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ADslHACT 

A he effect of bevellrng on the thtckness-shcai-flex~~re whinl~onc of c~y~t:illinc 
plates, cspfclally AT cut quartz plates, m mvssugatcd. The thcarcttcnl caIcul;ll!~in~ 
for rntinitely long plates am based on MINDLIN'S plate thsiw whrch t:tPc\ into 
uccannt the rotatory mema and tlausverre shear Lonm .end the cvcItwn.; of  
the bcvellod plate arc abtilmed from the reduced equauunr S v e n  by Mlhl>!.lN 
and FORRAY lor tho un~iulm plal~. and for tbc doublc wcdge. U'1lcrc.a~ the thich- 
ners-shear fquency 1s practically unaffected by bcwllrng, tbc flmllic wbr.~linn~ ;ire 
very sanounly dmurbed, the order of the llcnutaovaitone which comhmea wltli 1i:c 
fundimenla: ihzhacss- hear ~n a double wedge being almost twcr th.i1 in  a uriitwm 
plate. Tlmcaleulillmns a x  cornpatad \rllh thsc\pa~lmental uh?cii:clion\ on I r m ~  
wtps OC XI' cut c a r t z  plilter I t  7s suggested that hcvellmg, togethr?i wilh e d ~ c  
drmpmg, wdl cons~derably reduce the llexurc coupling a"fcct.;, 3s is lrnrnc o u ~  in 
piacfico. 

Smce the theory of the complete v~bra t~onal  modes of cryst;iilinc plntcs of 
finite thtaness presents exceptrnnal mathemat~cal d~fficultics, little progress has 
been made in underrtandtng all but the smplest problcms (Mindl~n,  1955; 
Hearmon, 1956). For exatnple, one has fairly accurate desc,riptioi~r o f  pure 
modes (thickness extension and shear, face-shear, flexure, etc.) but whcn the 

modes are couplcd, analys~r has been very dificult. The situnrion is ;ill the 
more unsatisfactory since in the crystal plates, used widely in science and 
industry, the  odes are always coupled and tho crystal p l ~ t e s  can he e ~ s d y  
excited into a number of modes (Sykes, 1946). 

The technque of contouring the thicknea of the crysial plate tu improve 

the frequency quality of the resonators IS widely used. Bechmann (1952) has 
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s!inwn that on hcvclling a urcolar plntc the qur ious  con!onr-shear frcquencIej 
are dirplaccd away from the h a s ~ c  thickiicss-shcar Crequency ar:d car, !Iiri h e  
elmmatcd to resnlt In a suigle ucsponsc near ihd i l c r ~ y w l  frequency. Walner 
(1952) has used the idea, thac In a convex shapcd plate the rhickness-shear 
motmn is colifined t o  the central portion, to reduce rhe erect of n~ountlng on 
the rcsonators. and tliu techn~que has subseqiienilp lxcn used by Vasln, 
Pordy~kov and Varosla~~skii (1957), LVh~te (1958) and others. 

Among the recent tl~eorctlcsl developments concernlug the problem of the 
v~hrations of contoured plates, M~ndlin and Porray (1951) have developed an 
approximate way oC solving M~ndlin's equalions (1951) for a plate or variable 
thickness. Essentrally t h ~ s  conslrts in apllrtmg the complicated fourth order 
equation a i l h  varlahlc coellicicnt? rcprescntrng Ihc coupled thlckners-shear- 
fiexure moilcs Inlo two p a r s  of cquatmns representing the uncoupled rh~ckness- 
shear and flexure mode5, at!ll letainlng the thlckne<s-shear and rotatory inertia 
erkcts. Thtr reduction is approxlruate but in the rrgion allow thickness-shear 
and hlgh flexnrr overrones the reducrd eqilarlon% agrm very well w ~ l b  thc 
complete eqiiniions for 3 utuforrn plate. Incidentally i t  rs in this regloll In which 
o m  1s intezested, for the fundamcntal thcknmi-shcar modc IS usually coupled 
with a high (20th-30th) even order flexure mode. 

