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Abstract

Let g: B — C' be a holomorphic map of the unit ball in C". We study the following operators
' dr b dr
T f(2)=[fu)Rg2) . Lo f(2)= 9 )g() ", zeB.
0 t 0 !

The boundedness and compactness of T, and L, from Dirichlet type spaces to Bloch type spaces on the unit ball of
C" are discussed in this paper. We also estimate the norm of 7, and L,.
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1. Introduction

Let B= {z € C": |z] < 1} be the open unit ball of C". dv denotes the normalized Lebesgue
measure of B, i.e. v(B) = 1. We denote the class of all holomorphic functions on B by H(B)
and the class of all bounded holomorphic functions on B by H”. Let Rf(z) = ’}:l zZ; %(z)
stand for the radial derivative of f'e H(B) (see [1]). It is easy to see that, if f€ H(B),
fz) = Loaqz” then

Rf(2)=) | ala,z",

where a = (ay,..., &), ol = a1 + ... + &,
The Bloch-type space BYB) = Y, ¢ > 0, is the space of all /'€ H(B) such that (see [2])
b, (f)=sup(1—|z[))7 |Rf ()| < e.
zeB

The little Bloch-type space B} = Bj(B) consists of all f € H(B) such that lim, (1 — |z[*)
|RAz)] = 0. On B the norm is introduced by || ||z = | f(0)| + b,(f). With this norm B? is a
Banach space and Bj is a closed subspace of B.

Let p € R and f € H(B) with Taylor expansion f{z) = 2, > 0b,z”. Recall that the Dirichlet-
type spaces D, consists of all holomorphic functions such that
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2 2
I f1lp,= 2. (n+laD” | b, [ @, <o,

|e|>0
where
n—-1!a!
o, = [1&° |2d0(§):¥, al=ql..a,), z%=z%..2%.
5 (n+|a|-1)!

It is clear that D, is a Hilbert space with the inner product { 1, g) defined by
(f.8) =2 (n+|a])’w,a"b,,
|20

where f(z) = 24> 0a02”, g(z) = Xy >0boz” The spaces Dy and D_; are just the Hardy space
H* and the Bergman space A°, respectively. D, is the Dirichlet space. The Dirichlet-type
space D, has been characterized by many authors (see [3-6]).

Let g: B — C' be a holomorphic map. For f € H(B), the operator T, is defined by
1 1
dg(tz dt
1./ = [ 1) EE ~ | romg) T, zeB, ()
0 0

The operator T, was called the Riemann—Stieltjes operator (see [7]) or extended Cesaro op-
erator (see [8]), which has been studied by many authors (see, for example [7—12]).

Similarly, we define another operator L, as following:
1
de
Lf()=] W (2)g)—, z€B. )
0

In this paper, we study the boundedness and compactness of 7, and L, from the Dirichlet-
type space into the Bloch-type space on the unit ball of C".

Constants are denoted by C in this paper, they are positive and may differ from one oc-
currence to the other. @ < b means that there is a positive constant C such that a < Cb.
Moreover, if both @ < b and b < a hold, then one says that a < b.

2. Main result and proof

In this section, we give our main results and proofs. To this end, we need some auxiliary re-
sults which are incorporated in the following lemmas.

Lemma 1. For every f, g € H(B) it holds
R[T))(2) =1 (2)Rg(2), R[LL/)](2) = RS (2)g(2).

Proof. The first equality was proved in [8]. The proof of the second equality is similar, so
we omit the details.

The following two lemmas can be found in [13].
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Lemma 2. Let w € B, |w| > 1/2,

=yl Lol gese. 3)
aso ald”
Then (a)
(A-|wP™> = p>n
1l = {(og =) = p=m;
o) : p<n.
(b)
fuw) < log(1—|wP)" and (Rf)w) =< (1 - 4)

Lemma 3. Letfe D,, /2<|z|<1,i=0, 1. Then
Clfllp, (=2 Py =202 s p<n+2i;

RO < CIl S lp, Hlogl=|z )2 0 p=n+2i;

C||fHDp : p>n+2i.

