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ABSTRACT 
Bxpiosrmnr have been dcrwed for the effoctwe elastrc constants in rcspect of a 

suhatance posscwng mmal cubic symmetry and subjected to a general type of 
finite deformation. Some speaalycases of particular Interest are deduced therefrom 
by introducing suitable relatronships between the vanoos parameters. Results for 
the slrnple care of Unzform Comprcsvmn dealt wlth in an carher paper. easly 
foilow. 

INTRODUCT10h' ' 

A method of evaluating the effective elastic constants from the expression 
for the strain energy, u t ~ h z m g  the theory of aon-lmear elasticity, has been given 
in detail in a previous paper by us (1960). 1n that paper, the special case of 
un~form hydrostatic stress appl~ed t o  a substance with cubic symmetty was 
considered. In the present paper, the initial finite deformation will be assumed 
t o  be of a general type, and a general infinitesimal deformation wdl be super- 
posed on the same. The effect~ve e l a s k  constants for such a case are derived 
in  terms of the second and third order elastic constants of the substance in the 
stress free slate, so as to include up to the sccond powers of the in~tial finlre 
strain components. By giving particular values to these components, the  
effective elastic constants approprmte t o  (1) a triaxial strain, (2) a uniaxial 
stram and (3) a shear are derived. I t  has also been ind~cated that several 
other types of strains o r  combinations of strains could be easily dealt a i i h  as 
particular cases of thls general treatment. 
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STRAIN MAmix FOR A GBSI!RIL DLI,ORS;A~.IOY 

For the notation and other detnils of the ti!e!hud etnplnyetl, rcrw;;ce 
should be made Lo the paper cited earlmr. Here, the :~pplicnt~r>n of the tnetlzcd 
t o  the general mse 1s direclly worked out 

As a result o i  the general fintte deformation let n point a i t l ;  co-imiit!:itcr 
a, b, c referred t o  a conven.ient space fixed axes khc ciirr~cd over to tlic p:wi~iir: 
xo, yo, a referred, for convcn1ence to the same uxcs, so tl1.11 

xo = JO o ; xo = xo, yo,:" ; a -a. h, c 111 
and Jo is the Jncobian of the trnnsforinat~on w t h  v x  indcpcitdcnt c m j n ~ n c i i t ,  
as given by [Zj. 

1 t 8, 8,; 

J O -  1 8' 14-81 ii 1 [?.I 
05 81 l k ( I 1  

This enta~ls that 
x, - (1 + 0,) a i o,, O I & C 

j )0-66ai-(I t&)b. l  f f , ~  

z o = 0 , 0 + 8 a G + ( l i  0 4 ) c  ('1 
We have assumed that Jo is symmetric. in ihot f.mn, tl it m t  tl!e inort 

general displacement, as the case of a stmple slmir is  ni>t c o w e d .  Tlic \cp,i- 
ration of the rotationnl or antisymmetric part 111 XI will hc v:~lid ,o I<in$! 'is; 

mfinltesimal dcformations are eonridercd. In thc litiiw theory, tI,c \tr.~!ti 
matrix elements are given by q =- ( J * J - 4 )  wherc J a  i\ rlio irniiq)thc of 
J a n d  E, is the unlt matrix of d~n~ensioti  3. The rot:ction;il p i t  c;iai~ot he 
removed ftom J itself, but will get so reinoved aficr .I ' J is formed and I:', i r  

subtracicd therefrom. To begin w ~ t h  thercforc, one has to $tart with nti tni- 
symmetrical J with nlne independent components if one wants to cover itto iiirrsr 
general cases. However, the resulting calculntions become rathcr urnrieldy nod 
i t  does not seem worthwhile to undertake sucli calcolntions for our p ~ w m t  
purpose. The case of a simple shear alone w ~ l l  be treated scparirtcly in niitrthcr 
paper as a part~culor case. 

