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Abstract 
 
We investigate the charge-ordering (CO) in quasi one-dimensional Pariser–Parr–Pople model at quarter filling 
where the longer-range Coulomb interactions and dimerization in the hopping integrals are included. The inter-
site electron repulsion integrals have been incorporated using the interpolation formulae given by Ohno. We find 
that while the longer-range interactions stabilize the CO phase, dimerization suppresses its stability. Using an ex-
act diagonalization scheme for small cluster sizes, we determine the zero-temperature charge-ordering phase 
boundary in the model parameter space. The realistic parameter values for the low-dimensional Bechgaard salts 
are found to exist within the CO phase boundary. We conjecture that the true longer-range electron–electron in-
teractions are necessary to account for the CO phase in these organic systems. 
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1. Introduction 

In last decade, there has been a renewed interest on charge-ordering of organic charge-
transfer complexes [1–4]. It has been the subject of many interesting theoretical and ex-
perimental papers. Charge-ordering (CO) is a phenomenon in which the systems undergo a 
quantum phase transition where the electrons are localized at atomic or lattice sites. The 
role of electron–electron and electron–phonon interactions on this charge-ordering phase 
transition has been studied quite extensively [5–10]. While the electron–phonon coupling 
gives rise to the usual 2kF (kF is the Fermi wave vector) Peierls instability, the electron–
electron interaction is believed to be most responsible for localization of electrons. Addi-
tionally in the CO phase, the electronic spin degrees of freedom can undergo yet another 
phase transition as the temperature is lowered. This magnetic transition gives rise to a large 
number of magnetic phases, including ordered antiferromagnetic (AF), spin–density wave 
(SDW) and spin–Peierls (SP) phases [11]. 

 There exist a large number of quasi-one-dimensional systems, where the details of struc-
tures can fundamentally influence the low-temperature physics. Among those, the isostruc-
tural M2X complexes, often referred to as Bechgaard salts, where M is tetramethyltetrathio-
fulvalene (TMTTF), or tetramethyltetraseleenafulvalene (TMTSF), offer the richest oppor-
tunities to study various phase transitions. The counter ions X can be PF6, AsF6, ClO4 and 
SbF6. TMTTF has been shown to exist in one dimension with extremely small interchain 
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coupling [12], while for TMTSF the interchain coupling is moderately strong. It is found 
that the lattice dimerization in the system causes an alternation of transfer integrals, which 
in turn opens up a gap in the excitation spectrum. This is the Peierls mechanism of metal  
insulator transition. This transition in these Bechgaard salts is then controlled by the small 
interchain hopping to emphasize a possible mechanism for dimensional crossover (from 1- 
to 2-dimension) [13, 14]. 

 As has been mentioned before, these are truly one-dimensional systems with negligible 
inter-chain interactions. NMR [15] and dielectric response [16] measurements have sug-
gested possible charge-ordering phase transitions in these materials. Charge-ordering in this 
case divides the system into nonequivalent charged species at a temperature corresponding 
to Tco. This transition temperature is different for different systems, Tco = 70 K for X = PF6, 
Tco = 100 K for X = AsF6 and Tco = 154 K for X = SbF6 [17]. What is interesting is that in 
all the cases, the transition temperature is much higher than that corresponding to the elec-
tronic transition associated with the organic systems (T ~ 1 – 30 K). Most importantly, ex-
periments on these systems suggest that the CO transition is the consequence of Coulomb 
interactions, as no evidence of structural anomaly or molecular reorientation in the transi-
tion region has been observed [15]. 

 These materials thus provide a very suitable ground for studying one-dimensional corre-
lated electronic system at quarter-filling. There exist a large number of theoretical studies 
on the 1D quarter-filled Hubbard and extended Hubbard models, which provide useful in-
sight to consider the physics of CO transition. In general, Coulomb interactions are believed 
to give rise to 4kF charge density wave (CDW) instabilities, while the lattice dimerization 
leads to 2kF charge disproportionations [6, 18, 19]. Recent calculations on models including 
lattice dimerizations have shown that both the 2kF and 4kF CDW instabilities can coexist 
with 2kF SDW instabilities in the ground state of the system [18, 20]. We note however that 
most of these studies do not consider models where interactions are truly long-ranged. Fur-
thermore, these models have been solved mostly by mean-field or its modified versions 
[21]. 

 It is quite well known that the mean-field solutions of strongly interacting systems can 
lead to overestimation of the stability of the ordered phases. Organic charge-transfer salts or 
transition metal oxides are known to be highly interacting systems, where long-ranged elec-
tron–electron interactions are essential to account for any phase transitions, while the mean-
field solution cannot be used for longer-ranged electron–electron interactions. In this con-
text, exact diagonalization of small system sizes and density–matrix–renormalization 
method have been rigorously used to invalidate such mean-field solutions [20, 21]. 

