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Abstract

The mixed poundary-value problem for Laplace’s equation associated with the partially immersed vertical wave-
maker problem’is handled for solution by utilising Abel integral equations and their inversions. The present

method appears to be sufficiently general being usable in more general problems of this class. Particular cases are
observed to yield the known results.
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1. Introduction

The problem of generation of surface water waves by small oscillation of vertical plates
in the linearised theory of water waves has attracted the attention of many researchers'™
lo develop newer and newer mathematical methods to solve a class of mixed boundary-
va.lue problems, associated with Laplace’s equation, in two dimensions. The speciality of
tbis class of problems lies in the fact that the conditions at infinity are not known fully.,
Ont.: such plate problem is the problem of generation of surface water waves due to small
aciliation of a partially submerged vertical plate in water of infinite depth, which was
first studied by Ursell'. Ursell converted the boundary-value problem associated with the
mﬁlgfal uim:mblf:rn at hand to two Cauchy-type iqtcgral equations and obtained full solu-
o ; probzlem along with th'c wave amplitude ‘at'large distances in closed form.
3Pplica[i:an Zi;né ga\:e an alternative method fc:rr a similar problf:m which invol_ves the
Mandal ang . reen g mteg_ral theorem to obtaln‘ the wave amplitude at large distance.
nerjea” considered the nearly vertical partially submerged plate problem

d obtaj ; _
mpliuljzmed’ usmg.a perturbation approach, the velocity potential along with the wave
®at large distance by exploiting the idea of Evans.

In th _
Naker p: PTESent paper we have reinvestigated the partially submerged vertical wave-

Mysica| gzeb?;n:“der SUfﬁCizﬁnlly g_elferal boundary data (for detailed description of the
anfcﬁnditions : , S€e Evans.) by t_ml:sm g the well-known property of the mixed bound-
harmon; funcfr problems involving Laplace’s equation, that the normal derivative of a
Mintg o mher“’f‘dPOSSBSS_es square-root singularities at the turfiing points (i.e., at the
h““ndary_ The Side of which different boundary conditions are prescribed) on a straight

it _Prtfblcm then gets reduced to a standard Abel-type integral equation, the
which js well known.
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Section 2 deals with the detailed mathematical formulation of the boundary-valye
problem under consideration and in Sections 3 and 4 the derivation of its solution is djs.
cussed along with a particular known case of the general problem undertaken.,

2. The statement of the problem

The mathematical problem under consideration is to determine a harmonic function ¢(x,
y) of the variables (x, y) in the two-dimensional Cartesian coordinate system, in the form:

r e
Te~ Ky+is +j ACKL(k, y)e ™ dk, x > 0
0

¢(x,y) =1

Re™™7 % 4 [~ BU)L(k, y)edk, x<0 (0
" 0

in the half plane y > 0, with i*=-1and
L(k, y) = k cos ky — K sin ky, (2)

where T and R are two unknown constants, and A(k) and B(k) are unknown functions
which have to be determined by utilising the following conditions:

o

— is continuous on x = 0, for all y > 0, (3)
?-‘P-=f(y)onx=0-_l-yeL, (4)

o
¢ is continuouson x=0, fory e G 5)
%:i = O0((r-a)" asr=0*+y)"? > a, (6)

‘where L =(0, a), G = (0, =) - (0, a) and f(y is a function whose first-order derivative
exists and integrable in (0, a). Condition (6) represents the physical requirement that
velocity has to be singular like O(r"”z), as r = 0, where r = 0 represents a sharp edge.

3. Reduction to dual integral equations

Using the continuity of d¢/dx along x =0 as given in condition (3) along with Have- |
lock’s expansion theorem® we must have '

and

A(k) = - B(k) M
I =-—R y’

Then utilising conditions (4) and (5) along with the relation (7), from the expr6§5i0“ (1)
for ¢(x, y) we obtain a set of integral relations for the determination of the function A(k),
as given by

—j: ALk, y)dk =Te™, a<y<oo (®



pPARTIALLY IMMERSED VERTICAL WAVE-MAKER PROBLEM IN SURFACE WATER WAVES 589

d .,..
’ iKTe™™ —j kA(K)L(k,y)dk = f(y), 0<y<a, %)
0

. which the constant T is also an unknown quantity.
l

[ntegrating with respect to y the relation (9) can be rewritten as
~iTe ™ ~ [~ Ak)ksinky + K cos ky)dk = [ o)y +C for 0<y<a, (10)
0

where C is an arbitrary constant. The relation (10) can again be rewritten as

ite® + L [TED L yyk = [ £()dy+C for 0<y<a, (11)
dyJo k

Operating by (d/dy + K), both sides of eqns (8) and (11), we obtain the derived set of
dual integral equations for the function F(k) as given by

J':F(k) sinkydk=0, asy<os, (12)
and
4 [~ Hy) sinkydk=H(y)+D 0O<y«<a, (13)
dyJo k
with,
F(k) = (K + KHA(Kk) (14)
and
d
Hy)=~=+K) | fO0)d, (15)
dy

where D = KC is an arbitrary constant.

