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Abstract 
 
Let g: B → 1 be a holomorphic map of the unit ball in n. We study the following operators  
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The boundedness and compactness of Tg and Lg from Dirichlet type spaces to Bloch type spaces on the unit ball of 
n are discussed in this paper. We also estimate the norm of Tg and Lg. 
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1. Introduction 

Let B = {z ∈ n : |z| < 1} be the open unit ball of n. dν denotes the normalized Lebesgue 
measure of B, i.e. v(B) = 1. We denote the class of all holomorphic functions on B by H(B) 
and the class of all bounded holomorphic functions on B by H∞. Let ℜf(z) = 1 ( )

i

fn
j j zz z∂
= ∂∑  

stand for the radial derivative of f ∈ H(B) (see [1]). It is easy to see that, if f ∈ H(B), 
f(z) = ∑αaαzα, then 

( ) | | ,f z a zαα
α

αℜ =∑  

where α = (α1,…, αn), |α| = α1 + … + αn. 

 The Bloch-type space Bq(B) = Bq, q > 0, is the space of all f ∈ H(B) such that (see [2]) 
2( ) sup(1 | | ) | ( ) | .q

q
z B

b f z f z
∈

= − ℜ < ∞  

The little Bloch-type space Bq
0 = Bq

0(B) consists of all f ∈ H(B) such that lim|z|→1(1 – |z|2)q  
|ℜf(z)| = 0. On Bq the norm is introduced by || f ||Bq = | f (0)| + bq( f ). With this norm Bq is a 
Banach space and Bq

0 is a closed subspace of Bq. 

 Let p ∈ R and f ∈ H(B) with Taylor expansion f(z) = ∑|α| ≥ 0bαzα. Recall that the Dirichlet-
type spaces Dp consists of all holomorphic functions such that 
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It is clear that Dp is a Hilbert space with the inner product 〈 f, g〉 defined by 

| | 0
, ( | |) ,pf g n a bα

α α
α

α ω
≥

〈 〉 = +∑  

where f(z) = ∑|α| ≥ 0aαzα, g(z) = ∑|α| ≥ 0bαzα. The spaces D0 and D–1 are just the Hardy space 
H2 and the Bergman space A2, respectively. Dn is the Dirichlet space. The Dirichlet-type 
space Dp has been characterized by many authors (see [3–6]). 

 Let g: B → C1 be a holomorphic map. For f ∈ H(B), the operator Tg is defined by 

  
1 1

0 0

d ( ) d( ) ( ) ( ) ( ) , ,g
g tz tT f z f tz f tz g tz z B
dt t

= = ℜ ∈∫ ∫  (1) 

The operator Tg was called the Riemann–Stieltjes operator (see [7]) or extended Cesàro op-
erator (see [8]), which has been studied by many authors (see, for example [7–12]). 

 Similarly, we define another operator Lg as following: 

 
1

0

d( ) ( ) ( ) , .g
tL f z f tz g tz z B

t
= ℜ ∈∫  (2) 

In this paper, we study the boundedness and compactness of Tg and Lg from the Dirichlet-
type space into the Bloch-type space on the unit ball of Cn. 

 Constants are denoted by C in this paper, they are positive and may differ from one oc-
currence to the other. a ] b means that there is a positive constant C such that a [ Cb. 
Moreover, if both a ] b and b ] a hold, then one says that a  b. 
 
2.  Main result and proof 

In this section, we give our main results and proofs. To this end, we need some auxiliary re-
sults which are incorporated in the following lemmas. 

Lemma 1. For every f, g ∈ H(B) it holds 

ℜ[Tg( f )](z) = f (z)ℜg(z), ℜ[Lg( f )](z) = ℜf (z)g(z). 

Proof. The first equality was proved in [8]. The proof of the second equality is similar, so 
we omit the details. 

