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ABSTRACT

The use of discrepancy indices (1.e., R-indices) in crystal structure analysis as
an tndex for the correctness of trial siructures in the structure comipletion stage
and as an index indicating the extent of refinement stage are well known. A numiber
of R-indices have been suggested by various workers for rhese purposes, The
results obtained from u systematic comparative study of the various normalised R-
indices for following three crystallographic situations, namely, (1) the structure
completion process, (1) refinement of an incomplete model and (iii) refinement of a
complete model, are summarised after introducing the necessary nomencluture,
notation and relevant crystallographic  literature.  The results obtained from u
comparative study of the normalised and uanormalised Booth type mdices based on
intensity carried out under different crystallographic situations for assessing  the
advantage of the normalisation procedurc during the structure completion stage are
also summarised. The necessity of taking into account the space group symmetry
of the crystal in the evaluation of R-indices is pointed out. General theorctical
expressions for the normatised Booth type index based on intensity which are wsefil
to test the correctness of any type of model for crystals of the triclinic monocinic
and orthorhombic systems are given. These are valud even for crystals with any
number and types of atoms in the unit cell. The expression which accounts for
random errors in the intensity data is also given,  Other uses’ of R-indices are indi-
cated.

1. INTRODUCTION

The method of -crystal structurc analysis may be broadly described
as a process in which a model (or trial structure) is first obtained by making
use of the available intensity data (say wia the Patterson function or the
direct methods) and then completed if it were incomplete by Fourier
methods [1] and finally refined by the least-squares method to an extent
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that will be consistent with (i) the amount and accuracy of the intensity
data and (i) the deficiency of the model. At any state during this process,
it is useful to know whether the ¢ model is reasonably correct. The only
sure way" to ascertain this is to compare and sec whether the caloulated
structure factor magnitudes of the various reflections (le., | Fp° |'s) agree
reasonably with their corresponding observed values (i.e., | Fy|'s). Though
such a comparison could be useful for specific reflections (for example to
detect the extinction effects), this tedious procedure is not generally followed.
in practice one often computes the ratio R (F) of the sum of the discrepancies
[| £ — | F5¢|] in the various reflections to the sum of their | £ | values
and uses it as an index to indicate the extent of the discrepancy between
the proposed model and the truc structure. That is

REY= S || Bl =1 FEN1 ] Z 110, , W

Though (1) is the commonly used discrepancy index (7.¢., R-index) a number
of other R-indices based on the discrepancy between | Fy | and | F.°| have
also been suggested in the literature for this purposc (see Section 4). We
shall refer to such R-indices as wnnormalised R-indices., Srinivasan and
Ramachandran [2] have pointed out that when the model is not complete,
the discrepancy between | Fy | and | € | /oy (where oy is the ratio of the
mean square structure amplitude of the model to that of the true structure)
would be more relevant than that between | £, | and | £:¢ | for the calculation
of R-indices. They have thercfore considered a modified form of the
conventional R-index using the discrepancy || Fy| — | Fp¢ | /oy |. This idea
has later been extended to other types of R-indices by different workers
[3] and [4]. Following Srinivasan and Ramachandran {2] we shall refer
to such R-indices as the normalised R-indices. Thus a variety of the
R-indices, normnalised and unnormalised types, are available in the literature
for use in crystal structure analysis. It becomes therefore essential now to
compare the relative efficiency of the various available R-indices under
different crystallographic situations. This article is mostly confined to such
a study.

A number of independent factors contribute to the value of any R-
index. These are: (i) Random and systematic errors in the observed
intensity data and (i) Different types of deficiency in the model. The
latter arises from a number of factors such as () imperfections due to

j" Stereochemical c‘i}eria conld also be used as additional check for the validity of a model
particularly when a mvyor pari of the stiucture is known
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random errors in the atomic positions; (b) incompleteness duc 10 non-
inclusion of a// the atoms of the unit ceil of the crystal in the model ; (c)
errors due to non-inclusion of the bonding electrons, errors in the thermal
paramelers, etc. A theoretical treatment of any R-index taking all these
factors into account becomes complicated and hence in the literature R-
indices have often been evaluated only for certain special situations. In
our comparative study also we shall make the following two assurnptions:
(i) The intensity data wili be assumed to be known with perfect accuracy
(ie., | Fo|==|Fy|), (i) we shall consider only two types of deficiencies of
the model which make significant contributions to the value of any R-index,
namely, the imperfection and the incompleteness mentioned above in (a)
and (b) respectively. In spite of these simplifying assumptions the physical
deductions that are obtained regarding the relative efficiency of the various
R-indices could be expected to broadly hold good in practice.

In Section 2 the nomenclature and notation needed for discussions in
the later sections are explained. Since various workers have used different
notations for the various R-indices it becomes now essential to adopt a
uniform. notation for avoiding confusion and in Section 3 the notation
employed for denoting the various R-indices is explained. Section 4
summarises the various cases for which R-indices have been evaluated in
the literature. In section 5 the results obtained from a comparative study
of the various normalised R-indices under different crystallographic situations
are summarised. Since this study shows that of the various R-indiccs the
Booth typc index based on intensity (see Section 3 for the definition of this
index) is the best when the model is incomplete, it becomes necessary to
compare the relative efficiency of the normalised and unnormalised Booth
type indices during the structure completion stage. The results obtained
from such a study are summarised in Section 6. Section 7 deals with
general theoretical expressions for the Booth type indices needed to test
for the correctness of any type of incomplete model of complex structures
containing any number and species of atoms in the unit cell. These results
are applicable to crystals of the triclinic, monoclinic and orthorhombic
systems. In Section 8 other possible uses of R-indices are pointed out.