 In this paper, we study the charge-ordering within a one-dimensional long-ranged Pa-
riser–Parr–Pople (PPP) model Hamiltonian at quarter-filling with dimerization in hopping 
integrals. The PPP model has been the standard model for a serious study of the electronic 
states of organic systems. An exact diagonalization scheme is implemented for solving the 
systems with 16 lattice sites. We contrast and compare our results with the results obtained 
using the Hubbard model and also mean-field solutions by others. Finally, we implicate 
some of our results to the charge-order phase observed in organic conductors. 
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2. Model Hamiltonian 

The PPP Hamiltonian is defined by the Hamiltonian 

  †
1[(1 ( ) ) ]i

i i i i ij i j
i i i j
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where dimerization δ is included in transfer (t) parameters. U is the Hubbard onsite repul-
sion energy and Vij are the offsite PPP repulsion integrals. Number operators, ni = †

i ic c  
counts the number of electrons at site i. Note that we recover the Hubbard model when all 
the Vij with i ≠ j are set to zero. 
 In keeping with the spirit of phenomenology associated with the PPP Hamiltonian, the in-
tegrals, Vij, are interpolated smoothly between U for zero inter-site separation and e2/r12 for 
the inter-site separation tending to infinity and explicit evaluation of the repulsion integrals 
is thus bypassed. The most widely used interpolation formulae given by Ohno has been in-
corporated in our study [22]. In this interpolation scheme, the inter-site electron repulsion 
integrals, Vij, are given by: 
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where rij is the distance between sites i and j. Note that in all the cases, it is assumed that rij 
is in Å, and U and Vij are in eV. Bond alternation parameter δ, introduced in the Hamilto-
nian above has an alternate effect on the bond distances. In all our calculations, we have 
considered the nearest neighbor bond distance r12 to be 1 Å and the transfer term t = 1, for 
δ = 0, and the proportional change from the uniform values when δ is nonzero. Therefore, 
we have two parameters to vary, U and δ. 
 We have calculated charge density (〈ni〉) and bond-order, (〈pk〉), at every site, i and at 
every bond, k, respectively. They are defined as 
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For very small U and δ values, the ground state of 16 sites ring remains degenerate. In such 
a situation, we have obtained 2 × 2 matrices both for charge-density and bond-order, corre-
sponding to two degenerate states. After diagonalizing these matrices, we compare the ei-
genvectors corresponding to two sets of eigenvalues associated with each site/bond. We 
then choose one set of eigenvalues which can be simultaneously observed. As the system is 
quarter-filled, 4kF instabilities correspond to two-fold periodicity, while the 2kF instabilities 
correspond to systems with four-fold disproportions. We shall show below that the long-
range correlations can lead to 2kF CDW in the realistic electronic parameters regime for 
quasi-1D quarter-filled Bechgaard salts. Thus our results suggest that the true longer-range 
electron–electron interactions are essential to account for the CO phase observed in these 
materials. 
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3. Results and discussion 
 
We shall analyze two typical cases. First is the case for the paramagnetic state where the 
charge density distribution is uniform. In the second case, the charge density oscillates with 
a particular periodicity. In case of bond-order oscillations, these two phases have different 
ordering. Some possible broken symmetry phases are drawn in Fig. 1. In the following, we 
identify these phases and derive a phase boundary in the δ–U plane. 
 Let us first analyze our results for charge density and bond-order distribution in PPP and 
Hubbard rings of 16 sites. For small bond alternation, δ, and small Hubbard repulsion, U, 
〈ni〉 and 〈pi〉 are shown in Fig. 2. The contrasting behaviors between Hubbard and long-
ranged correlated models can be clearly seen in the figure. The charge densities for the 
Hubbard model show no oscillations, while for the PPP model, they develop an oscillatory 
pattern with four-fold periodicity, which corresponds to 2kF instabilities as it is for 1/4 
filled system. The bond-orders also show similar behaviors. In case of PPP model, the 
bond-orders alternate with 2kF periodicity, while the bond strengths have alternate strong 
and weak characters for the Hubbard model. It has been established that the bond-order os-
cillations have the form Δri ∝ [K2 cos(2kF – φ2) + K4 cos(4kF – φ4)], where K2 and K4 are the 
relative weights of the 2kF and 4kF components, respectively, and φs are the phase factors 
[5]. However, the CDW oscillation can either have the 2kF or 4kF modulations. But our cal-
culations with long-range Coulomb interactions establish that the bond-order oscillations 
have either 2kF or 4kF instabilities but not both. However, the CDW oscillations either have 
2kF oscillations or no oscillations. 
 In Fig. 3, we plot the 〈ni〉 and 〈pi〉 for two different U values but with the same δ for the 
PPP model. With small U values, as discussed earlier, both CDW and BOW have 2kF oscil-
lations. However, for large U parameters, the BOW acquires 4kF oscillations while the 
charge density remains uniform. This is similar to the results obtained for the Hubbard 
model, although the BOW oscillations in the PPP model have stronger oscillations com-
pared to the same for the Hubbard model. This is quite easy to understand, as the large U 
PPP model essentially localizes the electrons as the case with large U Hubbard. Moreover, 
Hubbard U has long been recognized to give rise to bond-strength alternations and in the 
case of the PPP model as the correlation is large and long-ranged, the bond-strength alterna-
tions are large and dominant. 