The solutmns wallable for the low flexwe modes of wedge shaped plates 
( ~ l e l n  1956) are based on the classical plate Uheory and the neglect of the 
rotatory shear and lnertla efects renden them tiiclesr at lugh nvcrtonei oCpldles 
of appreciable thickness. So in tlus noic, the Rcxi~rc soluisons of Lhe M~ndlin's 
platc theory are obtained and ~rairig sn addition Mindhn am1 Forray's calcula- 
tions ohe obtain3 the iccquency spectrrun of thc bcvcllcd plates 

The nature of the effects brought about by bzvell~ng are clearly hrought 
out by suppressing the  coophng In one lateral d m c u o n ,  i e., by cons~dering a 
y faced crystal plate (thickness 2h) of infinite length along the z axls. In thls 
case Mlndlln and Forray (1954) have obtalned the thfckncrs-shear solutions of 
the  bevellzd plales starting from the full solutions of the uniform plate and of 
the double aedge. Smce thcae relaIlona arc necdcd both m deducinz the 
flexure modes of Lhe bevclled plates ( ~ q .  17) and In plotting the full frcqurncy 
spectruln (Eqs. 7, 11, 12, 15 to 18) they are very br~efly summarized lor the 
suhaequent use. 

Taking the  displacemunts as 

u, , -y$(x , r ) ;  u , . - ~ ~ ( . x , r ) ;  0, -Oandh-h(x)  

thc reduced equations of Mlndlin and Forray are : 

( A )  for the transverse shear v~brattons, 



where 
k, - g/(~ + g) ; g - .?i2 c,/I? [cil - chicZ?] : & -- , K ~ c ~ . ~  h:G 

The rdoment df the forces M, and the resultant of tllc forccs Q, w e  

= Dl 4; ; Qx = D6 (!h2 J- $1 ~ 3 1  

(c,, are thc rolalcd constants for the orientat~on af tlic p!nte). 

Co-ordinates 01 the infin~tc plnter of ("1 it uniform thickness 
( b )  double wedge and (cl bcvellcd plate. fifimte length along 2 m s .  



The moment and the resultant of the forces are 

M, - - 0, tl: ; QA = - (w, O ; ' ) l  [61 

One now sees that for a uniform plate, as showi~ In Flg. I a the th~ck-  
ness-shear io lu t~on is obtained as 

1 p  = A  sin S2 x + B cos 6, x 1701 

and with the Free plate condition, the fundamental mode (ant~synmetra  in x) 
has a frequency gwen by 

In  the flexurz waves, w ~ t h  the free plate conditions, the odd older modes are 

7, = A  [COE 8, X- t  cos 8, bo sech El bo cash 6 ,  x] 

tanh S,b,, = - tan 8, be [gal 

and the even order modes (anti-symmetnc In x )  are 

q: = A' [sin 6, x -1 sin S1 be coscch 61 bo linh XI x] 

tanb 81 b0 5 inn 6, bo b b l  
where 

8: - 12 k, p w1/ (2  boy (cI1 - &/aJ [lo] 

Taklng both the modes, a t  large r 

q1 (2 b,) - (2 r i 1).x/2 [111 

In the care of the  dooble wedge of d~mens~ons  shown in F~gure  I b, the 
thickness-shear mode is 

$2 - ($4 + ~ x - ~  y p  [12d 

and the fundamental frequency is obtained from thc first root of 



Treating the symmctrlc and antisymmetric modes, the high uacrtnncs are 
given by 

A b : - ( 2 r + 5 ) ~ / 4  [151 

In order to get the fundamental thickness-shear mode of the bcuelled plate 
of cross section (F~gure I c) ,  

2 h - ox for OsnSbo - b 

- 2 ho for bo - bSx*bo 

and a - 2 ho/(bo - b) 

one assumes the antisymmetrio solution of Eq. [8] with tho conditions fixed a t  
x'(-6,- x) - b, for the uniform portron and the solution [ I Z U ]  with the 
conditions fixed at 3-0 for the wedge portlon. Then, demandmg the con- 
tinuity of $ and 7 at x = bo - b as dane by Mmdlin and Forray, one gcts the 
secular equation 

In  the case of the flexural vibrations, it is sulXc~ent to considcr the oven 
modes, slnce the fundamental th~ckness-shear mode (anrisymmetr~c in x) couples 
almosl only wrth the even flexural modes (also antispmmetrrc In x) (~jikcs 1946). 
( ~ h c  method 1s easily applied to odd modes also and the resulting equaiion hzs 
ran x instead of cot x in Eq. 18). 