2. NOMENCLATURE AND NOTATION

Consider a non-centrosymmetric crystal containing N atoms in the
unit cell. Suppose at any given stage during crystal structure analysis the
proposed model contains P (> N) atoms so that N — P (= @, say) will be
the number of atoms yet to be located (i.e., unknown atoms). Let the
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contributions to the structure factor of a reflection H (== hkl) from the N-,
P- and Q-atoms of the true structure be denoted by Fy, Fe and F respec-
tively and let F,¢ be the calculated structure factor of that reflection. It
is obvious that Fy is nothing but the true structure factor of the reflection
H and that in the absence of errors in the observed data | Fy | = | Fy[. Let
Afpir j=1 to P, represent the random positional crrors suggested by the
atoms in the model. In the theoretical treatment it is assumed that (i) the
Arpi’s are mutually independent random vectors obeying the same Gaussian
distribution and (ii) the Arsi’s are also independent of the position vectors
rpj’s of the atoms in the structure. Physically these assumptions are
equivalent to the following: (i) the Arpi's are the clements of a random
sample of size P from a Gaussian population of a given o and (ii) the error
in the position of atom j 1s independent of the position of any of the ators
in the structure and the errors in the positions of the other atoms. From
Luzzati’s [5] work on the conventional R-index in the presence of random
positional errors, it becomes obvious that the quantity Dp (H) defined by

Do (H) = (cos 2l + [iF)p 2)

is a useful parameter. Luzzati [5] has also shown that Dy (H) (hereafter
written as D for convenience) can be represented by the following Gaussian
function with spherical symmelry

D =cxp(— CH*{| Ar])p) (3)

whete C == 7%, 47 and #*/4 for the 1-, 2- and 3-dimensional cases respectively
and {| Ar])p is the mean of the magnitudes of the errors in the position
vectors of the atoms of the model.

Types of Models

From the point of vicw of positional errors [i.e., deficiency (a) described
in section 1], models could be conveniently classified into four types, namely,
the related, unrelated, imperfectly related and the semi-related types. Thus
a model in which all the atoms are in correct locations is said to be of ihe
related type. A model in which all the atoms are at completely wrong posi-
tions is said to be of the wnrelated type. A model in which the atoms suffer
random parameter errors (wheih could be minimised during a least-squares
refinement) is said to be of the imperfecily related type. A model is said
to be of the semi-related type if P, atoms in it are in correct locations while
the remaining P — P (= Py, say) atoms arc in completely wrong locations.
From the point of view of incompleteness [i.e., deficiency (b) described in sec-
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tion 1], models could be classified into two types, namely, the complete and
incomplete types. A model is said to be of the complete type if it accounts
for all the N atoms in the unit cell of the crystal (ie., P = N)and it is said
to be of the incomplete type if it contains only P out of N atoms (i.e,, P< N).
When the deficiencies (@) and () co-exist, the models are to be classified by
taking these two deficiencies into account. Thus we can talk of an imper-
fectly related incomplete model, unrelated completc model, ete. The
various types of models that the thus possible and their characteristics ate
summarised in Table 1 by taking the non-centrosymmetric case as example.
Tt is useful to note the following points: (i) Models met with during the initial
stages of crystal structure analysis are of the imperfectly related incomplefe
type. (ii) The related complete model is nothing but the true structure.
(iii) The rated and the unrelaled cases can be thought of as two limiting
sitvations of the imperfectly related case (ie., for the related case (| Ar|)
is zero and for the unrelated case (| /7 | ), is large in value). (iv) The related
and the unrelated cases can also be interpreted as iwo limiting situations
of the semi-related case (i.e., for the related case P. = P and P, == 0 while
for the unrelated case Pp =0 and Py = P).

A good measure of the random positional errors in the quantity
(| Ar])p which is related to D as in (3). A good measure of incompleteness
of the model is the quantity o,® defined by

”12;‘<]ch]2>/“le2) (€]

which denotes the fractional contribution to the local mean intensity from
the atoms in the model (relative to that of the true structure). When all
the atoms in the unil cell are similar, o, 1n (4) takes the simple form

0y% == PN )
which is the fractional number of input atoms in the model (relative to the

true structure). When both deficiencies (¢) and (b) eoexist, Strinivasan and
Ramachandran [6] have shown that the quantity of interest is o, defined

by
oq =D (9]
Following Srinivasan and Ramachandran [6] we shall also define o, to be
op =0y ‘ ™
It is convenient to define o3 by ) o
ot = (| F[B [ Fyl® . . A ®
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TABLE |
Definition of different types of models relative to a given crystal structure

Crystal Structure: ( fan wi) = (foy ¥o,) b (faws ¥ar)s i= VIO N, j= 1to P,
k=1to Q.

Model Structure: (foy rp)s j=1to P.