 The following two lemmas can be found in [13]. 
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Lemma 2. Let w ∈ B, |w| > 1/2, 

 
| | 1/ 2

| |
| | 0

| |( ) .
!wf z w z
e

α
α α

α
α

α
α

−

>
= ∑  (3) 

Then (a) 

 || fw||Dp  

2

2

2

1/ 21
1 | |

(1 | | : ;

(log ) : ;

(1) : .

p n

w

w p n

p n

O p n

−−

−

⎧ − >⎪
⎪ =⎨
⎪
⎪ <⎩

 

(b) 
 fw(w)  log(1 – |w|2)–1 and (ℜfw)(w)  (1 – |w|2)–1. (4) 

Lemma 3. Let f ∈ Dp, ½ < |z| < 1, i = 0, 1. Then 

 |ℜ(i)f(z)| ≤ 

2 ( 2 ) / 2

2 1 1/ 2

|| || (1 | | ) : 2 ;

|| || {log(1 | | ) } : 2 ;

|| || : 2 .

p

p

p

n p i
D

D

D

C f z p n i

C f z p n i

C f p n i

− − +

−

⎧ − < +
⎪
⎪ − = +⎨
⎪

> +⎪⎩

 

Lemma 4. Let g: B → C be a holomorphic map. Then Tg(Lg): Dp → Bq is compact if and 
only if Tg(Lg): Dp → Bq is bounded and for any bounded sequence ( fk)k ∈ N in Dp which con-
verges to zero uniformly on compact subsets of B, we have ||Tgfk||Bq (||Lgfk||Bq) → 0, as k → ∞. 

Proof. We only prove the first case. Assume that Tg is compact and ( fk)k ∈ N is a sequence in 
Dp with supk ∈ N || fk||Dp < ∞ and fk → 0 uniformly on compact subsets of B, as k → ∞. By the 
compactness of Tg we have that Tg( fk) has a subsequence Tg( fkm) which converges in Bq, 
say, to f. Hence we have that for any compact K ⊂ B, there is a positive constant CK inde-
pendent of f such that 

  |Tg( fkm)(z) – f(z)| ≤ CK||Tg( fkm) – f||Bq, for all z ∈ K. 

This implies that Tg( fkm)(z) – f(z) → 0 uniformly on compact subsets of B: Since fkm
 → 0 on 

compacts, by the definition of Tg, it is easy to see that for each z ∈ B, limm → ∞ Tg(fkm)(z) = 0. 
Hence the limit function f is equal to 0. Since this is true for arbitrary subsequence of ( fk), 
we see that Tg( fk) → 0 in Bq, as k → ∞. 

 Conversely, let (hk)k ∈ N be any sequence in the ball KM = BDp(0, M) of the space Dp. Since 
||hk||Dp ≤ M < ∞, by Lemma 3 (hk)k ∈ N is uniformly bounded on compact subsets of B and 
hence normal by Montel’s theorem. Hence we may extract a subsequence (hkj)j ∈ N  
which converges uniformly on compact subsets of B to some h ∈ H(B). It follows that 

k j

l l

h h
z z

∂ ∂
∂ ∂→  uniformly on compacts, for each l ∈ {1,…, n}, it follows that ( ) ( )k j

l l

h h
z zz z

∂ ∂
∂ ∂→  

for each z ∈ B and each l ∈ {1,…, n}. Choosing a positive integer k such that p < 2k, from 
Lemma 4 of [3], we know that f ∈ Dp if and only if 
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 ( ) 2 2 2 1| ( ) | (1 | | ) d ( ) .k k p

B

f z z v z− −ℜ − < ∞∫  

Now, apply the Fatou lemma, and obtain that 

 ( ) 2 2 1 ( ) 2 2 1liminf | ( ) | (1 | | ) d ( ) liminf | ( ) | (1 | | ) d ( ),
j j

k p k p k p k p
k kj j

B B

h z z v z h z z v z− − − −

→∞ →∞
ℜ − ≤ ℜ −∫ ∫  

that is 

 
( ) 2 2 1 ( ) 2 2 1| ( ) | (1 | | ) d ( ) liminf | ( ) | (1 | | ) d ( )

liminf || || .

j

j p

k p k p k p k p
kj

B B
p p

k Dj

h z z v z h z z v z

h M

− − − −

→∞

→∞

ℜ − ≤ ℜ −

≤ ≤

∫ ∫
 

From the above statements and Lemma 4 of [3], we see that h ∈ Dp and ||h||Dp ≤ M. Hence 
the sequence (hkj – h)j ∈ N is such that ||hkj – h||Dp ≤ 2M < ∞, and converges to 0 on compact 
subsets of B. By the hypothesis we have that Tg(hkj) → Tg(h) in Bq. Thus the set Tg(KM) is 
relatively compact, finishing the proof. 