The strain matrix q correspondmg t o  Jo will have elements p i ~ ~ i  by 

,,, = 8, + 1- (8: t 6: + o f )  '14 - oq t : (&Rn -i. i ~ , b , , )  
q2 - e, -I- + (0; + 0: + 8:) qr= Bj F : (O,O9 I O , &  .I e.,a,.) [ 4 ]  

9 ;  - 0, t & (8: + 0: + 8:) 716 - 0s t i  .i B&, I iiti15j 

As a result of the further infiniterimal defornmtion ict the poini (yo. y,,, ;,) 
move to x, y,  z where 

?{]2!1: 



The 8's express the usual change; in length and changes In angles, etc , all 
referred t o  the already finitely strained state as the base state which we moy 
refer to as the 7  state. As a result of these two deformations .Io and JE, the 
point a, b, c will finally go over to (x, y, r) where 

x - JC , .I = J ~ A ,  I61 

The strain matrlx elements of this combined deformation will be given by 
q ;= ~ ( J ' J -  E l )  Noting that 

B ( J ~ * J ~ - E , )  grves the elements of the strain matrlx correspondmg to 
a general ~nfinitesimal deformation. Either from the form of [4] or by direct 
working, we obtaln its components an 

In terms of these cornponcnts, the strain matrix [7] corresponding to the 
entire deforrnat~on, (I e., finite plus infinitesimal) wdl be given by 

Consequent on the 8 deformimon therefore, each of the strain elements 
71 . . . 76 in [4] has Increased by an amount Aq! ,  . . Aqs whose values 
are given from [9] by 



The generd zspresslon for the qtmm energy Ccor s whit.!iicc niili crihii 
synimetry, inclus~ve of second and third ordcr l a r m  i i  : . ivr~!,  uliio rck i rcd  to  
a unit volunic of thc i!iitlill sires, flee skite, by 

If  as a result of the infineles!rnnl deformation, rhc iiriginxl Sirtit:: \tl.tiiic 
q1 . . . "la hilvc become q,  - At], . . . r j 6  k A I~, llic :iicrc.i\c ill crwrgy dur  i t ,  

the same, 1s given by the expreqsion 4, ( i j  i Aq) -- + (?). w111ch r:rn li< 
developed as a power serles in tho A ?  using Taylor's fhcorcm. 

i 2& 
- - A . . [I?] 

3 ?,, h j ,  

Wc retain np to quadratic terms only in the A" ,  % I!xy arc trc.itcd a, infiattr- 
simsl. Here the derivat~ves 

?<j h2</b 
- I 

at,, &,r;b,* 

can b e  easily obtained from [ll] and they are to be evnlureri  a t  A ?  0. Tlic 
values are glven in [IS]. U'lth the use of eqoalio~ls [10], whicli eaprc<s A rl 
an a linear function of 87, we can cxpress ij, (" I. A?) - q, (") glbcn above :\s 
a quadratrc frlnction in 81. This difference In encrgy hoivcicr refer, t o  o ~ n i i  



volume oT the stress free state D:viding i t  by the dctcrminant of ./, expresser 
~t pcr unit voliime of Lhe 7 srate. Equaling fiirally with +', where g' is Lhc 
total energy of the mfin~tesimal deformalion, we gat expressmns for all the 
coeliicirnts in rj' hy a cornparlson of the coclliaienlr of slmllar powcrs. Thus 

It will bc noted here that 6:. C:. etc , are coefficienls of the linear terms. 
allilc h,,, etc., are the coetfiaents of thequadratic terms in $I. Thcy can he 
represented by b,, ( r c s ;  r ,  s- I, 2 . . . 6 )  and arc thus 21 In all. It will also 
he observed that except for bl,, b2,, hi,, b,?, b,,, b ,? ,  every other b,, occurs 
Wlh a multiplying factor of 2. In 4. w e l e t a h  only upto second pourers of 87. 
On the left ride, we revain all lerms up to the squares and products of the Bniic 
stmin Jeriva~ives 8,. . . e6 (re ) the cub~c powcrs of these are neglected. The 
values of 

n2 ,+ 
39, ' 47),3l. 

uied in [12! are g v e n  below. 