Nuntber of atoms in the Model
Mean coordinate error

( arb r N
Zero Relaied in complete model Reliled complete model
== true structure)

Finite but smail Imperfectly related in- Imperfectly related complete

very large complete model model

Unrelated incomplete Unrelated complete model
model

Zero for some of the Semi-related incomplete Semi-related complete model

atoms and very model

large for the others

Note—A group of P atoms of scattering power fp,’s at locations rp;'s is denoted by
(fpje rep) j =110 P.

so that
o? F a1 )

The probable values of oy, D and o, for the various types of models are
summarised in Table 11,

In order to simplify our discussions, it is convenient to divide the
process of crystal structure analysis into two stages, namely, the structure
completion stage and the conventional refinement stage. The former is
defined to be the stage during which only a part of the structure is known
(i.e., 0;2< 1) while the latter is defined 1o be the stage during which all the
atoms in the structure would be known but for the random parameter
errors (we are not concerned here with the hydrogen atoms). For conve-
nience we shall speak of the following two situations in the structure comple-
tion stage, namely, the structure completion process and the refinement
of an incomplete model, The former refers 1o the process during which
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more and more unknown atoms are located by Fourier methods and added
to an incomplete model. Thus ¢,® increases towards 1 during this process.
In the latter situation, o,® remains fixed in value while { | Ar!)s decreases.

Tagre [

Probable values of o1, D and o for the different types of models

No. Type of Model o D a4

1. Related incomplete

Model 0 <oy < | i 0 <oy <1
2. TImperfectly related

incomplete Model 0 <ol 0 < D1 0<og = 1
3. Unrelated incomplete

Model 0 <oy <1 0 0
4, Related complete 1 1 1

Model
5. Tmperfectly related

complete Model 1 0 <D 0o <1
6. Unrelated complete

Model 1 0 0
7. Semi-related incomplete 0 < oy << 1

Model i
$. Semi-related complete

Model 1

az are not defined.

It is obvious that the results in this section apply to the centrosyrmmetric
case as well. However it is necessary 1o note that the positional errors for
this case will be given by Argj, j==1to P/2 where P/2 is the number of
known atoms in the asymmetric unit.

In this paper we shall use the abbreviations C and NC to stand for
the terms “centrosymmetric” and - “ non-centrosymmetric ” respectively-
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and the abbreviations R, UR, IR and SR for the terms “ related ”, ** un-
related », *“ imperfectly related ” and  semi-related ” respectively.

3, NOTATION FOR THE DESCREPANCY INDICES

The discrepancy of a model relative to the true structure could be
conveniently measured in terms of the expectation values of the discre-
pancies between the quantities in any one of the following pairs: | Fy |,
[FeS1; Ty Ie (whete [y =|Fy|? and LS =|F:S|%; [ Fyl, |FC /o
and Iy, I:%f0,2. Some simple types of discrepancies between the qunatities
in these pairs are defined in Table IIT. Of these, those in rows (2), (3),
(5) and (6) could be conveniently referred to as fractional discrepancies.
A number of different types of R-indices could be defined using these or
any of their powers {e.g., squares). The R-indices that are of some interest

TasLe 111

Some possible types of discrepancies between the structure factor
magnitudes (or intensities) or the true structure and its model

Discrepancy Based On
No.

Structure Factor Tntensity

Magnitude

Lo [ Fel = F' [

|Exl — | Fe'
2 | {E s E

| | Fyl— | Fe]
SRR

4 Fy |~ e lfo |

\FN_]”‘FP”UUJ
S TR o TFe e

i VFu i — 1 Fa'lfoy
& FUTFul  [F o)

[y — 1]

Iy = I 1
Iy or Iy’

Iy — I* ]
YUy )

\ Iy — ]1=°/‘7'l2 \
| o Lo |
Iy or T%50 2 |

__I_N__ 1p'[oy?
Y Uy -+ 10y

Note.—The (or In the deaominator of (2) and (5) denotes that whichever is greater is to be
wed in the evaluation of the fractional discrepancy. Also oy == ¢| Fa?|%)/(] Feim.
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are defined in Table IV along with their symbols. The normalised R-
indices are denoted by using ‘1’ as post-subscript to the R-index symbol
(e.g.. Ry). The fractional type index based on either of the discrepancies
defined in rows (2) or (5) of Table 1l is denoted by using an asterisk mark
as a post-superscript {e.g., R*). The fractional type index based on either
of the discrepancies defined in rows (3) or (6) of Table IIT are denoted by
using an ‘f’ as a post-superscript for the R-index symbol (e.g., Rf). The
indices based on the square of any of the discrepancies is called the Booth
type index and are denoted by using the letter © B’ as a presubscript to the
R-index symbol (e.g., Bz). R-index could be defined with either the struc-
ture amplitude | F| or the intensity I and this is indicated by using F or J
in parantheses (e.g., R (F) or R(I)). The conventional R-index defined
in (1) is thus to be denoted by R (F).