 Now, we are in a position to formulate and prove the main results of this paper. 

Theorem 1. Let g: B → C be a holomorphic map and q ≥ 1. Then Tg: Dn → Bq is bounded if 
and only if 

 
1/ 2

2
2

1sup(1 | | ) log | ( ) | .
1 | |

q

z B
I z g z

z∈

⎛ ⎞
= − ℜ < ∞⎜ ⎟

−⎝ ⎠
 (5) 

Moreover, the following relationship holds. 

 ||Tg||  
1/ 2

2
2

1sup(1 | | ) log | ( ) | .
1 | |

q

z B
z g z

z∈

⎛ ⎞
− ℜ⎜ ⎟

−⎝ ⎠
 (6) 

Proof. Assume (5). Let f ∈ Dn. Note that Tgf(0) = 0, by Lemma 3 we have 
2 2|| || sup(1 | | ) | ( ( ) | sup(1 | | ) | ( ) || ( ) |q

q q
g g

z B z B
T f z T f z z f z g z

∈ ∈
= − ℜ = − ℜB  

  
1/ 2

2
2

1|| || sup(1 | | ) log | ( ) | .
1 | |p

q
D

z B
C f z g z

z∈

⎛ ⎞
≤ − ℜ⎜ ⎟

−⎝ ⎠
 (7) 

Therefore (5) implies that Tg is a bounded operator from Dn to Bq. 

 Conversely, suppose Tg is bounded from Dn to Bq. For w ∈ B, |w| > 1/2, set 

 1( ) log .
1 ,wf z

z w
=

− 〈 〉
 (8) 
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After some computations, we see that fw ∈ Dn and 2
2 1

1 | |
|| || log .

nw D w
f C

−
≤  

 Hence, 

 
1/ 2

2
2

1(1 | | ) | ( ) ( ) | || || || || || || || || log .
1 | |

q
n

q
w g w g w D gz f z g z T f T f C T

w
⎛ ⎞

− ℜ ≤ ≤ ≤ ⎜ ⎟
−⎝ ⎠

B  

Put z = w, we have 

 
1/ 2

2
2

1(1 | | ) | ( ) || ( ) | || || log ,
1 | |

q
w gw f w g w C T

w
⎛ ⎞

− ℜ ≤ ⎜ ⎟
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i.e. we get 

 
1/ 2

2
2

| | 1/ 2

1sup (1 | | ) log | ( ) | || || .
1 | |

q
g

w
w g w C T

w>

⎛ ⎞
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−⎝ ⎠
 (9) 

By the Maximum modulus principle there is a positive constant C independent of g ∈ H(B) 
such that 

 
1/ 2 1/ 2

2 2
2 2

| | 1/ 2 | | 1/ 2

1 1sup (1 | | ) log | ( ) | sup (1 | | ) log | ( ) |,
1 | | 1 | |

q q

w w
w g w C w g w

w w≤ >

⎛ ⎞ ⎛ ⎞
− ℜ ≤ − ℜ⎜ ⎟ ⎜ ⎟

− −⎝ ⎠ ⎝ ⎠
 

  (10) 

from which the result follows. From (8), (9) and the above statements, (6) follows.  

Theorem 2. Let g: B → C be a holomorphic map and q ≥ 1. Then Lg: Dn → Bq is bounded if 
and only if 

 2 1sup(1 | | ) | ( ) | .q

z B
z g z−

∈
− < ∞  (11) 

Moreover, the following relationship holds: 

 ||Lg||  2 1sup(1 | | ) | ( ) | .q

z B
z g z−

∈
−  (12) 

Proof. Suppose that (11) holds. Noticing that Lg f (0) = 0, by Lemma 3, we get 

 2 2 1|| || sup(1 | | ) | ( )( ) | || || sup(1 | | ) | ( ) | .q
p

q q
g g D

z B z B
L f z L f z C f z g z−

∈ ∈
= − ℜ ≤ −B  (13) 

From this, (11) implies that Lg: Dn → Bq is bounded. 

