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ABSTRACT 
Recent work by the author on a transformation method for the study of non- 

linear components is utilized to evaluate the composite describing function of 
successive non-linear components in feed-back control systems. Characteristic 
eauations for different values of the non-linearizing parameters are givan for com- 

~ - 

monly encountered non-linear components, in control system practice. Composite 
descrihine functions are evaluated in case of a backlash followed bv a dead-zone, 
and also in case of a rate-limiting device followed by a variable gain amplifier. I n  
the latter case, the composite describing function is dependent on the input ampli- 
tude and frequency. 

INTRODUCTION 
In a recent paper published by the author' in the Transactions, AIEE, the 

transformation method is discussed in great detail. The work reported here is 
an extension of the above study, for the evaluation of composite describing 
functions of two consecutive non-linear components in closed-loop feedback 
control systems. The describing function has become a useful 
tool for the sinusoidal analysis of non-linear closed-loop systems. However, 
the underlying assumptions are such that i t  is useful only when a single non- 
linearity is present in the closed-loop system. An extension of this technique 
is possible when two non-linear components are separated by linear filtering 
networks so that higher harmonics in the output of the first non-linear com- 
ponent are sufficiently attenuated before appearing as input to the  second 
non-linear component. 

If two or more non-linear components are present in a system without 
being separated by linear filtering networks, the only approach possible is to 
treat all the non-linear elements enblock, and to evaluate the composite describ- 
ing functions. ~ r o n n e r ~  bas adopted this approach and derived annlytically 
the composfte describing function of a backlash followed by a dead-zone. 
Mikhail and Fett6 have given a graphical method when two successive non-linear 
components are in series, with one or both of them having describing functions 
dependent on amplitude and frequency of the sinusoidal input. The present 
paper uses the characteristic equations of the non-linear components t o  evaluate 
the composite describing function. 
52 
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In  the case of a dead-zone, saturation and backlash, Fourier coefficients7 
and the respective characteristic equations are tabulated in Tables I to IV. 
Example 1, deals with a backlash followed by dead-zone and Example 2 deals 
with a rate-limiting device followed by variable gain amplifier. I n  case of 
Example 1, results are compared with those evaluated by Gronner, with the aid 
of a computer. 

An important point is to be observed while using the characteristic equa- 
tions given in Tables I to V. In all these Tables, though the values of the 
non-linearizing parameter and Fourier coefficients are given in the normalized 
form, the characteristic equations are true only for the unity input amplitude. 

However, these characteristic equations can be utilized for studying the 
frequency response of the non-linear element to non-unity input amplitudes, by 
a proper change of variable. 

Let f ( x ) = a x + b x 3 + ~ ~ * ,  - I S X S + I  [I1 

be  the  characteristic equation of a certain non-linear element. Then for an 
input 

x-Asinwt ,  f o r I A I < 1  Dl 
the modified equation to be used is given by 

Now, treating X/A-y, as a new variable in the recurrence relations8, the 
Fourier coefficient in ~ ( y )  t o  an input sin wt are exactly the same as those in 
f (x) for an  input x =A sin wt. 

The case when IAi > 1, can be dealt only when the amplitude A is a 
scalar and is independent of the input frequency. In such a case, an equivalent 
scalar gain K > 1, i s  taken out t o  be represented as a scalar amplifier follow- 
ing the  non-linear element, thus making the  input amplitude 1 AJKJ < 1. 

The values of the Fourier coefficients in Table I are evaluated from, Fig. I, 
as per equations : 

b , / ~ = ( 2 / n )  ( S x - ~ - $ s i n 2 ~ )  141 

and + -*] for n = 3,5, . . . 
(n+ 1) 

[51 

where, B - sin-' ( d / ~ )  ; [61 

and input X= A sin wt. [71 



~ ~ 

Fourier coefficients and characteristic equations for dsad-space - - 
d e D  b d A  bsiA-- Characteristic _- - equation for A= l 
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TABLE I1 
Fourier coefficients and characteristic equations for saturation 

- -. --- -. - -- . -. - 
S / A  b ~ l A  hdA h d A  Characteristic equation for A = I  

The Fourier coefficients for the saturating element as given in Table I1 
are evaluated from Fig. 11, as  per equations 

&/A - ( 2 1 ~ )  ( B  i- $ sin 2 B )  [a] 

wherein 

and input 

B = sin-' ( s /A)  

X = A s i n  w t ;  

The Fourier coefficients for the backlash element as  given in Table 111, are 
evaluated from Fig. 111, as per equations 



