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Abstract

The problem of learning conjunctive and disjunctive concepts from a series of positive and negative examples
of the concept is considered. Formulating the problem in the Probably Approximately Correct(PAC) Learning
framework, the goal of such inductive learning is precisely characterized. A paralle] distributed stochastic
algorithm is presented. It has been proved that the algorithm learns the class of simple conjunctive concepts (in
the presence of upto 50% unbiased noise) over both nominal and linear attributes. As an extension to this, an
algorithm that learns a class of disjunctive concepts is proposed. Through empirical studies it is seen that the
algorithm is quite efficient for learning conjunctive concepts and certain disjunctive concepts.

Keywords: Learning Automata, Games of Learning Automata, Concept Learning. PAC Leamning, Pattern
Recognition.

1. Introduction

Concept learning or learning from examples is one of the most extensively studied forms
of learning in Artificial Intelligence (AI). Apart from the fact that such a study throws
light on human intelligent behaviour, the problem is interesting because of its applications
in areas like Expert Systems'. The problem of concept learning involves learning to
classify the objects of a domain using a set of pre-classified objects from the domain. The
pre-classified objects are supplied as positive examples, i.e. those satisfying the target
concept description, and negative examples, i.e. those other than the positive examples.
After seeing a set of such examples, the learning system is required to infer a concept de-
scription which can be used to classify new objects from the domain. For example, one
might consider learning to classify patients as jaundice affected or not, by looking at data
Obtained through clinical tests. The classification problem as discussed in Pattern Rec-
ognition (PR) literature? is similar to concept learning. Though the common goal in both
fields is to find a classification rule, concept learning differs from pattern classification 1n
that the attributes (features) used to describe the examples need not be numerical :value.&
For example, in our disease diagnosis problem, a possible attribute used to desc.rlbe the
d:'lm might be the eye-color of the patient which takes values from a non—nur?iri'l::; m
l 10 COHCFPI lxearnu'lg*, we are interested in Ieam:ng ?aned concePl represeria

O8IC expressions”, decision trees”, etc. rather than decision surfaces in &..
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For the class of concept learning problems cons?c!ered in this paper, we assume that
a set of attributes characterizing the domain 1s speclfxed: The examples are expressed g
a vector of values assumed by these attributes. The attributes may take‘ val}les In arbit-
rary sets on which there may or may not be “afly :::tructure. By e:fpc.rlencm'g a subset
of these examples, the problem is to learn the “right cchept description. This problem
has been investigated in Al and Computational Learning Theory (COLT? and severa}
algorithms have been proposed""g. We discuss some of the important algorithms in Sec-

tion 5.

We work within the Probably Approximately Correct (PAC) Learning framework'®'2
We propose a parallel stochastic algorithm based on a cooperating team of learning auto-
mata. The algorithm is shown to correctly learn (in a sense 1o be defined shortly) the class
of simple conjunctive concepts (defined in Section 2) expressed through nominal and/or
linear attributes. Moreover, our algorithm is robust and can tackle upto 50% of unbiased
classification noise in examples. It is an incremental algorithm and hence does not need to
store the examples. It is also a parallel algorithm and can be implemented on a parallel
distributed network of simple processors with only local computation. This paper is an
extension of the work by Sa'stry et.al'®. The algorithm in Sastry ef al'>. can leam concepts
expressed through nominal attributes only and cannot handle linear attributes. In this pa-
per, we present a generalized algorithm that can handle both nominal and linear attributes.
Though we follow the idea of proving convergence as in the earlier version, the proof here
is presented in a more simplified form. Here, we also show how we can modify the algo-
rithm to learn one subclass of disjunctive concepts.

The organization of the paper is as follows. In section 2, we briefly explain the
concept learning problem and the PAC framework. In section 3, we describe our algo-
rithm and analyze its convergence properties. We show in section 4 how the algorithm can
be modified to learn a class of disjunctive concepts. We give a comparison of our algo-
rithm with other techniques in section 5. We give empirical results of our algorithm on a

few synthetic and real-world domains in section 6 and 7 contains some concluding re-
marks.

2. Concept Learning

As 'mentioned in the previous section, the problem domain is specified by a finite sel of
attnbutes.. For our purposes, the attributes are distinguished into two types based on the
Structure imposed on the set of values possible for the attribute. If the value set of an al-
tribute has no structure, then the attribute is called nominal; if the value set is totally o

de]re:clEl then it is called linear. In this paper, all linear attributes are assumed to be rea-
valueda.