The general antisymmetric solallon for the unform portion IS 

and that in thc wedge portlon is 

one demands the continuity of the displacements 7 nnd $ and also of the 
moments M, and the stress resultants Q, a t  x =  bO- b. Usmg Eqs. [4] and [6], 
the secular dtteterminant after some simplification becomes 



cot S. b r o t h  8, b.8: (60- h)' [s, (b, -- h )  - <,/I, t J~/ . / ,J  [I 71 

7 - 8 L ( h - b ) " [ i  - -8 ,  (b,:-b)r0/1,] [ i  -8 ,  (bn-b).ro/,iI] 

+ coth 8, b.[l - 81 (bn - h)~o / . r , ]  [I + 8; (6, - b y -  6, (h0 - b) hilt]  

- cot c ,  h.:l - 8,  (b,, - 6) &/I,] [I - 8; (h,, -A)'-- 8, (b,) -- b) )o/f,j - 0 
where the Bea~el filnctlons are of arguments X(ho - b)' - 2 8, (bo- b). In the 
rcgmn Slb>3 and &(bo-b>>5 t h n  eytiation can be approximated by the  
simplcr equallor. 

Thus one can cvalriate the cotmpletc frequency ~peclriim. To solve the 
secular equations, the method of allernlating signs was used and the roots were 
estinmtcd to 1 % accuracy only in vrew o r  the experimental compl~catious. 

DlscL'sSlo~ 

Thc numerical computations have been made for AT cut quartz plates 
2 ho = 0 1 cm. in thickness and of widlhs 2 bo =2.0cm. and 2 b, = 0.5 cm. A 
b,/ho ratio of 20 IS common for the plates wldely used in industry and science 
whde bd/ho - 5 was found reasonably convenient as dtscussed below to slmu- 
late experimentally the condttions of an infinitely long plate. The values of 
the rotated elastic constants arr the same as thosc used by MINDLIK (1951) 

ress - 29 34 ; cz2 = 129.9; cl2 = - 10.49 ; c,, = 86.05 x l ~ ' ~ d y n e s / c m ~ ;  

p = 2 660 gmicm3] 

wh~ch are based on M.lson's observalions. 

Taking the case where h0,lh, - 20, thc frequency spectrum near the funda- 
mental thickness-shear vrbration is ploited In Pig. TI for various values of b!bo 
The thickness-shear frequencies were conjputed [rom Eq. 1161. The flexure 
frequencies in the range 0 1 i h /ho<0 .7  mere computed from Eq. 1181 and then 
Eqs. [ I ] ,  151 were used to fix up  the ordcis of the various overtnnes. Fig. 11 
shown immediately two features A sl~ghl bcvelliug say 6/bn . 0.8, does not 
cause any peicepttble change in the Ih~ckness-shear frequency, but com~lelell' 
changes the position of the flexure frequency. It 1s obvious that by giving 
controlled amounts of small bevelling Ih? troubleiome flexure ficquencics canbe 
rnovcd away fiom the thickness-shear mode so as to cause the least disturbance. 

Similar calculations for bo/lh - 5 are given in Fig. 111. In addil~oil t o  the 
general features mentioned above, two other fcatures appear. One i3 that 
already the effect of small lateral dimension on the thickness-sbmr 1s felt both 



in the shift of the frequel1cy from that of an infinltc plate slid 111 the diqpersion 
of the frequency wdh b/ho. Secondly the order of the flexure overtone which 
combines with the fundamental thickness-shear IS reduced considcrobly, thus 
leadlng to a greater disturbances of the thickness-shear modc. 

FIG. I1 
Frcqocnei~s of the fundamental thicknew-shear (full h e )  and :he flenuro 

overtones (dashed l m r )  for varrous blbO ( 2  ho=O 1 : 2 b ~ c 2 . 0  cm.) The thick- 
ness-shear freeguency B of the cnfioitely uwie plate is also ~ndicatcd. 