Trz- - 
N , - z - a o O =  r:- 
S S 0 ° 0 0 0 9 8 m  
ooorrioo + 
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' T J A  = ( h l ~ T )  ( h ! ~  - 2),  

b , l ~  - + ( B / x )  4 ( I ! ~ )  ( I  - / , !A)  cos B, 

a 3 / A  = ( 1 / 6 n )  [cos 2 8  t 5 (1 + cos 4 ~ ) ] ,  

b l / ~  - ( 1 1 6 ~ )  [$ sin 4 B t  sin 281 

' T ~ / A  - (1 / I  OX) [$ - 4 cos 411 - $ C ~ S  681, 

hi/ A = ( 1 / 1 0 ~ )  [;  in 6 5  + 5 sin 4B] ,  

wherein, B = sin" ( I  - h / ~ ) ,  

and input, X= A sin wt. 

Characteristic Equations for Backlash 
~ ~ 

h / A  Characteristic equations determined from Fourier coefficients for A-1 

Table I V  gives the characteristic equations for backlash. Table V gives 
the Fourier coefficients, for variable gain elements, derived directly from their 
characteristic equations of type y = n", n -  1, 3, 5 . . . by making use of the 
transformation method. Table VI gives the composite describing function for 



TABLE V 
Fourier coefficients and characteristic equations for variable gain elements 

- .. A -- 
Ch, equation n f o r A = l  b d A  b d A  bal A b ; / A  

-- -- 

TABLE VT 

- Composite describing function for backlash followed by dead-zone 

Composite describing function 

B=d/h d Evaluated by tranformation Analytically derived 
method and computed 

Magnitude Phase radians Magnitude Phase radians 

0.5 0.2 . 0.4 0.605 - 0.236 0.628 - 0.245 

1.4 0.7 0.5 0.059 - 0.2168 0.066 Not 
available 

3.0 0.6 0.2 0.263 - 0.14 0.240 - 0.159 

backlash followed by dead-zone. The values evaluated by using the transfor- 
mation method are compared with those analytically derived and computed by 
~ r o n n e r ~ .  An attempt is made to cover a wide range for B -  d/h, the para- 
meter which characterizes the composite non-linearity. The following itlustra- 
tive example shows the details of the calculation. 

Example I . 
Let h =0.2, d =O.6, .'. B =d /h  - 3 

with reference to  Fig. IV, U -  sin wt ~ 1 9 1  
From Table 111, for A - 02 ,  the output Y is approximated, considering only 
the first and third harmonics, by 

Y -  0.95 sin (wt - 6'54') + 0.0384 sin ( h i -  16'10') 
Equation [20] can be rewritten as, 

[201 

Y = 0.95 sin y + 0.0384 sin (3y + 4@32') [211 
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where = wt - 6'54' [=I 

Now, let a =sin y [23] 

Equation [21] can be written as 

Y - 0.95 sin y i 0.0384 cos 4'32' sin 3y + 0.0384 sin 4'32' cos 3y [24] 

Using equation [23], [24] can be written as 

Y = 1.0652 a - 0.1536 a 3  + 0.03 [ d ( 1  - a')] (1 - 4 a2) [w 
Since the input amplitude corresponding to the fundamental in equation [25] is 
greater than 1, the input is considered as ~/1 .0652 and following the non- 
linear element a hypothetical scalar amplifier of gain 1.0652 is introduced. 

Now, from Table I, the characteristic equation for a dead-space element 
with d - 0.6, is given by 

To evaluate the composite describing function for a backlash element 
( h  - 0.2), followed by dead-zone element (d= 0.6), we need evaluate the funda- 
mental Fourier co-efficient of the overall ourput wave form. 

Let modified equation [25] be identified as 

~11.0652 = a - 0.144 a3 + 0.0028 [d (1 -  a2)] (1 - 4a2)  

- a a + b a '  + c [2/(1- a"] (1 - 4a2), [271 

Let the dead-zone characteristic equation [26] be identified as 

f ( Y )  - LY + My3 + MyS, 1281 

Now, the response of the characteristic [28] t o  a n  output as per equa- 
tion [27], can be represented by 

Laa + (Ma3 + ~ b )  u3 + (Mai + 3 Ma2b) a*  + LC [ d ( 1  - a')] (1 - 4a2), [29] 



