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Abstract

The paper deals with the stability of solutions along with their derivatives of a certain system of second-order dif-
ferential equation with respect to certain perturbation. We consider the system

d?y(x)/dx® + A(X)y(x) = 0, 0]
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here Y06y 05 §a,(0 (05

=(&;(x)

and a;(x), i, j = 1, 2 isreal-valued continuous function of x, xT [0, ¥).

Let B(X) = (by(X)), i,j =1, 2 (bj(x)s being real-valued continuous function of x1 [0, ¥)) be a set of perturba-
tions which changes (1) to

d?y(x)/dx® + (A(X) + B())Y(X) = 0. (i)

In this paper, certain results on the stability of solutions of the system (i) along with their derivatives, which are
either bounded or tend to zero as the independent variable x tends to infinity with respect to the perturbation B(x)
satisfying some conditions, are achieved.

Keywords: Bounded solutions, stable solutions.

1. Introduction

The basic problems of study of the qualitative theory of differential equations deal with
their solutions which are either periodic or approaches some known functions asymptoti-
cally or are stable with respect to certain perturbations satisfying some specific conditions.

The study of stability theory associated with the solutions of second-order differential
equations is very old [1, 2]. Later, many mathematicians and physicists like Cesari [3] and
Knowles [4] worked on the problem extensively. Hence, a study of the methods of mathe-
matical physicsis required to know the specific character or behavior of the solutions of the
differential equations (i.e. equation of motions) considered. Attention was paid in the past
to the study of the stability properties of solutions of second-order differential equations
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which are either bounded or tend to zero or belong to some L-classes.
In this paper we consider the system of second-order differential equation

dPy(x)/dx® + A(X)y(X) = O, (1)
where y() =0 1 60, o000,
&y (0 g

A(X) = (a(X), i, j =1, 2; and a;j(x)s are assumed to be real-valued continuous functions
of x, x1 [0, ¥).

Let B(x) = (b;(x)) i, ] = 1, 2 be a set of perturbations which changes (1) to
d?y()/dx® + [A(X) + B(x)]y(x) =0, (2)
where bjj(x)s are assumed to be real-valued continuous functions of x, x T [0, x).

Certain results on the stability of solution of the system (1) which belong to suitable L-
classes are available in Chakravarty and Sengupta [5], where the perturbed matrix B(x) sat-
isfies certain conditions.

In this paper, some more results on the stability of solution of the system (1), which are
either bounded or tend to zero as the independent variable x tends to ¥, are available with
respect to the perturbation B(x) satisfying some specific conditions. The stability of the dif-
ferential coefficients of the first order of the solutions of eqn (1) are also discussed. The def-
inition of the stability of the solutions of the system (1) is defined in Chakravarty and
Sengupta [5]. We only define the stability of the derivatives of the solution of the first order
of the system (1) with respect to some property P (i.e. the solutions are either bounded or
tend to zero or belong to some L-classes) and perturbation B(x) = (b;j(x)), i, j =1, 2 in the
following way:

Definition: The derivatives of the solution of the first order of the system (1) which satisfy
a certain property P are said to be stable with respect to the set of perturbation B(x) and the
property P, if the solutions of (1) and the solutions of (2) with their derivatives of the first
order also satisfy the same property P for all B(X) satisfying certain specified conditions.

2. Notations

We use the following notations:

(i) The boundedness, the differentiability or the integrability of a matrix means that all
the elements of the matrix are bounded differentiable or integrable, respectively. We
use for the matrix A = (&), i,j = 1, 2 the symbol || Al|= é |&j |. In particular, for the

i
vector v = (vy, V5) ', norm of v defined by |V]| = [va| + |Val.
m

(i) (a, b) represents the scalar product. (a, b) = é a;jb;, where

j=1
a= (al, ao, 1/4, am), b= (bl, bz, 1/4, bm)
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(iii) The determinant det(a;) of order n (3 2) is represented in terms of the diagonal ele-
ments &; by a1, a2, ¥4 , an|-

(iv) [fi, f;] =Iu, ug+|vi, v@§ is the bilinear concomitant of two vectors f; = (u, v;)" and
fi=(u,w)"

(v)  Zt) = anu(tax(t).

(Vi) M(t) =-5/16a 71 ()a 2 (Hafi(t) — 1/8a 1 (t)a 3 ()ad(t)a(t)
-5/16a; 4 (t)ad 4 (t)a (t) +1/ 4a; P4 (t)asy’ 4 (t)adh(t) + 1/ 4a; /4 (t)a >4 (t)ash (t).