 Conversely, suppose that Lg: Dn → Bq is bounded. Let β(z, w) denote the Bergman metric 
between two points z and w in B. It is well known that 

 
1 | ( ) |1( , ) log .

2 1 | ( ) |
z

z

w
z w

w
ϕ

β
ϕ

+
=

−
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Here ϕz(w) is the automorphisms of B that interchanges 0 and z (see [2]). For a ∈ B and 
r > 0 the set 

 ( , ) { : ( , ) },D a r z B a z r a Bβ= ∈ < ∈  

is a Bergman metric ball at a with radius r. It is well known that (see [2]) 

 
2 1

2( 1) 2 1 2 1
(1 | | ) 1 1 1

| ( , ) ||1 , | (1 | | ) (1 | | )

n

n n n
a

D a ra z z a

+

+ + +

−
− 〈 〉 − −

 (14) 

when z ∈ D(a, r). For w ∈ B, |w| > 1/2, let fw(z) be defined by (8). By the subharmonicity of 
|ℜfw|2 and |ℜfw(w)| = |w|2/(1 – |w|2), we get 

 2 2 2 2 2 2
2 1

( , )

(1 | | ) | ( ) | | ( ) ( ) | | ( ) | | ( ) | d ( )
(1 | | )w wn

D w r

Cw g w f w g w f z g z v z
w

−
+

− ℜ ≤ ℜ
− ∫  

 2 2 2 2
2 1 2 2

( , )

1| ( ) | | ( ) | (1 | | ) d ( )
(1 | | ) (1 | | )

q
wn q

D w r

C f z g z z v z
w z+

≤ ℜ −
− −∫  

 2 2 2 2 2
2 2 1 2 2

( , )( , )

d ( ) sup (1 | | ) | ( ) | | ( ) | || || ,
(1 | | ) (1 | | )

q
q

w g wq n q
z D w rD w r

v z CC z f z g z L f
z w+ +

∈
≤ − ℜ ≤

− −∫ B  

i.e. 
 2 2 2 2 2(1 | | ) | ( ) | || || .q

q
g ww g w C L f−− ≤ B  

Hence 

 2 1

| | 1/ 2
sup (1 | | ) | ( ) | || || .q

q
g w

w
w g w C L f−

>
− ≤ B  (15) 

By the Maximum modulus principle we get the desired result. From (13) and (15), (12) fol-
lows.  

Theorem 3. Let g: B → C be a holomorphic map and q ≥ 1. Then Tg: Dn → Bq is compact if 
and only if 

 
1/ 2

2
2| | 1

1lim(1 | | ) log | ( ) | 0.
1 | |

q
z

z g z
z→

⎛ ⎞
− ℜ =⎜ ⎟

−⎝ ⎠
 (16) 

Proof. First we assume that (16) holds. Let {fk} be a sequence in Dn with supk ∈N || fk||Dn ≤ K 
and fk → 0 uniformly on compact subsets of B, as k → ∞. By the assumption, for any ε > 0, 
there is a constant δ, 0 < δ < 1, such that 

 
1/ 2

2
2

1(1 | | ) log | ( ) | / 2
1 | |

qz g z
z

ε
⎛ ⎞

− ℜ <⎜ ⎟
−⎝ ⎠
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whenever δ < |z| < 1. Let E = {z ∈ B: |z| ≤ δ}. Note that E is a compact subsect of B and us-
ing Lemma 3, we have 

 

