +b}
Wiy 3Lt DG (! = m)
(35
where
iy = L [y (c0s 2 byh —cos 2aby) —by (sinh 2a3b ~sinh 2a,a)]
I (2 1 DV agh, 2 2
- CC* . .
L = e {a, (cos 2 b by—cos 2a b,)—b, (sinh 2 a, b —sinh 24, a)}
I P fay ( 2 ) —by 2 2
M BC* . PN s _ 1)
L' = = o ab, (@4 [a2 (sin 2 b b, —sin 2a B,) — ib, (cosh By b—~cosh by a}
I = B C [a; (sin 205, —sin 2 ab,) + jb, (cosh 2 bb, —cosh 2aay)}

2way b, (a2 —T?ﬁ)”‘
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The radical propagation constants u, (i=1, 2, 3} are related (o the axial
propagation constant Y as follows :
—(Vrul)= ~] oiy (0, T i)
—(Vp )= —] wpy (0, +legy)
— (7 1d) = @ ugEy
APPROXIMATE EXPRESSIONS FOR QUALITY FACTOR

12

The expression for @ (equation 19) reduces to the following expressions
in the two cases of approximations.

Case 1 :
8L [
8L po DPteq (0 IR L aeled g

7 (@ +b3)2 (a3 +b3)

{16 D% o 60[(1“'0 ‘“l+wasmieq Wi\ | Bua 2,12
rr b(ll:,ﬁ}? L€y ) l_Zm '

G 622 .‘i’fﬂ“ ”2(11 WLy |- D el (m —m) (Dou, |12
22+ b : (a 152 2y o,

Ty

3 \(Q

3 +05 26y, a

ALy, (6tto 2e?)
2 (I” Ilzl ’5'1”+1;’)

2 2

aZ+h2
@ L Wi, |2 lﬁblmzég;“
s+ | 202) wh (ag+b§)2

~ i) i B cos (jua - 3%)

2

hl
4+ Csin { jub — 3%) )

0\ (03 ~wied)
o) e

\

_ (208 N D “’z_ég(m'ﬂn)
2(a%+52)
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13, APPROXIMATE EXPRESSION FOR RESONANCE FREQUENCY

Equation [21] can be simplified by using appropriate argument approxi-
mation. )

Case 1:

Equation [21] in this case is reduced 1o

22 2
g€ 2D Ry€ ,

_T_igg,‘__ Y+ T1I2 (,’;’+I'2' +1’3’+ )
(Ugu (g —ul) ity

T 2
Cl uge;D? LM€Y
@8 | S e Y N A S M M A
uy g (g~ - uiy My Uy -
P
€, 7 KT
=€y (R R RV RGYY + 20T 4 F e a4 1))
Loy,
€D f A
o E el
A T Liuguy,
which gives the resonance frequency
e 2 2 14
' (43 L RE2IT . p(3y L &Iy o now 4 ’ IR e
zel(R1 + R HRPTERPE) E’u—uﬁ?”‘ +12+13+14;)z
! 2 1,2 i
- L €4 D yi Py !
=t CTEr 2 " Tty 1
s 2wi uyT Uy Uy by r
2 2 €2
l “"f";D L L (4] LAy ) }
|ty uy(uy 2 —uj y |
Case 2-
[ / , . (e w2 [CE A GRS MR
(RO + R L RO 2 RO 20Ty 62 A REFREEL
L wny i
1 ( L 2e,0° P o ¥ i
fe= ULl T }
res ~’NI 3 3 373 l
;
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where,
s
RP=BB Lz o3, (usp) 3, (=3u3 ) i 3y (=i P) 3, ()]
ugif ““% !P:a
N * . . .
R(}z),_,_;TC_T[.: JE P Yy Gy )Y, (kP
uy f—~ul, oo
-f—juzP Yo(—ju; f) ¥ (j1/2 P)J
p=a
R~ fzc*;%juap TeGuy 0) Yy (=juy P
w§? -yl R
iy @ S (G, P) Yo~y P)}
2o
AT . . )
Ra4>:ﬁ%€?ij14;p S =i R) Yoliuy )
2 2 1p
Flu, @ T (—juy ) ¥, (Qu, P)}
p=a

When Wy, < < Wy and Wi, < <Wg;, equation (22) changes under argument
approximation to
C? (B | Car]R

41%

e (m' —m) ab,

Feesonsnce = [

since X and Y reduces to
+8

72 (a? - b3)

[27 ayby im—m")

where,
n'= arc tan (bs/az)
m= L In (0-89 d)? (a}+5%)
m'= L In (0-89 B)? (a}+B3)
C= free space velocity
L= length of the resonator
#=no of haif cycle variations in the z-direction.
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Applying argument approximati () p(2) P
pplying arg pprozimation o RV R, R R, theswe expressions
wiil reduce to ;

Case 11—
Y0
STEE
er)r P S DL -1 Ny
Wy e e Gy
(1)'A R(‘ = B__CAE!ZZA:&_) 2)‘%"’%} g, by (0018
2ayb, 27 TR > (0-1%)
L @b AT BTN B al b2 .
} o log (a2 ~b2) (bla) — ~b§ ,,alz tan~! ([72/172\]
Case 21—
R B T
7 i e - b h 2 g~ 2
1 ST NVE 152)" (sin ah —sinh 2 ayu
— a5 { €08 2 byb —cos bya)]
" C?
REP" e [y (COS (2 ByP) —cOs (2 hya)

2 ay by (uf -

+bhy (sinh 2 ayb —sin h 2 a,a))

REY £ RY = T [sin 2 hya—sin 2 b,h]

The @-factor, ste have been computed as functions of dise radius b and disc
spacing ¢ with the help of IBM 360 computer. The resulis are given in Figure 2.
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