Lemma 4. Let g: B— C be a holomorphic map. Then To(L,): D, — B? is compact if and
only if To(L,): D, — B? is bounded and for any bounded sequence ( fi)i < n in D, which con-
verges to zero uniformly on compact subsets of B, we have || Tofi||s (|[Lofills7) = 0, as k — .

Proof. We only prove the first case. Assume that T, is compact and ( fi)x < ~ IS a sequence in
D, with supy ¢ n || fillpr < o0 and f; — 0 uniformly on compact subsets of B, as k — . By the
compactness of T, we have that T,( f;) has a subsequence T,( f;,) which converges in 57,
say, to f. Hence we have that for any compact K — B, there is a positive constant Ck inde-
pendent of f'such that

| Te( fi,)(2) = 2| < Cll Te( f,) =Ml» for all z € K.

This implies that T4( f; )(z) — f{iz) — 0 uniformly on compact subsets of B: Since f; — 0 on
compacts, by the definition of Ty, it is easy to see that for each z € B, lim,, , o, T,(f; )(z) = 0.
Hence the limit function f'is equal to 0. Since this is true for arbitrary subsequence of ( f;),
we see that T,(fi) > 01in BY, as k — .

Conversely, let (/) < n be any sequence in the ball Ky, = BDP(O, M) of the space D,. Since
\lhxl[p, < M < oo, by Lemma 3 (/)i < n is uniformly bounded on compact subsets of B and
hence normal by Montel’s theorem. Hence we may extract a subsequence (hkj)j cN

which converges uniformly on compact subsets of B to some h € H(B). It follows that

Oh
k —)— uniformly on compacts, for each / € {1,..., n}, it follows that —’(z) —> (z)
oz oz

for each z € B and each [ € {1,..., n}. Choosing a positive integer k such that p < Zk, from

Lemma 4 of [3], we know that '€ D, if and only if
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[IROF@) P (=1 2P 7P dw(z) < o,
B
Now, apply the Fatou lemma, and obtain that
Jliggf | RO ()17 (=] 2 PP d(z) < hggfﬂ ROB @)1 (=] 2)* 7 dv(z),
B B

that is

j I ROn) P (1-] 2z Y P du(z) < 1iminfj| RO, ()17 (=] 2P dv(z)
B I R
<liminf ||, |2 <M.
joo

From the above statements and Lemma 4 of [3], we see that 4 € D, and ||h||p, < M. Hence
the sequence (/y, — h); c n is such that ||hy, — hl|p, < 2M < oo, and converges to 0 on compact
subsets of B. By the hypothesis we have that Tg(h) — To(h) in BY. Thus the set T,(Ky) is
relatively compact, finishing the proof. ‘

Now, we are in a position to formulate and prove the main results of this paper.

Theorem 1. Let g: B — C be a holomorphic map and g > 1. Then T,: D, — B? is bounded if
and only if

1/2
I =sup(l-| z|*)?| log ! S| [9g(2) <. (5)
zeB 1- | z |
Moreover, the following relationship holds.
| 1/2
ITell = sup(l=|z )7 | log——| | Rg(2)]. (6)
zeB 1- | z |

Proof. Assume (5). Let f € D,. Note that T,f(0) = 0, by Lemma 3 we have

I T, f Nl =sup(i=| z )7 [R(T, £ (2) | = sup(i=| z )7 | £(2) | Rg(=) |

zeB zeB

1/2
1
<C| fllp, sup(l—z|2)q£10g1 | |2J |Rg(2)]. (N
-1 Z

zeB
Therefore (5) implies that 7}, is a bounded operator from D, to 7.