The following points may be noted: (i) Though R-indices for models
met with in crystal structure analysis are in general monotonically increasing
function of sin /A, these are usually computed by taking all the available
reflections as a single group. Such an overall vale for any R-index is
denoted by (R), in this article. (ii) In the case of afy model of a given
crystal, the overall value of any R-index could be calculated in two ways
namely, (a) by using the definition in column (2) of Table IV which involves
the use of the actual structure factor magnitudes or intensities as the case
may be or (b) by using the results in the last column of Table IV which in-
volves the use of the normalised structure factor magnitudes (7.e., y's) or the
normalised structure factor intensities (i.e., z’s) as the case may be. Forany
given fractional type R-index the two ways would yield the same result and
hence need not be distinguished. However, for the others, overall values
computed by the two wayst would in general differ [see point (iv) for an
exception] and hence it becomes necessary to incorporate this aspect also in the
notation for R-indices. R-indices computed using y-values will be denoted
by using y in parantheses and those computed using z-values by using z in
parantheses, Thus while Ry (F) = X | | Fy|— | F&¢l /o |/ 2] Fy |, R ()
= X |yg — ]/ & yy. (i) The value of any R-index computed by
either of the two ways by using reflections in a sufficiently narrow region
of sin 6/A will be nearly equal. (iv) Though for an equal atom structure,
the value of any R-index for the related case would be independent of sin 8/4,
this is not so for crystals with dissimilar atoms. Hence for practical appli- -
cations of the theoretical results this aspect must be taken into account in

+ In the case of any non-fractional type R-index, the former method gives greater weight
to teflections with smaller value of sin 4|7 and hence would yield smallex value for the R-index
(see [13]).
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TABLE IV

Definition of the discrepuncy indices of interest, their notution and their
relation to 1he nor, malised variables

ti Definition Relation to the
No. Notation Normalised Variables
s S Fxl = | Bl g — oyt )
RO Z\Fy) Tn )
ZHFNI“‘]FP"U}_‘{L! {|yw — }'P'k)
2R TR ()
ZUF~1F° ) . 2
( LB S R SR — ¥
3. BRI DIEAE (g — o1 76")%)
D Fyl =1 Fe[]e)? o poey2
2, (F) cliiyl e T (y 75
4. B STFa N 1))
5 R L Er] - Fet i < |z 2et N
: n ”Fmor\FP\ Yy ora; ypti s
‘(FN1_1FP"E/°'1 /‘;V — 37| ™
* o N ol S,
A N ot Nty 7
1 [ [Fyl—=1Fel o e w Ve
7 2 N TN I A0 W it R - L, S & A
7. R (F) T Fe (T T Friie H\,_H,f)‘/
217~-1p"! - oz
3. R Sy s (Ieg = =Pz}
{ — e/ 0t
R N (zw =2 D)
10. BR W
1] BB I
12. R* (1)
13. R* (I ATER N
) CLzyotDpti S
s g Zpt |
14, R (D) | (i 1/\/
Note.—Hete & is the summation over the n available refiections.
The notation in column (2) for the R-mdices is due to Professor R. Srinivasan. In case of

any given fractional iype R-index, the expressions 1n columns 3 and 4 in the relevant row are
equivalent independent of the value of sin §/2 However for an R-index of other types such an
equivalence is valid only when the reflections used belong to a sufficiently narrow region of sin
8/A within which the atomuc scattermg factors can be treated as constants.
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the evaluation of (R)y. Similar statement is true for the unrelated case also.
(v) In the conventional refinement stage 32 >~ 1 and hence the normalised
R-index of any given type becomes identical to the corresponding type of
unnormalised R-index.

4, Tue CASES FOR WHICH R-INDICES HAVE BEEN EVALUATED
IN THE LITERATURE

It is relevant here (o summarise the cases for which R-indices have
been theoretically evaluated in the literature. The types of crystals for
which such evaluations have been carried out can be conveniently grouped
into two categories, namely, (i) those which satisfy the requirements of the
basic Wilson distributions and (i) those which do not. Crystals with
(a few) heavy atoms, with pseudosymmetry in the structure, with dissimilar
atoms, etc., come under category (il) while those with a sufficiently large
number of similar atoms (at general positions) in the asymmetric unit come
under category (i).

Studies pertaining to crystals containing a large number of similar atoms:

The conventional index R (F) is the one that is commonly used in
crystal structure analysis. Wilson {7] has worked out the values of R (£)
for the C and the NC cascs when the model is of the unrelated complete
type. Lizzati [5] has obtained its relationship to the parameter D for an
imperfectly related complete model and used his results to study the varia-
tion of R (F) as a function of sin § corresponding to different specific values
of {| Arly. Srinivasan eral [8] have evaluated it as a function of o,® corres-
ponding to two limiting situations (Le., the R and UR cases). The effect
of random errors in thermal parameters on (R (F))y has been considered by
Stanley [9] for a complete model. He also evaluated (R (F))»as a function
of the standard deviation o (¥) in the positions of the atoms for different
values of the temperature factor B (see [10] to [12]). Srinivasan and Rama-
chandran [6] have evaluated R, () as a function of o4. Chandrasekharan
and Srinivasan [13] have obtained curves of (R, (W)g vs ( Ar i) for diffe-
rent values of ;2 and these are applicable for 2-dimensional data. Theoretical
expressions for Ry (z) for the C and NC cases have been derived by Partha-
sarathy and Srinivasan 3 and these are valid for imperfectly related incomplete
models. Booth [14] has worked out, using certain reasomable assumptions,
the relationship of (B? ), to the r.m.s. error in the coordinates for a complete
model corresponding to an NC crystal. Parthasarathy and Parthasarathi
[15] have obtained theoretical expressions for B®¥) and B2% for the
SR case from which they have deduced the results for the R and UR cases,
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They have also obtained exptessions for the latter index for the € and NC
cases which take into account Gaussian crrors in the observed intensities and
those in atomic positions. The effect of a badly misplaced atom in an other-
wise correct complete model on the indices R (F), R(7) and B® has been
discussed by Wilson {16]. He has also considered the overall effect of different
types of errors such as errors in the intensity data. random errors in posi-
tional and thermal parameters, etc. Lensira [I7] has considered the effect
of a badly misplaced atom in an otherwise correct incomplete model on BR 0,
Theoreticat expressions for the index Z'(7y — /%2 1,°* (which can be
taken to be a modified form of the index B®R ™) for the Cand NC cases
have been derived by Luzzati {18] and these are valid for models of the
imperfectly related complete type. Srinivasan and Srikrishnan [19] bave
evaluated the indices R* (F) and R* (/) for a model which is of the unrelated
complete type. The curves of (R* (F))y, vs (| Ar ]y and (R* (Mg vs
{I Ar}]) for different specific values of 0,* have been obtained by Srikrishnan
and Srinivasan 4] and these are valid for the 2-dimensional case. They
have also later obtained the corresponding results for the 3-dimensional
case and the results are not accurate due to the inappropriate weighting
used in the calculation [20]. Recently, Parthasarathy and Parthasarathi
217 (see also [22]) have made a comparative study of the various normalised
R-indices under different crystallographic situations. In that paper they
have also obtained explicit expressions for a number of normalised R-
indices for which such results were not available in the literaturc. Their
results for the overall values of the R-indices are for the 3-dimensional
case and are applicable for indices calculated using the normalised variables
(ie., y or 2). -

Studies pertaining to crystals with pseudosymmetry heavy atoms or dissimilar
atoms

Owing to theoretical difficulties R-indices for such crystals have been
evaluated only for the R and UR cases. Doughlas and Woolfson [23]
have derived the maximum probable value of R (F) for a hypercentric
structure.  The maximum probable values of B? ) and BRD for structures
with different types of pseudosymimetry of the Rogers-Wilson types (see
[24] and [25]) have been worked out by Wilson [26] and Parthasarathi and
Parthasarathy [27].  Theoretical expressions for the index X (fy — Iy©)¥
2 Iy and the index B® @ for an NC crystal with a degree of centrosymmetry
have been derived by Luzzati [{8] and Swaminathan and Srinivasan [28]
respectively.  The values of R(3), Ry (y), R,* (F) and Ry* (I) (for the R
and UR cases) for triclinic crystals containing two heavy atoms in the unit
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cell when the heavy atom part constitutes the model are also available in the
fiterature (see¢ [29] and [30]). The expressions for BEW) and BR%™ for
iriclinic crystals with two or many heavy atoms when these atoms are taken
to constitute the model have been obtained for the R and UR cases by
Parthasarathy and Parthasarathi [15]. Wilson [26] has obtained expressions
for the largest likely values of the indices B? ¥ and B® O and his results are
valid cven for cases where the number of atoms in the unit cell are small
or differ in scattering power. He has also discussed the problem of scaling
with rcference to the index B® . Parthasaralthi and Parthasarathy ({311
and [32)) have obtained theoretical expressions for BF: @ and BR %@ for
triclinic, monoclinic and orthorhombic crysials containing one or two heavy
atoms in the asymmetric unit when the heavy atom part constitutes the
model. They have also carried out a comparative study of the normalised
and unnormalised Booth type indices under different crystallographic
situations |32},

Some recent studies

Of the various R-indices, the Booth type index based on intensity is
the easiest to manipulate theoretically [16] and hence theoretical expressions
for this index for different cases of more general scope have been recently
derived by different workers. Thus, Parthasarathy [33] has obtained general
theoretical cexpressions for B2 ) and B? ) applicable to any complex
crystals of the triclinic, monoclinic and orthorhombic systems when any
part of the structure’ constitutes the model. Wilson {34} has obtained
expresions for B2 for the SR case and used his results to deduce results
for other special cases. These are valid for crystals belonging to space
groups of higher symmetry. He has given expressions which account for
anomalous scattering. Lenstra [35] has discussed the effect of space group
symmetry elements and pseudosymmetry in structure on BE® using an
interesting approach based on the properties of the Patterson function.

Thus a variety of R-indices have been cvaluated in the literature for
different types of models and crystals and it becomes now essential to com-
pare the relative efficiency of the different R-indices under different crystallo-
graphic situations. The results of such a study on normalised R-indices
will be summarised in the next section.

