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ABSTRACT

Recently Mrs. Vold [Proc. Ind. Acad. Sc., XLVI, Sec. A, No. 2, pp. 152-166,
Aug. 1957] has evaluated an expression for the interaction energy of two ellipsoidal
particles situated in any manner relative to each other. She has assumed the law of"
interaction as the inverse sixth power of the distance and has obtained the expres-
sion for the energy in terms of 4 series in ascending powers of (1/R). She has given
explicitly the co-efficients necessary to caleulate the energy upto the first three terms
of the series. In the present note the same problem has been reconsidered for the
case in which each particle has three principal planes of symmetry. A series
expression has been obtained as in Mrs. Vold’s paper on the assumption that the
law of interaction is the (2k)th power of (1/R), where &k may be fractional. The
result.is exprecssed in terms of various order moments of the particles. These
mements have been tabulated for the case of ellipsoids and elliptic cylinders. No
applications have been attempted as the applications given in the paper under
reference can easily be repeated for this also.

In a recent paper Vold' among other things has developed an expres-
sion for the interaction energy between two ellipsoidal particles with semiaxes
@, b, ¢ and «, B, y situated in any manner relative to other, the distance
between their centres being R. She has taken the inverse sixth power of
distance as the law of interaction and has evaluated the interaction energy in
terms of a series in ascending powers of 1/R.  She has recorded in an explicit
form the coefficients which are necessary for calculating the energy upto the
first three terms of this series. On account of the uncertainty about the law of
interaction between the particles we have thought it fit to reconsider the pro-
blem discussed by Vold assuming the law of interaction as the (2k)th power of
the reciprocal of the distance, where £ may have fractional values. We have ex-
pressed the main result (to the same degree of approximation as in the reference 1)
in terms of the various order moments for the two particles and have recorded
their explicit values for the cases when the particles are ellipsoids and elliptic
cylinders in a table at the end. The values of the moments when the particles
are spheroidal or spherical can easily be obtained from the first column (of the
Table) as particular cases, while when the particles are circular cylinders the
second column gives their values. We have not attempted any applications of
the derived expression. In fact the whole of the discussion given in the reference
could easily be repeated for any specific law of force, any orientation and
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any shape of the particles,  We have assumwed the particles to be symumetric
about three mutuvally perpendicular planes passing through their centres,

Let the two particles be Sand $ and their centres be at O and (0,
The direction-cosines of the line 00" with respect to (he axes of SYINMCTTY,
Oxy, Ox,, Oxy of 8§ be Ay, A, Ay and the same with respect to the aves of
symmelry 0'x), O'x3, O'x5 and of 8 be AL, AL AL Also let (4, 4, 4,
Iy, L 1,), (I, by, Bs3) be the direction-cosines of the axes of symmetry
O'x1, O'xY, O'xy of S with respect to those of §. [t follows that {Z,,, £, f.:).
(L, Ly, hs), (]3,‘ L, Ii;) are the direction-cosipes of the axes of symmeltrs
Oxy, Ox,, Ox; of S with respect to thosc of §',

L3 {1

In the sequel we shall adopt the following convention with regard to the
suffixes.

and /\j’ = Al Ayt Ay By,

X;=x,, [iZr(mod3) and 0<ir<l3, [21}
xXj=x, JjZs(mod3) and 0<s<I3., ole. [2.2]
)
Xy
Ly, tanbas
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Fig. 1

The axes of symmetry of the two particles and their relative Orienizijon
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The various order moments used in the result are defined below :

M == mass of § M =mass of ST {3.1]
A= [, x]p dv Ay = fo 2 p" b 3.0

B = [, x}pdy By foxt oty [3.31
Joxixlia pdv Cr=fo x5 p {3.4]

D= [ xip v D} fur x5 pldy’ {3.5]
E=foxtaxl spdv e [ Xty gt ol [3.6]
Fi=foxtoxlapd F e [ 2t pla {3.7]
He [ Xt 5355 p dv o' = [, A2 pldv [3.8]

Assuming the law of interaction to b?

o [4]

between two particles of masses m and m’ at a distance r apart the interaction
energy V between the two bodies § and S' is given by

" p dx, dxy dx; p'docy dxl, dxc
V=G ..... 7 &Y eI [5]
(G = %)% 4 G — ) 4 (33 — )]
where the integration extends over the entire masses of the two interacting
bodies. Following the usual methods of expansion and retaining terms upto
{2k + 6)th power of 1/R. we find