4. Method of solution of the dual integral equations

The solution of the set of dual integral equations as given by relations (12) and (13) can

be obtained by making use of the following observations:
(2} The function
" FK) oy s
wix,y)= " i)e Y sin kydk, x>0, y>0 (16)

Iepre : :
*Presents a harmonic function in the (x, y) plane.

b)T _—
) The norma derivative dy/dx has the form on the boundary x = 0 as given by

oy = .
5;=—J:J F(k)sin kydk, on x=0. (17)
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So, the l;'oundary conditions (12) and (13) suggest that the integral in (17) will have 4
square-root singularity at the point y = 4.

These observations suggest that we may use the following representation for the inte-
gral in (17)5:

fs(t)dr

t* - y*)

iz» ¥>0, (18)

Enmm@&=$r(

where s(7) is a bounded and differentiable function of ¢ in (0, a) having the property that
s(a) # 0. Utilising the relation (12) and the above representation as in relation (18) in
the two complementary ranges (0, a) and (a, ) after using the Fourier sine inversion
formula, we obtain

F(k)—-—

2 (¢ d
0 du

(

\

I

\
ts(t)dt

(

2 )1/2 )

Now substituting for F(k) in eqn (13) we derive that

2 sin ky

f

ts(t)dt

\

sin kudu, k > 0.

(19)

24

sin kudu |dk = H(y)+D,0<y<a,  (20)

rdyJo k

(30

which gives, after simplification,

% \-
1 d e _a_ r ts(t)dt

ppos 2
7Tt dy Jo 8uLku (IZ_Hz)l! )

Integrating the relation (21) with respect to y in (0, y) we obtain

ytu
Y—u

(21)

In =H(y)+D,forO0< y<a.

( p

1 0_59_ r ts(der | In

T 40 au i L .2 12
| (r u ) ]

y+
y—u

(22)

du_j H(t)dt + Dy, for 0< y<a.

Using the result

i 1

_J‘ 1/2 > =‘)’()’ _t)
H y — U ) O,

73 fory>¢

fort>y

and simplifying the left-hand side of the relation (22) we arrive at the Abel-type integral
equation for s(z) as given by

(23)

IJ' ts(t)dt

T )m U H(r)dt+DyJ 0O<y<a.



pARTIALLY IMMERSED VERTICAL WAVE-MAKER PROBLEM IN SURFACE WATER WAVES 591

The solution of eqn (23) is standard and is given by®

__2.d " )[Dy+][g H(y)du] dy
ts(1) = ——““"_L (rz _yz)lfz

7T dt
ermined, F(k) can be obtained by substituting for s(¢) in the relation (19).
Then A(k) can be obtained from the relatio.n (14). The two unknown constants T and D
appearing in the picture are finally de:termmed by utiliz:mg the identities (8) and (9) in
appmpriate manner, the details of which are presented in the next section, by consider-
ing a well-known particular case of the function f(y).

,O0<t<a. (24)

Once (1) is det

5. Particular case

[n the case when

fy) =i06y(y — ), (25)

in which ##=-1, 6y, 0 and s are positive constants, o representing the angular fre-
quency, for the case of an oscillatory wave-maker, as considered by Evans’, we proceed
as follows™ ™.

Using the relation (24), the expression for s(z) is obtained in this particular case in

the form

s(t)=A, " + Byt + C, (26)
where
Al - 1090&' , Bl _ 210'90(1 = KS) ,
4 /4

and C is an arbitrary constant.

T_hf.:n substituting for s(¢) from the relation (26) into the relation (19) and using the
relation (14) we obtain that

Ak) = — 9% [Cz (k) ia.!;,((ka) L i(Ks=1)

K2 /1 (ka)H (ka) - H, (ka)fo(ka)}], (27)

where (. ; ‘
. 215 an unknown constant in terms of C, to be determined and use has been made
e followmg results’:

« g _2\32

| (;z_yzt)”2 =y} (@ -»)" i ; ) ,0<y<a, (28)
a f3dt 2

_L (rz -yz)m = ;(‘a2 —yz)m +-’12— cosh”l(ﬁ), O<y<a, (29)
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2
a 12 na‘J,(ak)
L y(a2 —y2) sin kydy=———?i—-—, O<y<a, k>0, (30)

a : k
J' ysinky . mh(@k) o ocak>o, (32)

and

2
J: y cosh™ (aly) sin kydy = (g_) %[-’ \(ak)Ho(ak) - Jo(ak)H(ak)] k>0,0<y<a, (32)

where J,(x)s are the well-known Bessel functions of the first kind and H,(x)s, the well-
known Struve functions®,