(vil) xq(t) = (z(0)"? - a1 (®)az’ > (1) + M @©)(zO)" *.

(viii) x2(t) = (2())¥2 - a2 (t)ags? (t) + M (t)(z(t)) /4.

(ix)  hy(t) = - @ (t)(z()) Y2, ha(t) = - ax (t)(z(t) V2.

_aa®) Mo
0 NMOZ¢ 0 %05

_an(0) h&0)(z0) 26

(X|) N(O) 8r (0) r (tO)(Z(O))-l/2 ;

3. Preliminaries

Letfi=(u,v),i=12 ¢ = (Us Vs)', j =1. s=3; ] = 2, s= 4 be the four solution vectors
of the system (3) satisfying, at x=a? 0, the conditions:

() [fofal=[a,0]=0
(i) [f.fj]=dji,]=1,2, djbeingthe Kronecker delta

Lety (X) = (y 1(X), Y 2(X))" be asolution of the system (2).
Then, following Chakravarty and Sengupta[5], one obtains

4 X X
y1(¥) = & Gui () + (B2, y (D)Vidt- (B, y (1)Undt (3)
0 0

i=1
where
Uy = Jua(X), Us(t)] + |ua(X), Ua(t)]

Vi1 = |ua(X), va(t)] + Juz(x), va(t)]
B1 = By(t) = (bu(t), bua(t))”
B = Ba(t) = (bau(t), baa(t))
andc, | =1, 2, 3, 4 are constants.

Differentiating (3) with respect to x once, the first order derivative of y 1(X) is represented by
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4 X X
Y00 = & Ut + (fBz, Y OVt~ JBLy (DULRI+Boy (N
i=1 0 0

where
U= {uf(x), Us(t) |+ [uf(X), us(t)]
VA= [uf(x), va(t) [+ [uf(X), va(t) |
Vs =[w(X), Va(X) | +[uz2(X), va(x)].
A similar expression for y ,(x) and y §(x) involving
Uz = Va(X), Us(t)] + Va(X), Ua(t)]

Vo = Va(X), Va(t)] + Va(X), va(t)|
and

U$=vlx), us(t) [+]vE(X), us(t)]
VA= VX), v3(t) | +]VE(X), va(t) |

are also obtained.

4. TheLiouvilletransformation

Applying the transform
X
X(x) = Rl (hag? (e,
0

W) ={h(x), r ()} = af(x)a22()Y(9),
to the system of egn (1) and then following Titchmarsh [6], it easily follows that

W(X) =N (0)S(x) + Gpin(x (x) - x (1)) N1 () WMt)dt,
0

where S(x) = { cosx(X), sinx(X)} and N(0), Ny(t) are those given in Section 2.

5. Lemmas
Lemma 1. Lety(X) ={yi(X), y=(X)} be any solution of (1). Then

X

4
yi(x) = é di pi (¥) + Gl (@21(t)) - 1) a(t) + (2 (t)) - az2)y2()}H:
i=1 0

— (a11(t) —aqa)ya(t) + (aa(t) — ar2)y2(t)} Hodt,

where (i) A = (ay), i, j = 1, 2 be a constant matrix (a,2, 8 are not zero simultaneously).

(4)

(5)

(6)
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(i) Pi={p, }), Q@ ={ps 9, 1=1, 2 j=1,8=3; =2, s=4 are the fundamental set of
solutions of the system

Y2 (x) —Ay(x) =0 ()
such that at x = a3 0, the conditions
[P1, Ps] =[Q1, Q;] =0and [P;, Q] = dj (Kronecker delta), i, j = 1, 2 are satified;
(iii) Hy=1[p.(X), da(t)] + P2(X), Ga(t)]
Hz = [pa(X), ps(t)] + P2(X), pa(t)]
(iv) dis(i =1, 2, 3, 4) are constants.
A similar expression for y,(x) involving G;, G, is aso obtained, where G;, G, are the Hy,
H,, respectively, with p;, g; interchanged.
Proof: Let y(X) ={yi(X), y(X)} be any solution of (1). Writing (1) in the form
Y2 (%) = Ay(¥) = (A(X) —A)y(X),
A= (ay), i, j =1, 2 being a constant matrix (a2, a8 are not zero simultaneously) and then

applying the variation of the constant method the proof follows easily.