L;t l}m ?ttrib;tes(nominal or linear) chosen for the domain be Y, that take values from
sets Vi, i = 1,..., N.

Definition 1. A concept description (logic expression) given by

[Y| € 1’I]A...A[YN = I’N]



LEARNING LOGIC EXPRESSIONS UNDER NOISE
17

where v; is a subset of Vie 1= 1..... N, and further if Y, is a linear anrip

: _ _ ) ute then v, is an
interval. is said 10 be simple conjunctive expression. :

Here a term of the form [Y,; € v,] is an indicator of whether the at
the set V. This is sometimes referred to as internal disjunction becaus
4 disjunction of equality predicates.

tribute Y; belongs to
€ 1t can be viewed as

Remark 2.1. It can be noted that a collection of subsets (v,,...
uniquely defines a simple conjunctive concept. Therefore, w
(‘E’Pf b}' (1'1,..., 1',3;)-

" VN), where Vv; C Vh
e denote the conjunctive con-

Definition 2. A concept description of the form
C[ v Cz V...V C;-

where each C, is a simple conjunctive expression is said to be a k-term disjunctive
expression.

We use a simple conjunctive expression or a k-term disjunctive expression to represent
our concepts. The choice of a particular representation defines the so-called hypothesis
space, a space of all concepts expressible 1n the chosen representation. We formulate the
concept learning problem as a search over the hypothesis space for the “best” concept.
Before defining what we mean by the “best” concept, we discuss some of the issues in-
volved in the learning problem.

in a real-life problem, the space of examples may be so large that the teacher-classified
examples supplied to the learning system may form only a small subset of this space. We
expect the algorithm to learn a concept which performs well not just on these examples
but also on the unseen objects of the domain. This issue of generalization is intimately
related to how representative are the examples given to the learning system. This can be
formulated precisely through the PAC framework as explained in the next subsection.
Also, the teacher may not be infallible and consequently the pre-classified examples may
be noisy. Thus, sometimes the learning system might even receive two examples havﬁing
the same values for the attributes but one classified as positive and the other negative.
Noisy examples may be due to mistakes in teacher classification, €rrors in attribu‘tt? meas-
urements or representational inadequacy (e.g. overlapping class conditional densities 1n a
Pattern classification problem). The objective of learning has to be defined to handle bf:th
the issues of generalization and noise. With this motivation, we adopt the PAC Learning
framework'®"2 described below.

2.1. Probably approximately correct learning

Consider a learning system interacting with a teacher. The teacher presents the learner

Wath randomly drawn examples, each example consisting of an instance X € X and an out-
“Ome y € ¥, where X and Y are called instance and outcome Spaces TE:SPEF“"’?W . These
“Xamples are generated independently according to a joint probability distribution, Say P,
O XX Y, unknown to the learner. Using these so-called training example_s, the learlr-:er
hooses 2 hypothesis from the hypothesis space H based on 2 learning algorithm A. A hy-
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pothesis # belonging to H has domain X and range A known as the decision space. (X, y
and A are arbitrary sets.) The hypothesis h chosen by the learner is evaluated throug}; :
function / called the loss function. The loss function is a fixed real-valued functjo de.
fined on Y X A and is assumed to be known to the learner. Given an example (x, ¥), this
function measures the loss suffered by the learner for choosing the action h(x) against the
outcome y. The objective of the learner is to choose a hypothesis that minimizes the ex-
pected loss. Formally, define

L(h) = E[I(y, h(x)] (2.1)
h* = arg mjn L(h) (2.2)

where the expectation is w.r.t P and h* is the concept having the minimal expected loss
and is called the correct concept.

The following definition characterizes the objective of the learner. It can be noted tha
the definition is a special case of the general definition given by Haussler'?,

Definition 3. Let X, Y, P be as above and A be the learning algorithm used by the learner.
Let h, € H be the hypothesis output by the algorithm after n training examples are pre-
sented by the teacher. Then, the algorithm PAC learns if, for any h*, L(h,) converges 1o
L(h*) (see Remark 2.2 below) as n goes to infinity, irrespective of the distribution P.

Remark 2.2. In the above definition, the convergence of L(h,) to L(h*) has to be de-
fined stochastically since L(h,) is a random variable. In COLT literature, this conver-
gence is usually assumed to be in probability'''?. In this paper, we use weak convergence
for this purpose. However, as in COLT, we demand the convergence to be uniform over
all probability distributions P and the target concept class.