5. COMPARATIVE STUDY OF THE VARIOUS NORMALISED R-INDICES

Evaluation of the overall indices (R)y

The theoretical expressions for the various normalised R-indices
obtained by different workers {2], [3], [21] and [22] for the general case
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of an imperfectly related incomplete model when both the crystal and
model satisfy the requirements of a Wilson distribution are summarised
in Table V. It is seen from this table that each normalised R-index is a
function of o4 and hence depend on the quantities o,* (| Ar]) and
H (= 2sin 6/}) implicitly. For a comparative study as well as for the
practical application it would be useful to obtain thec overall values of the
various R-indices by taking all the reflections as a single group. If H,,,
denotes the maximum magnitude of the reciprocal lattice vector for the
reflections included in the calculation of the R-index, then the overall value
of the R-index denoted by (R)y can be shown to bc [21]

Hyex

Ria= g f R arl), ) H dH. 10
0

Equation (10) is valid for the 3-dimensional case and that too for indices
calculated using the normalised variables (¥ or z as the case may be). The
value of (R)g for any given values of o®and (I Ar|) isto be obtained by
substituting the expression for the relevant R-index from Table V in (10)
and carrying out the resulting integration. For crystals containing similar
atoms ;% (= P/N) will be practically independent of (sin #/3) and hence
can be treated as a constant as far as the integration over H is concerned.
In all cases the integral in (10) (index B®% *) is an exception and for the
explicit expressions for (B™: @), for the C and NC cases see [21]) is to be
evaluated numerically for given values of ¢;* and (| Ar|). The variation
of {R)y as a function of o,2 for a given {| Ar [} or that of (R)g as a function
of (| Ar]) for a given o,* could therefore be obtained. Parthasarathy and
Parthasarathi [21] (see also {22]) have obtained such functional relationships
in the form of suitable curves and used them for carrying out the comparative
study of the various normalised R-indices under three different crystallographic
situations. The situations considered are (i) structure completion process,
(ii) refinement of an incomplete model and (iii) refinement of a complete
model.

Structure completion process.—During this process, since the atoms in
the model suffer random positional errors such that (| Ar|) ~ 0-1A4, the
relevant curves for the present situation are those of Ry vs oy for (| Ar])
=0-1A. These are shown in Fig. (1 a) for the C case and Fig. (1 b) for
the NC case. These figures show that (BR @), has a systematic and
practically linear fall with increasing value of o2 Further it has the
largest value for the slope for any given value of oy,  Thus of the various
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TaBLE V

Theoretical expressions for ithe various normalised R-indices as a function
of o4 for the case of an inperfectly reluted incomplete model when the crysial
and model satisfy the requirements of a Wilson distribution

ex  Centrosymmetric Case Non-Centrosymmetric Case
n Y Y

oy e, 3 =4 — 3 x¥) dx
Re(3) v2(-bog - w2 —oy) —~2 598 f ‘_L\S/vl-fxn(—l:cu' ;s))2 -

BR W) i [og - vy sinT? (0,)] =2 [E toyg) ~— (%Hv K (UA)]

Rt (3) 1 — ?{L"B loge (2ug) 1= 04 sint (o)

R/ (M

R, (z) LB op
BB @ ;f,,s‘-’- gt

o, I + e
R¥ () 205t - % log, 2| 0 = enlon, (L)

20y

Rr) o

Note—Here ofy (@, b; ¢; x)is the hypergeometric function with two numerator and one
denonmimator parameters. K (k) and E (k) are complete elliptic integrals of the first and second
kind respectively. Though R,* (F)= R;* (v), we have used the Tatter symbol for uniformity.
Similar statement holds good for other fractional 1ype indices.

normalised R-indices, the index B% %) scemns to be the best for use during the
structure completion process. Since (8% )y also shows a practically
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linear fall with increasing value of ;% B® ¥ may also be preferred next
only to B% ®. 1t is relevant to not here that R, () which is the normalised
form of the conventional R-index is inferior to the index B2 Y. Further,
the fractional type indices are seen to be least suiled for this situation. l

Refinement of an incomplete model—A model which accounts for 50%/
of the atoms of the true structure is a typical example of an incomplete model,
Hence Parthasarathy and Parthasarathi [21] obtained graphs of (R), vs
(| Ar]y for o,2=0-5 and these are shown in Fig. 2a for the C case and
Fig. 2b for the NC case. It is seen from these figures that for this situation
also the index B®: @ js the best. It is interesting to see that all the R-indices
become practically insenstitive in the region (| Arl) 0-05A showing

U T T 1 T T T T 1

_ {1any= 0104

nagl

0 0.2 0.4 0.6 08 1O
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Fig. 14

Fia. 1. Representation of the ovarall values of the various normalised R-indices as a function
of o when (| Ar() =0-1A. The curvesin (a) ate for the Ccase and those in (b) are for the
NC case. The numbers 1 to 8 against the various curves are used todenote the R-indies such

that
I>RO),  2>BR®, 35 R*0), 45 RS ()
5-» R (2), 6—> BRI, T R*() and 8- R/ (2.

thereby that refinement of an incomplete model to a high order could not
be judged by the use of R-indices. In this connection it is relevant to note
that the study on the probability distribution of the:phase angle error has
also shown that the refinement of an incomplete model would not be rapid
[36].