Here qI . . 76 are elements of the strain mntr Ir u p  to [iic initial firiite s l r : h c .  
They are functions of 0, . . . Oh as given i n  [$I. Stibstituliilg t l lc~o \':L~IIL.Y 
in [13], and equat~ng powers of Sq,, 6&, 87, Sq2,  etc., we get tliu val!ic% %,f t i l e  
first order coefiic~ents e;, ci . . . c; as also thc vltlucs r)f ail \Ire b,, ( r ,  s 1 iu 6 ) .  

gi' 1s so far expressed in terms of the  strain cornponcnts Xq. It c:ln m r i v  
be expressed in terms of the  displacement derivatives 8, . . . Ba by u h g  rela- 
tions [z]. Retaining up l o  the quadratic terms in tho S's, we can writc $! :" 

and c;,, ch, etc., are new constants connecterl by simple reiationships with 
b , ~ ,  bll, etc., and with the  first order constants c: . . . c:. I t  has been simwti 
in the prevlous paper of the  authors referred to ektrlier thxt c:, r: . . . cr, 
represent the components T,, T, . . . T6 of the in~t ia l  stress. A it. tiicrel;lrz 



rcpresctlts the work d m e  by the% mitrai!y present stresses during the ~nfinl- 
tesiinal d~splncement 8,  . . . B j  +' represents tha total energy required for 
cnusing the odd111oi:al infin~tcsimal deformation, wh~le A W indicates the part 
nlrcsdy avdilable for 1111s purpose m the shape of work done by the existing 
i n ~ t ~ n i  atrcsscs. The dlference +' *n A W therefore represents the effective 
extm cnergy reqn~red for causing the infinitesimal deformation and this quantity 
lias bceii denoted by $,. and rzferred t o  as the ' effectrve elastic energy' in our 
earlier paper. The c:,, &, etc , occurring m yl, are called effective elastic 
constants and tho? completely specify the elastic response of the substance to 
infinitesimal deformations superposed on the exlstm~ slate of a general fin~te 
strain. IL has also been ind~cnted m the earlier paper that sb, and the effec- 
tive elastic constants play an important role in determining the elast~c stability 
of the substance. Wc now proceed to glve expressions for these effective con- 
stants. The coeRicients c j  . . . c i  and b,,, biz. etc , occurrmg In $' are already 
determined as mentioned in an earlier paragraph. On wrirlng $' in terns of 
8, . . S.; and romparm:, with yl, we get simple relationships between the 
efec t~ve  elaslic constants ch and the constants b,, and c:. The results, in 
respect of c: and c:, are given in Table I. Although 6 ,  are first directly deter- 
mined and c:, are subsequently deduced therefrom, n e  give here, for the sake 
of siinplmty values of d and d, only. I t  wdl he noted that all these coefficients 
are dovclopsd up to the second powers of the initial strain components. The 
task of deriving all tile coeficients is simplified when we observe as before that 
the perinutatlon S-  (B1 dZ 8,) Oi 06) and S' can be employed Lo derive 
t n o  constants simrlar to each b,,, c: and di Thus one needs to evaluate directly 
only 7 of the b,, and 2 of the 6. 

The values of the effective elastic constants in the special case of a triaxial 
qtraln are given m Table 11. In Table 111, we give sub-dnisions of this case, 
which correspond to [I] a uniaxial compression and [?I un~form coinpresslon 
In Table IV, we consider the case of a pure shear. 
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TABLE 111 

SPECIAL C A ~  OF TRIAXIAL SIXAIN 

(1) Uniaxial compre.smo,, : 8, - HZ - 0 : 0, - 
( A )  Expressions for initial stresF : 