(—1: = ﬁ/]l';:/,l - Rzl,\ _Z[M’Eo{; A s MY o A}J
A
+ }Q';”lM (B B4 y: C) 4+ SZ) (84 A7 4 L34 i by XA A +

T ME (BB vy O+ SE S N+ Ul A) A 4

+}é21*‘+‘ M E 0D+ kBt i B+ v H)

RIS (Gt o AF r w4 prIgN) B A+

4+ 3 (0' '{-T,)\ +- (/>,I,J+x,l,”,l 2,7+
iy N+ oilisn; A7) Ci df +

+ M S (6; D+ k) Ej + ) Fy +v; H')

+ I3 (&) 4 oA+ Wik + py g M) B A

E2 () 4+ TIN £ S T X b g

3 e Nt @) 42 X)) € A,] {6}
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The suffixes 7 and 7 run over 1, 2, 3 and the dimensionless coeflicients

«, B .. and &), 8. ., w are given by

w=c+d o X (7.1}
B, = eyt 12 03 NP 16 ¢4 A} [7.2]
yi=2er 12— 1203 A7+ 96, A2 2 Fy [7.3]
femer 120322 [7.4]
€= 48 ¢4 A} [7.5]

‘ Li=2c, [7-“]
gi=24 e [7.7}
B cs+24c A+ 80 ¢5 A} + 64 gg AS {7.8]
ki =3es+ 240,( 2030 + Arrg) + 80cs (b (+ 6AF ¢ AT 0} 1 960, AT 1 Xy 79
=36+ 24e(0NFy £ 2 X5 0) + 80cs(Afy o+ 627 AT ) 1 0000, AT L A 5 [7.10])
vi= 203+ 1664+ 480 c5 Ay APy + 1920 g A7 AT A [7.11}
£i=303+48 ¢y AT+ 80 ¢5 A [7.12]
0= 24 cq + 480 ¢5 A7 + 960 ¢ A} [7.14
=126 96 ¢, A? [7.14)
pr=192 ¢4 \; + 640 ¢5 23 {7.158]
o= 18 ¢35+ 1446, — 144 0, AF + 480 A4 A3, [7.10]
71= 144 c; + 4805 — 480 s A7 4 5760 ¢, A} (A} . 1717}
= —12 53— 96¢4 [7.18}
Xi=576¢cs My Az {719}
g = 1920 ¢5 Ary s Afpa [7.20]
w; = 1920 ¢5 szn Az [7<21]

€1, €3 - . . ¢ being the binomial coeflicients, yiz.

‘ e (=1) "__("i_i)__r_(’;i:”) Is)

We get af, B, .. . wy from «y B, . . . w; by changing A to A

In the following table we give the expressions for the various order
moments tequired in the above approximate expression for F, in the two
cases, viz. !
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(i) when the particle is an ellipsoid, and
(ii) when it is an elliptic cylinder.

TasLe T

Cylinder with elliptic
section having semiaxes
a. & parallel to Ox,, Ox.
respectively and helght 24

paralle] to Oxy

Ellipsoid with semi
axes a, b, ¢ along
Oxy, Oxz, Oxy respectively

M (4/5) =~ abe 2 7 abh
A, {4/15) = &b (1/2) = &*bh
4, (4/15) = ab’e (1/2) = ab’n
A; (4/15) = abe® (2/3) = abi®
B (4/35) = a’be (1/4) =~ d’bh
B, (4/35) = ab’c (1/4) = ab’h
B; (4/35) = ab’ (2/5) = abk®
C, (4/105) =~ ab’e® (1/6) = ab*i®
Cy (4/105) = &b (1/6) = &°bk®
Cs (4/105) = &bc (1/12) = &'k
D, (4/63) = a’be (5/32) = a'bh
D, (4/63) w at'c (5/32) = ab’n
Ds (4/63) =~ abd 2/7) =~ abk’
E (4/315) n ab™c’ (1/12) 7 ab’i?
E; (4/315) = o*bc° (1/10) = &'b#’
E, (4/315) = &b (1/32) = a'B°h
F (4/315) = ab®’ (1/10) = ab’p’
F (4/315) = o’bc° (1/12) = a°8i®
F (4/313) = a*b°c (1/32) = &’k
H (4/945) = &®bc* (1/36) = ’6°R°

We may mention here that the above expression for ¥ is valid only when L/R,

where L is a characteristic length defining the size of a particle, is so small that
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the terms of order (L/R)® and higher powers of (L/R} are negligibly smuall in
comparison with 1.
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