 It is quite clear that there are two types of phases that can exist in a long-ranged corre-
lated Hamiltonian as functions of correlation strengths and dimerizations. Next we derive 

FIG. 1. Schematic configurations of the quarter-filled 
one-dimensional (i) 4kF BOW, (ii) 2kF BOW, (iii) 2kF 
CDW, and (iv) 4kF CDW phases. The thick bonds are 
strong, while dotted and broken bonds are weak and 
of intermediate strengths, respectively. The sizes of 
the vertical lines on sites give their relative charge 
densities.
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FIG. 2. Charge-density distribution and bond-order 
profiles are shown as a function of sites and bonds, 
respectively. Squares represent results for PPP model 
and the circles for the Hubbard model. For both the 
cases, U = 1 and δ = 0.05. 

 
FIG. 3. Charge-density and bond-order data for the 
PPP model as a function of sites and bonds, respec-
tively. Results are shown for U = 2 (squares) and 
U = 10 (circles). For charge density, δ = 0.25 and for 
bond-order, δ = 0.1. 

the phase boundaries between these two phases. We have carried out calculations for a large 
number of points in the two-dimensional phase space, with varying U and δ. The phase 
boundary is shown in Fig. 4. Note that, with increase in δ, the long-range correlations do 
not play almost any role. This is because, the large δ introduces strong alternations in trans-
fer integrals as well as in the distances, rij. As the long-ranged interactions depend strongly 
on the distance, in the limit of large δ, the long-ranged interactions reduce to only a few 
neighbors. Considering just the nearest-neighbor short-ranged interactions, in the limit  
 

 

Fig. 4. Phase diagram in the Hubbard U and dimeriza-
tion parameter (δ) space. The CO phase boundary is 
shown by the dashed line. The lower-left side of the 
boundary (I) is the CO phase, and the upper-right side 
(II) is the paramagnetic phase. 
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U → ∞, the system becomes equivalent to a spin chain, where a dimer can be expressed as a 
pseudo-spin. In this model, the CO can be visualized as the phase where quantum fluctua-
tion of the dimer electron is less compared to the inter-dimer interactions. For large δ, the 
transfer integral in the dimer becomes large compared to inter-dimer interactions. This sug-
gests that the strong dimerizations should suppress the stability of the CO phase, which is 
the case as shown in our phase diagram. Essentially, at δ = 1, the chain is completely de-
coupled and transfer term reduces only to nearest-neighbors. 
 We shall now compare our results with some of the previous calculations in this field. 
Earlier calculations on correlated Hamiltonians were based on either Hubbard or extended 
Hubbard Hamiltonians. Hubbard Hamiltonian, as we have discussed does not give rise to  
CO phase at all. However, the extended Hubbard Hamiltonians with a nearest-neighbor 
electron–electron interaction strength (V) stabilizes the CO phase. The CDW oscillation 
corresponds to 4kF instability and the CO phase appears at around U > 2V even for large al-
ternation in hopping integrals [21]. Our results on the other hand suggest a 2kF CDW insta-
bility and the CO phase exists for the whole range of bond alternation parameters 
(0 ≤ δ < 1) and for a U value of little above 5 eV when there is no bond alternation, to a U 
value close to zero for very large bond alternations. 
 Let us now briefly consider the experimental implications of our results. Estimation of 
parameter values for real materials has given U values ranging from 5 to 10 eV. For exam-
ple, U in units of hopping integral is 5.0 eV for (TMTSF)2ClO4 and 7.0 eV for 
(TMTTF)2PF6. The dimerization strengths also vary from one system to the other. A careful 
estimation suggests that the dimerization is δ ~ 0.18 for (TMTTF)2PF6 and is as low as 0.05 
for (TMTSF)2ClO4 [21, 23]. Dimerizations for the other systems are within this range. 
These values of the parameters in our phase diagram are thus located within the CO phase, 
far apart from the uniform phase boundary. Note that, this CO phase exists at temperature, 
T = 0 K, suggesting the existence of CO phase at T > 0 K when the presence of higher di-
mensional couplings are considered. It is beyond doubt that the large Tco observed in these 
materials is suggestive of rather strong interchain coupling via longer-range electron–
electron interactions. 
 
4. Conclusions 
To conclude, we have considered charge ordering in a quasi one-dimensional chain with 
longer-ranged Coulomb interactions and dimerization in the hopping parameters, at quarter-
filling. Ohno’s interpolation scheme for the electron repulsion integrals has been incorpo-
rated. At zero-temperature, we have obtained the phase boundary for the stabilization of the 
charge-ordered phase, using an exact diagonalization method. Our results suggest that the 
CO phase is stabilized due to longer-ranged Coulomb interactions, and the parameters for 
the quasi one-dimensional organic Bechgaard salts are well inside the CO phase boundary. 
We have argued that the true longer-ranged Coulomb interactions are essential to account 
for CO phases in these quasi-one-dimensional organic salts. 
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