Equation 12.91 is obtained after ignoring terms in c2, and higher powers of c in 
the substitution of [27] into equation 1281. Bringing the equation into a 
standard form like [29] is desirable, so that repeated calculation can be avoided, 
and equation [29] used with suitable values for a, b, c, and L, IW; N, depending 
on the values of h and d. for h - 0.2, and d = 0.6, [29] gives 

- 0.155 a + 0.7423 a3- 0.264 as- 0.0004 [J ( I  - a2)] (I - 4a2) [30] 

From eqation 1231 where cr stands for sin y ,  if B, denotes the n" Fourier sine 
coefficient of the composite wave form, equation [30] gives 

Taking into account, the hypothetical scalar amplifier introduced, the com- 
posite describing function is given by 

- 0.0004 - 6'54' + tan-- 
0.258 

= 0.263 L ( -  0.14 radians) 1311 

Table VI shows differences upto 10 %. Besides the error in slide rule 
calculation, this error is mainly due to the fact, that fifth and higher harmonics 
are neglected in the input to the second non-linear element. 

Example 2 

A rate-limiting device followed by a variable gain amplifier, as per 
Fig. VII. (Refer to  Fig. V and VI for individual elements.) 

To an input X - - a  sin wt, the rate-limiting device has a triangular wave form 
tar its response as shown in Fig. V. This wave form is given by 
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FIG. VII 

Y = ~ ~ s i n ( w t + + ) - ~ ~ s i n ( 3 , w t + 3 + ) + ~ ~ s i n ( 5 w t + 5 + )  .. . . 1321 

wherein, cos + = z? 
2 wa 

I331 



In equation [33], w is the fiequency and a is the a~nplitttde of the input sinu- 
soid, and V is the maximum value of the output velocity, determined by the 
rate limiting device. 

Now, let the input t o  the variable gain amplifier be approxinlated by 

Y Z C ,  sin (w t  + +) - ( ~ ~ 1 9 )  \in (3wt  + 3 ~ )  [351 

Assuming / C1 1 < 1, equation [35] can be written as 

Y=C, sin y - ( ~ ~ 1 9 )  sin 3 y, [36] 

where y = w t t +  

Let zay3 [37I 

be the characteristic equation of the variable gain amplifier, then from equa- 
tions [36] and [37], 

z = [c, sin y - ( ~ ~ 1 9 )  sin 3y]3  [381 

Let a - sin y [39I 

From [39], equation [38] can be written as 

Expanding the right hand side of equation [40], and collecting coeEcients, 
one gets 

8c3 16C: z = 0 + - a ? +  - a5 
27 27 r411 

Now, using the transformation, and the recurrencc relation in sin ny, one gels 
the composite harmonic components as 

Substituting for CI from equalion [34], thc composite describing function is 
given by 

and phase .p = cos-' ( 7 ~ ~ / 2 n  w )  

f t  is to bs observed that both magaitnde and phase of the composite describing 
function are functions of the amplitude, and frequency of the input sinusoid to 
the first of the non-linear elements. 
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The main advantage of this method depends on the experimental evalua- 
tion of the composite describing function, wherein not even the higher harmo- 
nics are ignored in the input to the second non-linear element. The composite 
wave form of two successive non-linear elements in series, to an input sin ivt, is 
analysed by the aid of a harmonic analyzer. The phase of each of these 
harmonics can be fixed up as plus or minus, by a lcnowledge of the wave form 
as recorded on a cathode ray oscilloscope. NOW, knowing the magnitude and 
phase of the harmonic components in the composite wave form, a composite 
characteristic equation can be fixed up for the two non-linear elements in series. 
This composite characteristic equation, in turn, can be used for studying 
multiple sinusoidal inputs. In faat the principle can be extended to any number 
of non-linear components in series. 

(i) The purpose of this paper is mainly to illustrate the principle and 
bring out the practical application of the author's transformation method. 

(ii) A detail reference table of composite describing functions is not 
attempted, because of the lack of a digital computer. 

(iii) Characteristic equations for different values of non-linearizing para- 
meter are given in case of dead-space, saturation and backlash. 

(iv) The principle used here is aptly suited for the study of 'The 
improved describing function, accounting for circulating harmonics in the 
closed-loop '. This aspect will be discussed in a subsequent paper. 

The author is grateful to Dr. P. Venkata Rao, for his valuable guidance 
in the preparation of this papm. The author is also thankful to Professor 
H. N. Ramachandra Rao for guidance and encouragement and to the authori- 
ties of the Indian Institute of Science, Bangalore, for providing the facilities for 
carrying out this work. 
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