Next, to obtain T and C, we substitute for A(k) from the expression (27) in the iden-
tity (8) and obtain that

T = oﬂﬂan{-czll (Ka) +%12(M) ~ f(K;{" D [1,(Ka)Ly(Ka)- L, (Ka)Io(Ka)]}, (33)

where I,(x)s are the modified Bessel functions of the first kind and L,(x)s are the modi-
fied Struve functions. The following results’ have been utilised in obtaining the above
expression for T

r hSa)sin Xk X -1 (Ka), (K>0,a<y<), (34)
0 (kz 3 Kz) 2K

r' Ja(ka) sin kydk _ T

0 k(kz +K2) 2K2 .

and

Jm [Jl (kazHo(kﬂ)' HI (ka)_{o (ka)] Sirl'l kydk —
0 k(k* +K?)
T

- S K2 e*Ky[ll(Ka)Lo(Ka)—lq(Ka)Iﬂ(Ka)], (K>0,a<y<). (36)

Again, substituting for A(k) from the expression (27) in the relation (9) and considering
the limiting case as y — 0, we obtain that

T= oeoa{z'CzKl (Ka)—% K,(Ka)+ g I,?) [l +?2r-_":tK 1 (r)dr]}, (37)

akK

where K,(x)s are the modified Bessel functions of the second kind and use has beel
made of the following results’ (see appendix):
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. 29
J' k”J, (ka)dk = K,(Ka), a,K >0, (38)
o (k*+K?)
ykayak 2 __ k. (Ka), a,K>0 (39)
[ ot oo

(ka)Hy(ka)— H |(ka)J o (ka)] dk

and
iy -
L’ i

(kz +K 2)
=K, (Ka)Lo(Ka)+ L (Ka)Ko(Ka)}, a,K >0. (40)
Finally, solving eqns (33) and (37) for the two unknowns T and C,, we find that
r=—"°;(°Z"B +‘K;'(‘ 2 {1;(Ka)+L,(Ka)}] (41)
and
.8 {nil,(Ka)+ K, (Ka)}
P2| A |
- (:; -I-(f;) L —KKs) [i I (Ka)~ L Ka)( md,(Ka) ; K,(Ka) )} 42)
with
A = d,(Ka)+iK,(Ka), (43)
after making use of the identities':
I,(Ka)K,(Ka)+ K (Ka)l,(Ka) = KLa’ (44)
and
Ka a
I;(J‘G::e)jD uK, (u)du ~ K, (Ka) : ul, (u)du = % 7L, (Ka). (45)

H .
Enaze, We obtain the results for A(k) and T as given by the relations (27) and (41) with
Aiso tfwen by (4?). This result for T coincides with the result as obtained by Evans®.
¢ full solution coincides with the result obtained by Mandal and Banerjea’ in case

of the very :
s ertical wave-maker if one takes care of an algebraic error that is appearing in
Inal solution_

J Cﬂnclusion

The
prﬁblem 0o . " . 3 = ”
Yaer wayes inf a partially immersed vertical wave-maker in the linearised theory of

the case of water of infinite depth has been considered for solution, by
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converting the boundary-value problem to a set of dual integral equations. These equa-
tions have been converted into an Abel-type integral equation by using the behaviour of
the harmonic functions at turning points, whose solution is well known. Particular case
of the more general problem has been considered as a check. The problem of a nearly
vertical partially submerged wave-maker problem can also be dealt with by the present
method, as is the case with similar such mixed boundary-value problems.
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Appendix -
To evaluate the integral
" oL . RN (A1)
o Tz N1k Ho(ka)— H, (ka)J (ka)) dk.
Consider the integral
I j F(z)dz, (A2)
r .

where

[}‘1,:,(2:.9)111I (za)—H, (za)Hé (za)]

(A3)
72 + K2

F(z) =

z,
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[is a half circle in the complex z-plane with radius K very large. Then

[ = fr F(z)dz = f; F(k)dk +‘L F(2)dz with z=k+in. (A4)

Along the curve C, z=Re'" with 0 < f < .
From the behaviour of F(z) it is clear that along the curve C,

L F(z)dz —0 as R —> oo, (AS5)

Hence
i J‘ " Fk)dk = J:[F(k) + F(=k)) dk. (A6)

Again

2k
F(k)+ F(-k) = -5\ (ka)Ho (ka) - H, (ka) o (ka)). (A7)
Further,

residue of F(z) at (z=1ik)= %[L.O(Ka)Kl(Ka) +L1(Ka)K0(Ka)]. (A8)

So, using the Cauchy’s residue theorem we obtain that

I =2[Ly(Ka)K,(Ka)+ L,(Ka)K,(Ka)), (A9)

which gives

i k
.L K2 [/, (ka)H, (ka) - H, (ka)J (ka)| dk =[Ly(Ka)K, (Ka)+ L, (Ka)Ky(Ka)]
(A10)
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