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ABsTRA<'T 

T h ~ s  paper deals wl11 the study of the elastlc behaviour of substancer wl~icl~ 
arc mtvally subected Lo a Cnilc s;nrplc shear. Follonmg thc cariter wark of 
Rhagavaninm and Chelarn on the hrmulat~on of an clfcctive eiasiic enekgy to deal 
wrth SUC~CBSOS,  C X ~ I ~ S I O I I S  have heen derived feu thc cfiechue elnslic constants in 
the care "Fa substance ol'cnbrc syrnmctry. 

In prevloos papers ( ~ l i a ~ i v a n t a i i i  and Chelam 1960) a convenicnt approach 
to the nroblem of elastic behaviour of matter under hlch Dressures wasindicated. " 
The c u e  of a fiinte simple shear nas  evcluded fiom those papers, as the general 
theory v~otild have become very complicated if it were to cover this case as well. 
This I S  became a slmple shear has t o  be specslied by an unsymmetrical Jacobian 
Matrix. In all oilier cases so far considered, this matrix is symmetric. The 
case of a simple shear acting on a substance of cubic symmetry is now considered 
separately and exprenions derived for the 'effective elastic constants'. Thr 
results can be easdy simplified so as to be appl~cable t o  an isotropic substance, 
by using rhe appropriate add~tion;ll symmetry relat~cns 

For  de ta~ls  of the notatioii employed here, refercnce may be made t o  the 
papers clted earlier and also t o  Murnaghan (1951). We take the undeformed 
state of the  body (state I) and consider its I in~te  ddormatioii by a snnple shear 
t o  State TI, the displaccmenl being spec~fied by 

Herc a, b, c are the mitinl coordinates of a typical particle and x,, go, zo tbc 
coordmatcs of the same particle after the ljtcscrlbed deformation, referred t o  a 
convenient set of axes. Tbis deformation is thus given by the unsymmetrical 
matrix 



We now impose an infinttcsimal ddormatian specified hv Ilrc di ipl :~ccmcnt 
[4] on State ti, so as Lo study Lhe elastic bchnviour of l l x  s!!hs.:inci. fdr such 
deformations from State 11. 

Thus r, p, z ore tho final pos~tions of the parrick and the J.cuhinn J8 
specifying displacement from State I1 to final Statc I I I  is 

SP, 8 5 j  

151 

From [I] and 141, it is easy Lo sec L h t  the J:nobian currr~,p~,nJi~ig to t l ic 
total deformat~on from State I to State i l l  i\ gwen by 

J - ~~6 I61 

Hence if A?] is the nlatrix denoting the iucreasein the strain elements from 
Statc II (I e ) putting 7 = qo + A q, we get from [ i ]  and [3] 
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It will be observed that where as 67 1s an increase of strain elements 
measured w ~ t h  reference t o  conditions of State 11, A q gives the values of such 
increases when referred t o  State I. From [lo] we gel 

STRAIN ENERGY AND ITF INCREASE DUE TO ADDITIONAL DEFORMATION 

The strain energy 56 per unlt volume of State I developed upto c u b ~ c  powers 
of the strain components is gwen, for a substance of c u b ~ c  symmetry, by [ ~ e f .  I ]  

Here, all the rl's are measured from State I When tile substance atrains 
State 11, the ?'s attain raluzs givsn by 71 - 1% = 74 - $5 = 0, tl? = $ 02, 7' = : 0, 
and substitut~on of these values m [12] glves the straln energy of State 11. 
When each of these stram components Increases further by A 7,.  A q 2 . .  . Aqn, 
the resulting increase In strain energy can be eas~ly obtained from the Taylor 
expansion 

on neglecting h~gher  powers of A q .  Here the derivatives of 41 are to be com- 
puted at Stale 11, ( i e . )  after obtaining the der~vativea from [12] we set 
qz = f 02, 1 6  = li 0 and a!! other 7, ar zero. We thus get 

+(I + A?)-  9 (7) = e2(:  h i  i CIIS)AVI 

o2 (: CI, + : cIS5) A ?, + ez (+ c,, + : c1d A ,, 



In n slinple shear, there is n o  cl~nnge 111 rolunio i r ~ n l \ t . J  I i t n i  !;:.I:L. 1 tn 

s ta le  11. This 3s clcar :ilso by incpcctrou of t!lc dcrcrln:n.~!il i ' T  . / ,I  . \ i ~ i c l ~  ;. 1. 
Hence $ ( ? +  A?)- may he e q ~ ~ t c d  t c  ,I:. \\IIICII ~ t \ t ! , >  l i i c  \:!.I ;i a ~ , . , ~ ~ , )  

the addilinnal dcl"ormntiun pcr l ~ m t  Y O I U ~ C  ~ C S t i ~ t c  i l .  ll\ n\i+ i c i , i t ~ ~ ~ t ~ s  [lli 
wc can express in terms or X1 raliicr riim A ?  .ind thi\ gtvw o i  

There are thus 4 first order and 13 second order ~~onvrrnisl~ing uoc!iicicnls 
in [IS]. When the subslance is isotropic, we can ohtam i8pp10pri:~Ie  value^ 
in [16] by using the addillanal relations 



EFTECTIYE ELASTIC COXSTANTS AND EFFECTIVE ELASTK ENERGY 

On r x p r e w y  mch S q  In terms of 6,, 8; . . . i,,, by nwms of rehiions [s], 
we can wr:le (6' as 

< j l = A w t p ,  

Here the new conslants c,', are connected w t h  b,, by the relarums 

I n  the earher papers, i t  has been pointed out that the first order? constants 
cj, C; . . . c l  represent the  six components of the initial stress T I ,  Tz . . G, 
associated wlth the defornlation of State I1 and that A W is thus the  work 
done by l h e n ~  during the small d~splacement under consideration. Hence 
gh,=  I+' - A W ~.epresenled the  total potentla1 energy assocrated wlth the ' 6 ' 
deformation, and this was also called the eifectlve elastic energy, thc coefficients 
in the same being the effective elastic constants Accoidingly, we can now 
give exprewons for the initial stresses TI, T2 . . . T6, and also for the effectwe 
elastic constants e:, from [la]. 



The expressions for 6; givcn above, can be computed ~l the tfiirti order 
constants CIll, e t c ,  arc known. Sometimes, reteiitlon of the forin of c:, In 
terms o f  the initial stresses (such as c;, hi,  ;- T]) would bc meful, ;I\ this 
form reveals the  dependence of the effective constants on  tlic. initinl slrc$s. It 
bas already been mentioned that such meagre data :is is :lvailnhle oii third order 
constants seems to suggest thal they are all negative and an onlcr of iii:lgnitudc 
larger than the second order ones. On t h ~ s  bas~s ,  it aould scclll titat mart of 
t h e  effective elastic constants decrease w ~ t h  applicotioo of' a finite slicxr. [:or 
a further discussion of thls aspect, 9,. will llavc to be kepnr:~:ed as .,iiins of 
squares (normal coord~nates) This question togethcr witli uppl~cntion to 
specific cases will be examined in a sep:irate cornmunicetion. 
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