2

2 2

\
1/ 2

2

|| || sup(1 | | ) | ( )( ) |

sup(1 | | ) | ( ) ( ) | sup (1 | | ) | ( ) ( ) |

1log sup | ( ) | / 2,
1

q
q

g g
z B

q q
k k

z E z B E

k
z E

T f z T f z

z g z f z z g z f z

M f z CKε
δ

∈

∈ ∈
−

∈

= − ℜ

= − ℜ + − ℜ

⎛ ⎞≤ +⎜ ⎟−⎝ ⎠

B

 

where 

 
1/ 2

2
2

1sup(1 | | ) log | ( ) | .
1 | |

q

z B
M z g z

z∈

⎛ ⎞
= − ℜ⎜ ⎟

−⎝ ⎠
 

By the assumption we obtain lim supk →∞ ||Tg fk||Bq ≤ CKε/2. Since ε is an arbitrary positive 
number we have that limk →∞ ||Tg fk||Bq = 0. By Lemma 4 we know that Tg: Dn → Bq is com-
pact. 

 Conversely, suppose Tg: Dn → Bq is compact. Let {zk} be a sequence in B such that 
|zk| → 1 as k → ∞. Take 

 
12

2
1 1( ) log log , N.

1 , 1 | |k
k k

f z k
z z z

−
⎛ ⎞⎛ ⎞

= ∈⎜ ⎟⎜ ⎟ ⎜ ⎟− 〈 〉 −⎝ ⎠ ⎝ ⎠
 (17) 

Then fk ∈ Dn and fk converges to 0 uniformly on compact subsets of B. Since Tg is compact, 
we have 

 || || 0 as .qg kT f k→ →∞B  

Thus 

 2 2
2

1(1 | | ) log | ( ) | sup(1 | | ) | ( )( ) | || || 0,
1 | |

q
q q

k k g k g k
z Bk

z g z z T f z T f
z ∈

− ℜ ≤ − ℜ = →
− B  

as k → ∞. From which we get the desired result.  

Theorem 4. Let g: B → C be a holomorphic map and q ≥ 1. Then Lg: Dn → Bq is compact if 
and only if 

 2 1
| | 1
lim(1 | | ) | ( ) | 0.q
z

z g z−

→
− =  (18) 

Proof. Assume (18). Let {fk} be a sequence in Dn with supk ∈ N || fk||Dn ≤ K and fk → 0 uni-
formly on compact subsets of B, as k → ∞. By the assumption, for any ε > 0, there is a con-
stant δ, 0 < δ < 1, such that δ < |z| < 1 implies 

 2 1(1 | | ) | ( ) | / 2qz g z ε−− <  

whenever δ < |z| < 1. Using Lemma 3, we have 
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2 2

\
2

|| || sup(1 | | ) | ( )( ) |

sup(1 | | ) | ( ) ( ) | sup (1 | | ) | ( ) ( ) |

sup |1 | | | ( ) | / 2,

q
q

g k g k
z B

q q
k k

z E z B E

k
z E

L f z L f z

z g z f z z g z f z

N z f z CKε

∈

∈ ∈

∈

= − ℜ

= − ℜ + − ℜ

≤ − ℜ +

B

 

where N = supz ∈ B (1 – |z|2)q–1|g(z)|. By the Cauchy’s estimate the condition fk → 0 as k → ∞ 
uniformly on compact subsets of B implies that ℜfk → 0 as k → ∞ uniformly on compact 
subsets of B. Hence, we have ||Lgfk ||Bq → 0 as k → ∞. Therefore, Lg: Dn → Bq is compact by 
Lemma 4. 

 Conversely, suppose that Lg: Dn → Bα is compact. Let {zk} be a sequence in B such that 
|zk| → 1 as k → ∞. Let fk(k ∈ N) be defined by (17). Then fk ∈ Dn and fn converges to 0 uni-
formly on compact subsets of B. Since Lg is compact, we have 

 2 1 2(1 | | ) | ( ) | sup(1 | | ) | ( )( ) | || || 0q
q q

k k g k g k
z B

z g z z L f z L f−

∈
− − ℜ = →] B  

as k → ∞. From which we get the desired result.  