Conversely, suppose T, is bounded from D, to B?. For w € B, [w| > 1/2, set

f0(2) = mﬁ' @®)
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After some computations, we see that f,, € D, and || f,, H b, <

1- \ W
Hence,

1/2
1
(=12 Y | £ @R T, 1y e < T 11 £y D, < C”Tg”[logl_wFJ |

Put z = w, we have

1/2
(=1w )] 1,00 [|Rg (W) | < C T, “[l"g 1—|1w|2J ’

i.e. we get

1/2
1
sup (1= w*)? log > | [ ReW[<CT, . )
[wl>1/2 - | w|

By the Maximum modulus principle there is a positive constant C independent of g € H(B)
such that

| 1/2
2 ] [ Rg(w) |,

1/2
1 J [Rg(w)|<C sup (1-|w] )q[log -
w
(10)

sup (1- \w| ) 1og
|w lwi>1/2

lwi<1/2

from which the result follows. From (8), (9) and the above statements, (6) follows. O

Theorem 2. Let g: B — C be a holomorphic map and g > 1. Then L,: D, — B? is bounded if
and only if

sug(l— 1z | g(2)| < . (11)

Moreover, the following relationship holds:

Lyl < sup(1—|z[))?" | g(2)]. (12)

zeB

Proof. Suppose that (11) holds. Noticing that L, /' (0) = 0, by Lemma 3, we get

IILngBq=SuB13(1—\Z|2)q |RUL N ISC fllp, sup(=]z )T [ g(2)]. (13)

zeB

From this, (11) implies that L,: D, — B is bounded.

Conversely, suppose that L,: D, — B is bounded. Let A(z, w) denote the Bergman metric
between two points z and w in B. It is well known that

Lo, (W)

1
Plem) =l )
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Here ¢.(w) is the automorphisms of B that interchanges 0 and z (see [2]). For @ € B and
r > 0 the set

D(a,r)={zeB: pf(a,z)<r}, aeB
is a Bergman metric ball at ¢ with radius r. It is well known that (see [2])

(-laH)*" 1 _ 1 1 (14)
[1=(a,z) PO (= 2Py (=|a Py | D(a.r) |

when z € D(a, r). For w € B, |w| > 1/2, let f,(z) be defined by (8). By the subharmonicity of
[RAJ* and [Rf,w)] = W/(1 — [w]’), we get

_ C
(= wP) 2 [ g = |9, e < ——— [ R/, (2) [ 2(z) [ dv(2)
(1_|W| ) D(w,r)
c 2 2 2.2 1
<——— [ IR%,@F1e@)F (=) ——5-dv(z2)
(= wp)y™! D(!V,,) (-2 )%
dv(2) 242 2 2 C ’
SC 1_ ! ER S L q >
o ZGZ‘ZE,r)( 12 [ R1,(2) | g(2) T I Ly fo Iy
i.e.
(= wP)*2 | g P<CI| Ly fy, I3
Hence
sup (I=|w )7 [ gW) [ < C || L, £, |l - (15)

[w>1/2

By the Maximum modulus principle we get the desired result. From (13) and (15), (12) fol-
lows. O

Theorem 3. Let g: B — C be a holomorphic map and q > 1. Then Ty: D, — B is compact if
and only if

1/2
lim(1—| z [*)?| log ! = | [Rg(2)|=0. (16)
|21 - z|
Proof. First we assume that (16) holds. Let {f;} be a sequence in D, with sup; < || fi||lp, < K

and f; — 0 uniformly on compact subsets of B, as k — co. By the assumption, for any &> 0,
there is a constant 6, 0 < 6 < 1, such that

1/2
(1—|z|2)‘f[log 2} |Rg(2)|<e/2

1
1= z|
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whenever 0 < |z| < 1. Let E = {z € B: |z| £ J}. Note that E is a compact subsect of B and us-
ing Lemma 3, we have

1T, f Ilge = sup(=| z ) | R(T, /)(2) |

zeB
= suga— 1z)? | Reg(2) f,(2) |+ S‘é&“_ 1z | Re(2) £, (2) |

-1/2
SM(log Zj sup| f,(2)|+CKe/2,
1-0 zeE

where

1/2
1
M=sup(1—|z|2)q£10g o |2j |Rg(2)].
— | Z

zeB

By the assumption we obtain lim supy . ||, fil|se < CK&2. Since & is an arbitrary positive
number we have that limy . || Ty fil[z = 0. By Lemma 4 we know that T,: D, — B? is com-
pact.