Refirement of a complete model—During this stage o,* ~ 1-0 and
{| Ar]) tends to zero. Thus the carves of {(R)y as a function of (| Ar|)
for 0,2 == 1-0 are the relevant ones for this situation and these are shown

LLSc~2
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i Fig. 3a for the C case and Fig. 36 for the NC case. From a study
of these figures and also from the calculation of the actual slopes of the
curves at different points of the (| Ar |)-axis the following conclusions have
been obtained [22]: {¢) In the final refinement stage (say (| Ar|) £ 0-05 A)
the fractional type indices based on intensity (particularly R (z)) are prefe-
rable to the others, () When (| Arl) lies in the interval 0-05 < (| Arl
< 0-13 A (this could be referred to as the initial stages of refinement), the
index R, (z) seems to be the best for the C case. However, for the NC case,

{3 roemgrne—y T T T T T T
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Fra. 2. Representation of the overall values of the various normalised R-indices as a
function of (] Ar |y for an imperfectly related incomplete model with o, =05, The curves in
(@) are for the C case and those in () ate for the NC case. The numbers 1 to 8 against the
various curves denote the various R-indices and for the details see the caption to Fig. {.

a choice between R, (z) and R (2) seems to be difficult to make from purely
theoretical considerations. Practical application in actual crystal structure
refinements is needed to arrive at a unique decision.

From the above discussions it becomes clear that of the various norma-
lised R-indices, the Booth type index B= ¢ is the best for use during the
structure completion stage. During this stage since o;® < 1, the normalised
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and unnormalised indices of a given type differ.

S. PARTHASARATHY

Thus it is useful to make

a comparative study of the relative efficiency of the normalised and unnorma-
lised Booth type indices B® ) and B®® during this stage in order to see
whether the normalisation concept is a useful ome. Such a comparative
study has been carried by Parthasarathi and Parthasarathy [32] cotres-
ponding to the following cases: (i) the case when the crystal and the model
satisfy the requirements of a Wilson distribution and (ii) the cases of
triclinic, monoclinic and orthorhombic crystals containing p (=1 or 2)
heavy atoms in the asymmetric unit, the heavy atom part being the model.
The results obtained for these cases will be summarised in section 6.
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Fia. 3. Representation of the overall values of the various sormatised R-indices asa function
of (| Ar |) for an imperfectly related complete model (i.e., 0% = 1). The curves in (&) are for the
C ease and those in (&) are for the NC case. The numbers 1 to 8 against the various curves
2ortespond to the different R-indices (for details see caption to Fig. 1.

6. COMPARATIVE STUDY ON THE RELATIVE EFRICIENCY
OF THE INDICES B2 ) aND B® @
The case when the crystal and model sqtisfy the requirements of a Wilson
distribution
Structure Completion process—The variation of BR® and B for
the R and UR cases arg shown in Fig. 4a for the € case and Fig. 4
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for the NC case. It is seen that the distruction between the R and UR
cases is more marked for the normalised index than for the unnormalised
index. Hence B2 is preferable to B2 % for this situation.

Reﬁnement of an incomplete model—The curves of (BP ), and
(B® @Y, as a function of {| Ar[) for three different values of 0,2, namely,
0,2= 03, 0-5 and 0-7 are shown in Fig. 5a for the C case and Fig. 55
for the NC case. These figures clearly show that the normalised index is
preferable to the unnormalised index for this situation as well,
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Fia. 4. Graphical representation of the unnormalised and normalised Booth type indices
based on normalised intensity as a function of ¢y* for the related and unrelated cases. The curves
in (@) are for the C case and those in (b) are for the NC case. Note that the curves for the
normalised and unnormalised indices corresponding to the related case have coincided.

The cases of triclinic, monoclinic and orthorhombic crystals containing
p (=1 or 2) heavy atoms in the asymmelric unit, the heavy-atom part

being the model
Parthasarathi and Parthasarathy ({31] and [32])) have obtained the

theoretical expressions for the indices B% @ and B%* for the present
situation under the following assumptions: (a) The structure factor F, dug
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to the unknown atoras follow the acentric or centric Wilson distribution
according as the crystal is NC or C. (b) All atoms in the asymmetric unit
occur at general positions, (c) All the heavy atoms in the asymmetric
unit are of the same type. The theoretical expressions have been derived
for the R and UR cases and these are found to be functions of the fractional
heavy-atom contribution o,® (note that o2 = 1 — 0;%. Further it has been
found that the thsoretical values of these indices for the R and UR cases for
crystals belonging to all but two of the 74 space groups of the triclinic,
monoclinic and orthorhombic systems (Fdd2 and Fddd are the exceptions)
could be obtained from only 7 categories of expressions. The theoretical
values of BR @ and BR?® as a function of 0,2 for the R and UR cases
corresponding to the 7 categories of space groups are given in Table VIg
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F16. 5. Representation of the overall values of the normalised and unnormalised Booth
type indices based on normalised intensity as a function of {| Ar [) foran imperfoctly related
incomplete model corresponding to three different values of o,2, namely, 0-3, 0-5 and 0-7. The
curves in (a) are for the C case and those in () are for the NC case.

for the case of crystals with one heavy atom in the asymmetric wnit and in
Table VIb for crystals with two heavy atoms in the asymmetric unit,
In this table the numbers 1 to 7 in the first column correspond to the
numbers in column 1 of Table I of Foster and Hargreaves [37] and these
numbers are referred to as space group category number for convenience.
From a knowledge of the space group of the crystal, the category number
of the space group could be readily determined (for details see Foster and
I;Iargreaves [37). The space groups correspodning to categories 1, 3, 3
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Tapre VII