Lemma 2: Let (i) &;(x) be positive real-valued, a;(x) 2 d>0, x® 0 and a;(x) T L[O, ¥) for
i,j=1,2 (ii)ag(x) 1 L[0,¥)anda;(x) T L0, ¥) fori=j, then

OlXa(®) [+ [x2(t) [+ [ha(t) [+ [h2(t) [ dt] <¥, (8)
0

where a;(X)s (i, j = 1, 2) are those given in (1) and x;(X), X2(X), h1(X), ho(x) are given in Sec-
tion 2.

Proof:
Oxa®dt£ d(zt))ll 2| dt+ (‘jaﬂz(t)-(aé%’ 2(t) |t + OM Oy V4ldte Jp+ 3, + Ja(say).
0 0 0 0

Applying Cauchy—Schwarz inequality

. 1/2
ex X u

31 £ éyaun(t) | dtJaz () |dtt =0 ().
=) 0 3|

J2 £ Jair® (Dagy'? (1) [dt £1/d §ai; * (Dag? (1) [dt = 0(1), by J
0 0

I3 £ Jarr 2Maxy 2aft) [ dt + Gar 3()ay3’ 2(Hagu(t)aga(t) | ot
0 0
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+Gait 2(Dax3 2 (ta (t) | dt + a2 (H)azs' 2 (t)ad(t) | ot
0 0

+Q a2 (a3 2 (t)as (t) | dt
0

© Qu+Qy+ Q3+ Q4+ Qs (say).

Now,

Q £1/d®Jag(t) | dt =0()
0

1/2

éex X U
Q£ godaif (Daf O |diFazd ag (t)| dtg
0

1/2

£1/d3gc‘ja1q(t)|dt5ag(t)|dtg = 0(D).
B 0 8|

In the same order of ideas, it easily follows that Q; = 0(1), Q4 = 0(1), Qs = 0(1).

Hence,
Oxa(®) [t = 0(D).
0
Similarly,
Ox2(®) [ dt = 0(D).
0
Also,
dhl(t)dt £1/d dalz(t) |dt =0@) and (‘jhz(t) | dt = 0Q).
0 0 0

Thus the lemmais proved.

6. Theorems

Theorem 1: Let A= (a;), i, j =1, 2 be a constant matrix (a2, a are not both zero) whose
characteristic roots are negative and distinct. Then all the solutions of (1) are bounded if

¥
Jai ()- ay ldt<¥,i,j=12
0
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Proof: It follows from Mirski [7] that under the stated conditions, all the solutions of the
system (7) are bounded.

Let y(x) ={(y1(X), Y2(X)} be any solution of (1). Now following Lemma 1, it easily fol-
lows that

Vi) L1 Y200 [EM + K @l 321 (t) - @zl +[au(t) - @ [} ya(t)]
0

+ [{[az(t) — az2)| + |azz + las2(t) — agof} y-(t)[] dt (11)
where

i 4 fi
M =maxm-%é’1|di pl &ldillgly add K=max™ {|H;|,[Hz],|Gi| |G [}

i=1 i=1

Finaly, applying Gronwall’s lemma [8], making x® ¥ and using the conditions of the
theorem, from (11) the proof follows easily.

Theorem 2: Let A= (a;), i,] =1, 2 be a constant matrix (a;», a are not both zero) whose
characteristic roots are negative and distinct. Then all the solutions of (1) tend to zero if
[ay(t) — &y £ Me™ for all i,j =1, 2 and for all t > to, M, q, to being some positive constants.

Proof: It follows from Mirsky [7] that under the stated conditions of the theorem, all the
solutions of the system (7) tend to zero asx ® ¥.
Let [P, [Q] £ N.e™, i, j=1, 2; N, g> 0 are constants, where P;, Q; are those mentioned in

Lemmal. Let M, = N.é | di | and let y(x) = {y1(X), Y2(X)} be any solution of (1).
i=1

Following Lemma 1, one obtains
X

| Ya(X) |£ Mg ™ + N2 (J{| @ (t) - @ |+|au(t) - au [fe e % | yi(t) |
0

+ [{ laza(t) — @zl + lasa(t) — Aol ™.y, (t) ]t
with asimilar expression for |y»(X)|.

Using the conditions of the theorem, it follows that |y,(X)e¥, |y-(X)[e™ £ ¥, asx® ¥.

Hence, the theorem follows.