Conversely, suppose T,: D, — B? is compact. Let {z;} be a sequence in B such that
lzg) = 1 as k — oo. Take

2 -1
N 1 1
Jr (z)—{log—l_@’Zk)] [log . |2] , keN. (17)

Then f; € D, and f; converges to 0 uniformly on compact subsets of B. Since 7, is compact,
we have

T, fi lly—>0 as k—>o.

Thus

1
(-] z ) 1°g1|—2 |Rg(z,) |<sup(i=|z ) [RT, £)@) | = T, fi llge = O,

— | Z | zeB

as k — . From which we get the desired result. O

Theorem 4. Let g: B — C be a holomorphic map and q 2 1. Then Ly: D, — B? is compact if
and only if

lim(1-|z ) g(z)|=0. (18)

Proof. Assume (18). Let {f;} be a sequence in D, with sup;cy || fillp, < K and f; — 0 uni-
formly on compact subsets of B, as k — co. By the assumption, for any &> 0, there is a con-
stant 0, 0 < 0 < 1, such that § < |z| < 1 implies

-1z | g(z)|<e/2

whenever 6 < |z| < 1. Using Lemma 3, we have
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ngﬁ%fmgkuhﬂwgﬁwn

=sup(l-| z )| g2)Rf; (2) | + sup (1= |z ) | g(2)Rf; (2) |

zek zeB\E
< Nsup|1-|z | Rf, (2)| + CKe /2,
zeE

where N = sup. . 5 (1 — |z])*'|g(2)|. By the Cauchy’s estimate the condition f; — 0 as k — oo
uniformly on compact subsets of B implies that Rf, — 0 as k — oo uniformly on compact
subsets of B. Hence, we have ||Lf; ||zz = 0 as k — co. Therefore, L,: D, — B? is compact by
Lemma 4.

Conversely, suppose that L,: D, — B” is compact. Let {z;} be a sequence in B such that
|ze]l > 1 as k — . Let fiy(k € N) be defined by (17). Then f; € D, and f, converges to 0 uni-
formly on compact subsets of B. Since L, is compact, we have

(=12 )" g(z) = Sug(l— |2 |R(Ly )2l Ly fi e = O

as k — . From which we get the desired result. O

Theorem S.Let g:B — C be a holomorphic map and n+2—-2q <p<0. Then T,:

D, — B is bounded if and only if g € Bq_Tp . Moreover, the following relationship holds:

1T, | = sup(—| z[))*"= | Rg(2)|. (19)

zeB
Proof. Let f € D,. By Lemma 3,
1T,/ llge=sup| f(2)| (=] z ) | Rg(2) < C| fIp, sup(i-| z )" [Rg(2)].  (20)

zeB zeB

’Therefore, ge B implies that T,: D, — B’ is bounded.

Conversely, assume that T,: D, — B is bounded. For any w € B, |w| > 1/2, set

- |w]

(I-<z,w>)

Ju(2) = 2D

e

From [12], we see that f, € D, and ||f,||p, < C. Therefore, the boundedness of 7,: D, — B
implies that

(1= 2P)| fu(2)Re@)| < I Tefullis < CITl 1 follo, < CII Tl
Put z = w in the above inequality, we have
(=|w ) | Rgw) < C T, | (22)

From the above inequality and using the maximum modulus principle we get the desired re-
sults. From (20) and (22) we get (19). O
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Theorem 6. Let g : B — C be a holomorphic map and n +2—2q <p < 0. Then L, : D, — B?
is bounded if and only if

ilelg(l 127 | g(2)| < ow. (23)
Moreover, the following relationship holds:
1 11 sup(i= 12 |g(2)]. (24)
Proof. Let f € D,. By Lemma 3,

1Ly f llgo=sup(=| 2 ) [R(Ly /)2 S C Il £ lIp, sup(i=| z[*) (25)

zeB zeB
Hence (23) implies that L, : D, = B is bounded.