General theoretical expressions for Bf: % for the related and unrelated
types of models for complex crystals of the triclinic, monoclinic and
orthorhombic systems when all atoms in the asymmetric unit
are at general positions

Space group

category Related Case Unrelated Case
number
1 (2t1 + tﬁ)/ts (2 - ’5)/t9
2 (82, + 31)/(31y) (8 — 315)/(314}
3 (41, + to)/tro @ — 1)/t
4 (161, + 314)/(31,0) (16 — 31)/(31,0)
5 (88, + ta)tn (8 — 1)ty
6 (81, — tal/t1a (8 + o)/t
7 (328, — 3t9)/(3t12) (32 + 315)/(31,3)
Note—~
‘ fh=1—0ap, ho=1— o+ o,
13 =3 —20,% ~ oy}, tfa=3— 20+ 304,
5, =Cp+ C,y, te= Q20— 1)C, ~ C,,
B =0 Cy — C h=a*C,+ C,,
fp=2~—C, to =4 — C,,
hy=8-~C, fe = 84+ C,

and 6 are NC and those corresponding to the categories 2, 4 and 7 are C.
A study of Table VI shows that the normalised index is preferable to the
unnormalised index in testing for the correctness of the heavy atom posi-
tions. This has been found to be so in the case of a number of actual crystals
containing one heavy atom per asymmetric unit [32]. This greater efficiency
of the normalised R-index might be due to the fact that it could be interpreted
to correspond to the R-value of a point atom structure in the case of crystals
with similar atoms and to a structure with atoms in which the elgctron density
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is more concentrated (i.e., an approximation towards the point atom situation)
in other cases [32]. It is also interesting to see that for a given value of o2
the R-indices become more efficient for space groups of higher category
pumber. Thus it is clear that for obtaining better results, it is necessary
to take into account the space group symmetry of the crystal in the evalua-
tion of the R-indices.

7. GENERAL THEORETICAL EXPRESSIONS FOR .BR )

Since the normalised Booth type index based on intensity has been
found to be the best one for use during the structure completion stage, it
would be quite useful to obtain general theoretical expressions for this index
that could be used to lest the correctness of any type of incomplete model
of complex structures containing any number and species of atoms in the
unit cell.  Such expressions for the R and UR cases have been derived recently
by Pathasarathy [33] for crystals belonging to the triclinic, monoclinic and
orthorhombic systems (Fdd2 and Fddd are exceptions). The relevant
expressions for BP: ) applicable to crystals containing all atoms in general
positions are given in Table VII for the 7 categories of triclinic, mono-
clinic and orthorhombic space groups. Itis seen that these expressions depend
on three quantities, namely, ;% Cyp and Cyp, which are defined below.

0,2 = Sp(2)/Sn (2) (11)

Cj=S; D/IS; (D, j=n or p 12
where

S5 (m) = n‘-‘é fik™,  j=n or p a3

Obviously Sj (m) is the sum of the mth powers of the atomic scattering
factors of the atoms in the group j (j = n or p) of the asymmetric unit. Also
n denotes the total number of atoms in the asymmetric unit while p denotes
the number of known atoms of the asymmetric unit. Thus the theoretical
values of B® @ for the R and UR cases could be calculated from the rele-
vant expressions of Table VI from a knowledge of the contents of the
asymmetric unit of the crystal and the model. Methods of obtaining the
theoretical values of this index for crystals and models with atoms in both
general and special positions are also discussed by Pathasarathy [33] and
for details the original paper may be referred. Theoretical expression for
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this index when the intensity data suffer random errors of the Gaussian
type with parameters (0, o) has been shown to be [33]

BA G0 = [BR @ o 2 I/ A oe™f(T%)] (14)

In (14), B2 ® represents the index obtained with accurate intensity data
(e, the | Fy|==| Fy | case) and B% %) denotes the index calculated using
normalised intensity data derived from the observed intensities.

8. OTHER APPLICATIONS OF R-INDICES

In crystal structure analysis, though R-indices are mostly used for
indicating the correctness of irial structures in the structure completion
stage and the extent of refinement during the refinement stage, other uses
also been discussed by different workers. Thus Bhuiya and Stanley [38]
(see also [10]) have suggested a minimur residual method for refining crystal
structures and this method has been found to be successful even for cases
where the conventional least squares method of refinement fails. Hamil-
ton [39] has developed significance test based oun the R-factor ratio and these
tests allow one to decide whether the addition of parameters or the imposi-
tion of fixed relationships between parameters results in a significant improve-
ment or a significant worsening of the agreement between the observed and
calculated structure factor magnpitudes. These tests are also useful for
determining the absolute configuration of a non-centrosymmetric structure
(see also Ibers and Hamilton [40]) without the necessity of measuring intensi-
ties for (Ak1) and (Ak]) pairs. For details the original papers may be referred.

9. CONCLUSIONS

The various types of R-indices behave differently under different
crystallographic situations. The index based on intensity is in general
preferable to the corresponding index based on structure factor magnitude.
During the structure completion stage the normalised index B2 @ is the
best. During the initial refinement stage either R, (z) or R, () could be
used in preference to the others. The fractional type indices based on inten~
sity, particularly Ry (z), are to be preferred during the final stages of refine-
ment. The normalised index is more powerful than the unnormalised
index during the structure completion stage.
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