The causes of the different sensitivities of the two types of modcs t o  the 
bevelling has been already ind~cated by Mindhn and Forray (1954). Taking the 
thickness-shear of a double wedge ( E ~ .  120), in the case treated above 
(2ho = 0.1 ; 2 60 = 2.0 cm.), P - 16, x varies from 0 to 15 and x" J, (BX) is 
negligible at small x near the edge and becomes apprec~able only near the  centre. 
(Nume~icall~ ~ ~ ~ J , ~ ( l ) , l . l O ~ ~ ~ ,  10~2~,6(10)-2.10~5, 1 5 - * ~ ~ ~ ( 1 5 ) - 4 . 1 0 ~ ~ ) .  
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So tile edgo portions d o  not at ail participate !n the th~ckncss-shcar motion and 
only the ccntral portion vihrates nppreci~ibly. Hence the bevellrng of thc edges 
has only a miuor influence on Lhe Ihickncss-shear vlbr:~t~ons. In fact ~t IS this 
absence of  mollon at the edges which enable< one ro rcduce the mounting losses 
in high Q resonators. For  tlcxure vibratlons [ E ~ .  14n], h-30-40. So s-?l,(hx') 
is largc at the edges and beco~nes small at the ccntre of the double wedge. 
(Numerically l-<.i,(1)-4.10-*, 10~ ' . / , (10) .~ l lO~' ' ,  30-'~~(30)-3.10-'). 
So any alteration of t h c  cond~lions at the edges has a pronounced bearmg on 
the flexure modes. 

bIbo 
1 

I 
C 

-----..m 

FIG. 111 
liundarnental thxkncss-shear (lull ihnel and Rexurc overtones (dashed Imes) 

for n bevelled d a t e  2 hc-0 1 : 2 ha-0.5 cm. Experimental point? arc znrircated 
by dots. Corrccnons ro the plollcd valuer arc also shown cn the case of the 
unlforrn plate. 

This considcration suggests that cdge clampmg m addition lu bevelling 
will still further reduce the flexure couphng effects Of course, the solutions 
derived above are for free plates and must be extended t o  the requ~red case. 
But it  is obvious that the daniping of the flexure vibrations where they are most 
pronounced will m n i r n m  the couplmg effects. 

The cxperirnenlal s tud~es  t o  check some aspects of the calculalions were 
made on AT cut quartz plates of s m  2 ho - 0.1, 2 bn -; 0.5 cm. and the largest 
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dimension was-8 cm. so that the ratio of the thicknew to iio hrealiill ir 
smaller than that of the breadth to the !eng!h Thoug!i llle cl lipiillg to tlic 
length will still persisl to some extent, this effect~vzly srrnuhtes I hu coirilii~ons 
of an i n h t e  plare withm reasonable dimecsions In nclu:tL ~.r.icticu x\er;il  
freqosncles are obtained wli~ch are d i ~ e  to coupllng w ~ l h  i h ~ s  Iciigih .inil ivitb 
the face shcjr modes. They are easlly recognised by altrr~rl!: I11c ci,iiilp~ng 
conditions at the edges of the lsrgest dm~cnsion or by olteiiug :his slrd, ahr:i 
the unwanred freqoezcies are changed considerably. 

The experiments were made by the usual II-network tmniiniss~oi: aiarl~nii 
and are compared wlth the theoretical results given in Fig 111 iinlbrtunlltclp, 
as already pointed out, the method of computation hns seriou,, errors in 
the region of low flexure overiones and in the case o r  the uniform piiites: th* 
correct values can be obtained from the exact so!ut~ons of Mindhn (1951). Tlic 
corrections are md~cated in F~g:lre 111, where ~t is seen that the tl~ickno$~-~he:ir 
values should be uicreased and the fiexure value3 should be lo.vercd Alw,  11% 

the simpl~ficatlon of the exact equnt~ons, the " pulhng " of tho frequc;icie\ duo 
t o  the couphng is lost On the exper~mcntal s~de ,  the finlte value of [he length 
is a departure from the idealised model cons~dered In vie-, of thesc, noiliing 
more than a qualltat~ve agreement between the experimental results iind the 
theoretical computations can be clarmed. 

Some experiments were tried with edge clamping of the treveiled plate. 
A cons~derable reduct~on In the lntenwty of the varlous side overtones was 
observed whde the thickness-shear mode is only slightly damped. 1i1 tile absence 
of any theoretical value for the amplitude ratlos, a quantitntlvc coinpoiwn was 
not attempted. All the same, this bevelled edgc clnmping techn~qoe is  ahcady 
w~dely used in Bharat Elecronics Ltd , Bangalore, fur Improving the pciformance 
of scveral types of crystals. 
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