Theorem 5. Let g : B →  be a holomorphic map and n + 2 – 2q < p < 0. Then Tg : 

Dp → Bq is bounded if and only if g ∈ B 2
n pq −− . Moreover, the following relationship holds: 

 22|| || sup(1 | | ) | ( ) | .
n pq

g
z B

T z g z
−−

∈
− ℜ  (19) 

Proof. Let f ∈ Dp. By Lemma 3, 
 22 2|| || sup | ( ) | (1 | | ) | ( ) | || || sup(1 | | ) | ( ) | .

n p

q
p

qq
g D

z B z B
T f f z z g z C f z g z

−−

∈ ∈
= − ℜ ≤ − ℜB  (20) 

Therefore, 2
n pqg
−−∈B  implies that Tg: Dp → Bq is bounded. 

 Conversely, assume that Tg: Dp → Bq is bounded. For any w ∈ B, |w| > 1/2, set 

 
2

2

1

1 | |( ) .
(1 , )

n pw
wf z

z w
−+

−
=

− < >
 (21) 

From [12], we see that fw ∈ Dp and ||fw||Dp ≤ C. Therefore, the boundedness of Tg: Dp → Bq 
implies that 

 (1 – |z|2)q| fw(z)ℜg(z)| ≤ ||Tg
 fw||Bq ≤ C||Tg|| || fw||Dp ≤ C||Tg||. 

Put z = w in the above inequality, we have 

 22(1 | | ) | ( ) | || || .
n pq

gw g w C T
−−− ℜ ≤  (22) 

From the above inequality and using the maximum modulus principle we get the desired re-
sults. From (20) and (22) we get (19).  
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Theorem 6. Let g : B → C be a holomorphic map and n + 2 – 2q < p < 0. Then Lg : Dp → Bq 
is bounded if and only if 

 
2

22sup(1 | | ) | ( ) | .
n pq

z B
z g z

− +−

∈
− < ∞  (23) 

Moreover, the following relationship holds: 

 
2

22|| || sup(1 | | ) | ( ) | .
n pq

g
z B

L z g z
− +−

∈
−  (24) 

Proof. Let f ∈ Dp. By Lemma 3, 

 
2

22 2|| || sup(1 | | ) | ( )( ) | || || sup(1 | | ) | ( ) | .
n p

q
p

qq
g g D

z B z B
L f z L f z C f z g z

− +−

∈ ∈
= − ℜ ≤ −B  (25) 

Hence (23) implies that Lg : Dp → Bq is bounded. 

 Conversely, suppose that Lg : Dp → Bq is bounded. For any w ∈ B, |w| > 1/2. Let fw(z) be 
defined by (21). Then after some calculations we get 

 2
2

2

2
| ( ) | .

(1 | | )
n pw

wf w
w

− +ℜ =
−

 (26) 

Similarly to the proof of Theorem 2, we get 

 2 2 ( 2) 2 2
.(1 | | ) | ( ) | || || q

q n p
g ww g w C L f− − +− ≤ B  (27) 

From the above inequality and using the Maximum modulus principle we get (23). From 
(25) and (27) we obtain (24).  

Theorem 7. Let g : B → C be a holomorphic map and n + 2 – 2q < p < 0. Then Lg : Dp → Bq 
is compact if and only if 2

0 .
n pqg
−−∈B  

Proof. First assume 2
0 .

n pqg
−−∈B  Let { fk) be a sequence in Dp with supk∈N|| fk||Dp ≤ K and 

fk → 0 uniformly on compact subsets of B, as k → ∞. By the assumption, for any ε > 0, 
there is a constant δ, 0 < δ < 1, such that 

22(1 | | ) | ( ) | / 2
n pqz g z ε
−−− ℜ <  

whenever δ < |z| < 1. Using Lemma 3, we have 

 2|| || sup(1 | | ) | ( )( ) |q
q

g k g k
z B

T f z T f z
∈

= − ℜB  

 2 2

\
sup(1 | | ) | ( ) ( ) | sup (1 | | ) | ( ) ( ) |q q

k k
z E z B E

z g z f z z g z f z
∈ ∈

= − ℜ + − ℜ  

 22(1 | | ) | sup | ( ) | / 2,
n pq

k
z E

M f z CKδ ε
−− +

∈
≤ − +  

where M = supz∈B(1 – |z|2) 2
n pq −− |ℜg(z)|. By the assumption, limsupk→∞||Tg

 fk||Bq ≤ CKε/2. 
Since ε is an arbitrary positive number we have that limk→∞||Tg

 fk||Bq = 0. By Lemma 4 we 
see that Tg : Dp → Bq is compact. 