Conversely, suppose that L, : D, — B? is bounded. For any w € B, |w| > 1/2. Let f,(z) be
defined by (21). Then after some calculations we get
2

w
| RS, W) [F (26)
Similarly to the proof of Theorem 2, we get
(= | wP )P | g(w) P<C Ly £, I3 (27)

From the above inequality and using the Maximum modulus principle we get (23). From
(25) and (27) we obtain (24). O

Theorem 7. Let g : B— C be a holomorphic map and n +2 —2q < p < 0. Then Ly : D, —> B!
is compact if and only if g € B{~ T

Proof. First assume geBOq = Let {/©) be a sequence in D, with supieyl| fillp, < K and
fir = 0 uniformly on compact subsets of B, as k — oo. By the assumption, for any &> 0,
there is a constant 6, 0 < 6< 1, such that

(-2 |Re(z)| < /2

whenever 0 < |z] < 1. Using Lemma 3, we have

I Ty fi o= sug(l — 1z [R(T, f)(2) |

=sup(l- |z [")? | Rg(2) f; (2) | + sup (1= | z )T | Rg(2) £ (2) |

zeE zeB\E

<MI-|5P) 7 |sup)| fi (@) |+CKe/2,
zeE
where M = sup..z(1 — |z*) =5 |Rg(z)|. By the assumption, limsupi.||7,fi|s < CKe/2.
Since & is an arbitrary positive number we have that limy_,.||Tgfi|s» = 0. By Lemma 4 we
see that T, : D, — 37 is compact.
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Conversely, suppose that T, : D, — B? is compact. Let {z;} be a sequence in B such that
|ze] > 1 as k —> . Take

2
-]z |

(1-<z,z >)1+%

Ji(2)= (28)

Then f; € D, and f; converges to 0 uniformly on compact subsets of B. Since 7, is compact,
by Lemma 4 we have

| Te fillse = 0 as k — oo.
Thus,

(=12, 1) |Rg(z0) [ <sup(=| z ) | RT, f)(2) | =1 T, fi llge— O,

zeB

as k — oo. From which we see that g e B¢ " . O

Theorem 8. Let g : B — C be a holomorphic map and n +2 —2q <p <0. Then L, : D, — B*
is compact if and only if

(n-p+2)

lim(1-|z ) g(2)=0. (29)

Proof. Assume (29). Let {f;} be a sequence in D, with supicy||fillp, < K and fi — 0 uni-
formly on compact subsets of B as k — oo. By the assumption, for any &> 0, there is a con-
stant 6, 0 < 6< 1, such that

(n=p+2)

-1z |g(z)|<el2

whenever < |z| < 1. Using Lemma 3, we obtain

I Lo fy llge= Sug(l ~1z ) | R(Ly fi)(2)|

=sup(1-|z )7 | g(2)Rf; (2) |+ sup (1= |z )7 | ()RS, (2) |
zeE zeB\E

<Nsup(-| 8 /)2 |Rf, (2) | +CK /2,

zeE

(n-p-

2‘2)|g(z) |. Similarly to the proof of Theorem 4, we see that

where N = sup.cz(1 —|z[*) 7~
L, : D, — B?is compact.
Conversely, assume that L, : D, — B? is compact. Let {z;} be a sequence in B such that

|zl = 1 as k — oo. Let fi(z) be defined by (28). Then f; € D, and f, converges to 0 uniformly
on compact subsets of B. Since L, is compact, by Lemma 4 we have

(n=p+2)
2

| g(z) | = sup(l=|z ) [R(Lg fi)(@) =l Ly fi lge = O

zeB

-]z )"

as k — . From which we get the desired result. O
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Especially, let p =1, i.e. D_, = A>. We get the following corollary.

Corollary 9. Let g : B — C be holomorphic and q > ”—;'3 Then

(1) Tg: A*> — B is bounded if and only if g € BT,

(2) Lg: A* — B is bounded if and only if sup(l —| z |2)q7% | g(z)| < o0;

zeB
3) T, : A* - BYis compact if and only if g € Boq_%l;

4) Lg: A* = B is compact if and only if ‘I}Inl(l —zP )q_%} | g(z)|=0.
EES
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