Theorem 3: Let (i) a;(X) be positive real-valued, a;(x) 3 d >0 for x3 0 and a;(x) I L[0, ¥)
fori,j=1,2; (ii) a3(x) T L[0,¥) and a;(x) T L, [0, ¥) for i =j(a;(x)s are those given in
(D). Then the solutions of (1) are bounded in [0, ¥).

Proof : |sinx(X)], [cosx(X)| £ 1 as a;1(X), ax»(X) are real-valued.
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By using (5), it now follows that

Ih(X) |£](2(0))"¥2 In€0) | +[h (0) |+l xo(t) [N (1) [ +he(t) I ¥ (t) [ dit, and
0

[T () IEN(Z(Q) V2 [+]r €0) [+ |1 (O) [+ Ix2(t) I (©) [+[h2(t) IN(t) [ ot
0

where W(x) = {h(x), r (X)} isasexplained in Section 4.
Now, |h(t)], [r ()] £ MD)]]
Let K = Max™[(2(0))™|h&0)| + [h(0)1, [(2(0))™|Ir €0)| + Ir (O)]]

Vb Ir (] £ 2K + Glxa(t) [+]x2(t) [+ [h2(t) [ +ha () [[]WE) | dit.
0

Now applying Gronwall’s lemma [8] first and then using Lemma 2, the theorem follows
easily.

Theorem 4. Let Sbe the set of all solutions of (1) and S, the set formed of the derivatives
of these solutions. If all the elements of Sand S; are bounded, then all the elements of Sand
S, are stable with respect to the perturbation B(x) provided

¥ ¥
0) (‘jB(t)||dt<¥, and (i) (‘jBQt)||dt<¥.
0 0

Proof: Lety (x) ={y1(X), y2(X)} beany solution of (2).

From egn (3) if now easily follows that

1)1y 2() [EM +KGI((BL+Bz), y (1) [l dt

0
A
where M = Max™.c([f i, |g;), i,j=1,2; c= é_ lc;| and K=Max"{|Uj, M|, i=1,2
j=1

Now, using Gronwall’s lemma [8], x tends to ¥ and finally using the conditions (i) it fol-
lows that the solutions of (1) are stable.

We now consider,
My = Max™c[|fi&x) |, |af(x) [}, ] =12
Mz =Max™{|U@, [Vi4}, i =1 2
Ny =IVal, Nz =Max™{]y ()}, i =12, and |dy =|b;(0)]* 0, i, =1, 2.
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Hence, by using (4) it follows that
ly #1(x) 1. 1y £ |

N 0 € N u
EM, + MzNzoga by (1) [zt + NyN, b (t) [ dt + G% (1) | dt+[dyy | +]dy, [0
0 &ij=1 @ o 0 ¢!

Now x tendsto ¥ and using conditions (i) and (ii) the proof follows completely.
It may be noted that Theorem 4 remains true when the conditions (i) and (ii) are replaced
by the single condition ||B(X)|| < ¥.

Theorem 5: Let S be the set of al solutions of (1) and Sy, the set formed of the derivatives
of these solutions. Let all the elements of S and S; tend to zero as x tends to ¥, then all
these elements of S and S; are stable with respect to the perturbation B(x), provided
by (t) < M€™, for any positivep, M; i,j =1, 2.

Proof: Lety (X) = (y1(X), {y2(X)} beany solution of (2).

Let c{[fillg[} <N.e*,i,j=1,2,g>0.

Using egn (3), it follows that

ly 1(x) [, [y 2(x) |e*

£4N + ANy 1(0) [ (1b2e (t) [+ [ b (1) D+ 1y 2(t) [ (1022 (1) |+ bua (t) }e *at.
0

Applying Gronwall’s Lemma [8], it now follows that

& X 0
ly 1(x) | €%,y 2(x) | €% £ 4N.exp §4NM P Mtdt +,
0 1)

where |b;(t)| £ M.€”,i,j =1, 2.

Now, choosing g > 1/2p and making x tend to infinity the proof of the first part of the
theorem is concluded.

For the proof of the second part, we consider
Max™ {[f; (), [T €x) |, 1a; (¥), [afO) |, clf; ()] c@; AL Iy ()} =Ke®, i, j=1, 2,

g being a positive number.
Now using (4) in the same order of ideas as before one obtains

X
ly Kx) |, ly #(x) | £ 4Ke *.cfMePt.e 't + 4K e 3. 2M.ePx.
0

Making x tends to infinity, the proof of the concluding part follows.
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