SONGXIAO LI 782 

 Conversely, suppose that Tg : Dp → Bq is compact. Let {zk} be a sequence in B such that 
|zk| → 1 as k → ∞. Take 

 
2

2

1

1 | |
( ) .

(1 , )
n p

k
k

k

z
f z

z z
−+

−
=

− < >
 (28) 

Then fk ∈ Dp and fk converges to 0 uniformly on compact subsets of B. Since Tg is compact, 
by Lemma 4 we have 

 ||Tg fk||Bq → 0 as k → ∞. 
Thus, 

 22 2(1 | | ) | ( ) | sup(1 | | ) | ( )( ) | || || 0,
n p

q
q q

k k g k g k
z B

z g z z T f z T f
−−

∈
− ℜ ≤ − ℜ = →B  

as k → ∞. From which we see that 2
0 .

n pqg
−−∈B   

 
Theorem 8. Let g : B → C be a holomorphic map and n + 2 – 2q < p < 0. Then Lg : Dp → Bq 
is compact if and only if 

 
( 2)

22

| | 1
lim(1 | | ) | ( ) | 0.

n pq

z
z g z

− +−

→
− =  (29) 

Proof. Assume (29). Let {fk} be a sequence in Dp with supk∈N|| fk||Dp ≤ K and fk → 0 uni-
formly on compact subsets of B as k → ∞. By the assumption, for any ε > 0, there is a con-
stant δ, 0 < δ < 1, such that 

 
( 2)

22(1 | | ) | ( ) | / 2
n pqz g z ε
− +−− <   

whenever δ < |z| < 1. Using Lemma 3, we obtain 

 2|| || sup(1 | | ) | ( )( ) |q
q

g k g k
z B

L f z L f z
∈

= − ℜB  

 2 2

\
sup(1 | | ) | ( ) ( ) | sup (1 | | ) | ( ) ( ) |q q

k k
z E z B E

z g z f z z g z f z
∈ ∈

= − ℜ + − ℜ  

 
( 2)

22sup(1 | | ) | ( ) | / 2,
n p

k
z E

N f z CKδ ε
− +

∈
≤ − ℜ +  

where N = supz∈B(1 – |z|2)
( 2)

2 | ( ) | .
n pq g z
− +−  Similarly to the proof of Theorem 4, we see that 

Lg : Dp → Bq is compact. 

 Conversely, assume that Lg : Dp → Bq is compact. Let {zk} be a sequence in B such that 
|zk| → 1 as k → ∞. Let fk(z) be defined by (28). Then fk ∈ Dp and fn converges to 0 uniformly 
on compact subsets of B. Since Lg is compact, by Lemma 4 we have 

 
( 2)

22 2(1 | | ) | ( ) | sup(1 | | ) | ( )( ) | || || 0
n p

q
q q

k k g k g k
z B

z g z z L f z L f
− +−

∈
− − ℜ = →B  

as k → ∞. From which we get the desired result.  
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 Especially, let p = –1, i.e. D–1 = A2. We get the following corollary. 

Corollary 9. Let g : B → C be holomorphic and 3
2 .nq +>  Then 

 (1) Tg : A2 → Bq is bounded if and only if g ∈ B
1

2 ;
nq +−  

 (2) Lg : A2 → Bq is bounded if and only if 
3

22sup(1 | | ) | ( ) | ;
nq

z B
z g z

+−

∈
− < ∞  

 (3) Tg : A2 → Bq is compact if and only if 
1

2
0 ;

nqg
+−∈B  

 (4) Lg : A2 → Bq is compact if and only if 
3

22
| | 1
lim(1 | | ) | ( ) | 0.

nq

z
z g z

+−

→
− =  
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