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Abstract

The Wiener index of a grap@ is defined to be} zuvw(e)d(u, v), whered(u, v) is the distance between the ver-

ticesu andv in G. In this paper, we obtain an explicit expression for the Wiener index of an odd graph.
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1. Introduction

Let G = (V, E) be a simple connected undirected graph Wit{G)| =n and E(G)| =m.
Given two distinct vertices, v of G, letd(u, v) denote the distance (= the number of edges
on a shortest path betwearandv) betweeru andv. The Wiener indeX\(G) of the graph

G is defined by

W©=2 Y duo)

u,o(V(G)
where the summation extends over all possible pairs of distinct veutened v in V(G).

Given the structure of an organic compound, the corresponding (molecular) graph is ob-
tained by replacing the atoms by vertices and covalent bonds by edges (double and triple
bonds also correspond to single edges unless specified otherwise). The Wiener index is one
of the oldest molecular-graph-based structure-descriptors, first proposed by the chemist
Harold Wiener [1] as an aid to determining the boiling point of paraffins. The study of
Wiener index is one of the current areas of research in mathematical chemistry (see, for ex-
ample, [2] and [3]). It is now recognised that there are good correlations between Wiener
index (of molecular graphs) and the physico-chemical properties of the underlying organic
compounds. For more details on the computation of Wiener index and its application to
chemistry, see [4]. Tweoecent surveys on the topic d6 and [6]. Our notation and termi-
nology are as in [7].

*Author for correspondence.
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In this note, we present a simple proof (basechathematical induction) for an expres-
sion for the Wiener index of odd graphs. It is known that odd graphs have interesting com-
binatorial properties (see e.g. [8]). First, we recall the definition of an odd graph. For a
positive integek > 2, letX be any set of cardinalityk2- 1 anadv, the collection of allK — 1)-
subsets oK. The odd graplo, hasV as its vertex set, and two verticespfare adjacent if
and only if the corresponding ¢ 1)-subsets are disjoint. It is well known tiatis the Pe-
tersen graph. Apart from possessing interesting combinatorial properties, odd graphs have
found applications in the design of interconnection networks for high-performance parallel
computing systems (see [9]).

2. Wiener index of O

It is clear that ifA andB are distinct vertices a®,, then AN B| =i for somei O {0,
1,..,k=-2}

Lemma 1:

Let k= 2. Fix Ag O V(Oy). Then for anyA 00 V(Oy), the distance (A, A) =i in Oy iff

2 if iis odd,
Ao Al =

1IN )

2
-(52) if iiseven

Hence dianfO,) =k — 1.

Proof. If k = 2,0 = C3, and the result is true. So assume #hat3. We prove the result by
induction ond(Ao, A). Now, d(Ag, A) = 0 iff A = Ay, andd(Ao, A) = 1iff AN Aq = @ Hence
the result is true for= 0 andi = 1.

Now consider the case whd(®,, A) = 2. Then there exists; [0V (Oy) such thatd,AA
is a path of length 2 i@,. This means tha, N A; = ¢= A; N A. Hence’d, U A C X\A,, and
sok—1=PAg| < Ao UA| < X\AY| = (X — 1) — k—1) =k. Consequentlys — 1< |Aq U Al < k.
ButAg = Aand soAy U Al = k—1. ThusAg U Al =kand Ay N A = Po] + A —PoUA| =
(k—1)+ k—1) -k=k—= 2. Thusd(A,, A) = 2 implies that

[Ao M A =k = 2. (1)
Conversely, assume thafg|n Al=k—-2. SetY=A;NA. Then A;=YU {yo}, and
A=Y U {y} for sameyy, y in X\Y, yo= y. LetB =X\(YU {yo, y}). ThenB OV (O) and

ANB =@= AN B. HenceA,BA is a path of length 2 ifD,, andd(A, A)< 2. But
Ay N A= @and sdA is nonadjacent tdy in O. Thusd(Ag, A) = 2. Therefore

d(A, A) =2 iff AN Al =k—2. )
So assume that(A,, A) =i > 2 and that the result is truedA,, A) <i — 1.
Case 1:i odd

There exist vertice8y, Ay, ..., Ai_1 of Oy such thatdA; . Ai_; Ais a path of lengthin Oy.
As d(Ay, Ai_1) =d(A;, A) =i — 1, by our induction assumption (as 1 is even)
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1
o Al = AN Al = k—% 3)

SinceA; N Ag = @ we have by (3)

|AomA|svx|—AmAl|:<k—1>—% %@ = (@)
Moreover, agl(Aq, A) =i, we haved(Ao, A) ¢ {1, 3, ... ,i — 2}

we get, fo N Al = L.

Conversely, assume thatAo|n Al =5t Set Y=A;NA, and s=k- 2t Let
Ao=YU/{ay, ... ,as,andA=Y U {by, ... , b}, where {a,, ... ,a} n{by, ... S}— @ Fur-
ther assume that = X\(A, U A). Now choose £, z} O Z, (sincei > 2, f| = 2) andy O Y
and set

(by induction assumption),

B=2{z, z} U{a, ... ,a Yy}
Then

Bl = -1+s =%—1+@<_Eﬁ_k 1.

ThusB O V(Oy), andPo N B| =s+ 1 =k — =22 and AN B| = 1. Now as is odd,i — 3 is
even, and by the induction hypothegié4,, B) =i — 3. We can také = {y, X4, ..., Xk_2},

andB = {y, y1, ..., Yie2} (Where nox; is equal to any;). Let X\(A U B) = {v, w}. If we take
A ={v, Y1, ..., Yz}, and A; = {w, Xy, ..., X2}, then AAAB is a path of length 3 i©,.

Henced(A, B) < 3, and therefora(Aq, A) < d(Ag, B) + d(A, B) < (i — 3) + 3 =i. By induc-
tion hypothesis, this implies thd{Aq, A) =1.

Case 2:i even

Letd(Ao, A) =i. Then there exist verticds, ..., Ai_; of O, such that\,A; ... A_;Ais a path
of lengthi in O,. Asi is even, by induction assumptioAg N A =k — & andAo NA4 =
2. Therefore Ao N Aol + Po N ALy = (k=D +52 =k=1= A ThIS means, since

A_iNA_L=g@gthatAy= (A NA _) U (AN A o). Again, asA N A _1 = ¢ we have

ANA=AN[(ANA_) U A NA_Y]

=SANANA_CANA 2 ()

Now, AN A = Ao N A _,. Otherwise, by induction hypothesis, @\, A _2) =i — 2),
|Ao N A o] =k — 5 =|A; N Al and hencé(A,, A) =i — 2, a contradiction. Thus

|A0mA|sk—%. (6)

Again sinced(Ai _» A) =2, ANA _J =k -
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Table |

Distanced(Ao, A) and corresponding fo N A|

d(A,A) O 1 2 3 4 5 ..k-1
Ao nAl k-1 0 k-2 1 k-3 2 ... B8

Hence there exist 0 A andy [0 A, _, such that

ANA -2=A{x} = A Ny}t (7)
Now, from (7),A _ My} C A (AcN A _2\{y} < A;nN A, and hence
0O+20

NA N 1 k———l k — 8

Ao NAIZ AN A — 02 b (8)

From (6) and (8), it follows that d(Aq, A) =i, (i even), thenAo N Al =k — £2,

2

Conversely, assume that
i+2

|AoﬂA|=k—T. (9)
LetY=AgN A, andAs = YU {ay, ... ,a, andA =Y U {B4, ... ,B}, wheres=i/2.
LetZy=YU{ay, Ba ... B ThenZ, OV (O, Ao N Zo| =k — L, and AN Zy| =
By assumption, these imply that
Henced(Ao, A) <i. But by (9) and by induction assumption, we hd@,, A) =i. Thus
d(Ao, A) =i. n

Table | which has been constructed using Lemma 1 gives the possible vald@fe)
for a fixed vertexf, of O and the corresponding numbefg f A|.
Remark 1:

Table | shows that the diameter of the odd gr@pts k — 1. Indeed, i%/(Oy) = {vq, ... , V22},
one diametral path is given ByA; ... A1, where

A ={y: L <j<+ +k-2 ifiiseven, and
k+ 5 <j<2k+ L -2 ifiis odd, ( taken modulo R— 1)}.
Remark 2:

Fix Ao O V(Oy). Let 0<j < k — 2. Then the number of verticBof O, such thatd, N B| =]j
is equal to

SRR R
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Remark 3:

From Table I, it is clear that ifAy N Al =j < 20 then d(A,, A) = (g + 1), and if
|Ao M Al =j = K2 O+ 1, thend(Ao, A) = 2k — 1 —j).

These remarks enable us to compute the Wiener ind&)W{ the odd grapl®,.

Theorem 1:

1 K —10EE (9 4 1 K- 15 k—z 2k-1- j k Ok~ ﬁD
w=3f B G, 5

Proof. By Remarks (2) and (3), the sum of the distances from a fixed vastexall the
vertices ofQ, is

B2 k-10  « _ iy k-1
Y g, Bt e H, B )

As the expression in (10) is independent of the vefigxve get

W(Q) -—Egk_lléD [ ]

D=

Remark 4:
Takingk = 3 and 4, we get V@; = Petersen graph) = 75, aiO,) = 1435.
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