Remark 2.3. In PAC framework, the generalization issue is handled by presenting the
examples drawn independently from a fixed but arbitrary distribution P and measuring
the error (or loss) of the learnt concept with respect to the same probability distribution
P. The examples, being independent and identically distributed (i.i.d.), cannot form a
cleverly chosen sequence and hence become representative of the target concep!l.

If the loss function is such that /(y, a) is | when y # a and is O otherwise, then the cor-
rect concept h* as given by (2.2) will be the concept having minimum probability of mis-
classification as used in Pattern recognition®'?. Formulating the problem using this losfs
function, our aim will be to develop an algorithm that PAC learns in the sense of Defini-
tion. 3. That is, the algorithm learns the concept having minimum probability of misclassi-

fication, asymptotically as the number of examples goes to infinity, given an i.i.d s&
quence of examples that are drawn w.r.t any distribution.

. ?roblem definition
For us, the concept learning problem is specified by the following.

* A finite set of characteristic attributes (nominal or linear) of the domain are spec
fied. Each nominal attribute assumes only finitely many values and each linear ar-
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tribute takes values from a bounded interval
tuples of values for these attributes.

o The right concept can be described as a logic expression
attributes.

in R, All examples will be described as

involving a subset of these

The choice of attributes defines the instance space of our problem. Since we are con-
sidering a concept learning problem, the outcome space is {0, 1}. Here, we assume that a
negative example is indicated by t!w label 0 and a positive example by 1. The decision
space is also {0, 1}. The hypothesis space is the class of all simple conjunctive expres-
sions given by Definition 1. We choose the loss function I(y, a) =I{y # a}*. Hence, the
correct concept A* is the one having minimum probability of misclassification.

In the next section we present an algorithm based on a cooperating team of learning
automata for the concept learning problem. Teams of automata have been used earlier for
concept learning'>'*. These models can learn concepts with nominal attributes only and
thus cannot tackle frue linear attributes. The model proposed in this paper alleviates this
problem and can be considered as a generalization of Sastry er al". to handle both nomi-
nal and linear attributes. We also show how the algorithm can be used for learning some
disjunctive concepts.

Since we use the class of simple conjunctive expressions as our hypothesis space, we
give some more definitions useful for the conjunctive concepts.

Definition 4. Let (1; t;}) be the correct conjunctive concept (defined by equation
(2.2)). Then v, is called the correct set of the attribute Y;, i = 1,..., N.

It is easy to see that the value of any attribute in a positive example belongs to the cor-
rect set of that attribute and in any negative example the value of at least one attribute
does not belong to the correct set. Also it should be noted that this notion of correct set is
meaningful only for simple conjunctive concepts (cf. Definition 1). The problem of
learning disjunctive concepts with our method is addressed in Section 4.

3. A stochastic algorithm for learning simple conjunctive expressions

In this section we first introduce the concept of a cooperative game of Learning Automata.
Then we show how the model can be used for learning simple conjunctive CORCEpts 1N &
noisy environment. Qur treatment of learning automata will be brief. It is introduced only
10 explain our notation and state a theorem needed to prove the COrrectness of our algo-

, 17 :
rithm. The reader is referred. to Narendra and Thathachar'® and Santharam ™ for more de
tails,

3.1. Learning automata
imal action

: ; : min
rom the available set of actions by interacting with a random environment. The learning

aAmﬁmam“ can be classified based on its action set into Finite Action set Learning
“lomaton (FALA) and Continuous Action set Learning Automaton (CALA).

I -
§ 1A} denotes the indicator function of set A
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3.1.1. Finite Action set Learning Automata

A FALA has a finite set of actions A = {ay, a3,..., a,} from which it chooses an action gz
each instant. This choice is made randomly based on the so-called action probability dis.
tribution. Let p(k) = [p1(k), p2(k)...., p(k)} denote this distribution, where p;(k) is the prob-
ability of choosing action g, at instant &, k=0, 1, 2,.... For the choice of action, the
automaton gets a reaction(which is called response or reinforcement) from the envirop-
ment. This reaction is stochastic whose expected value is d, if the automaton has chosep
a;. The values d;, i = 1,..., r, are called the reward probabilities of the environment and are
unknown to the automaton. The objective of the automaton is to maximize the expected
value of reinforcement. Let d,, = max; d;. Then a,, is called the optimal action and the aim
is to identify this optimal action; that is, to evolve into a state where in the optimal action
is chosen with a probability arbitrarily close to unity. This is to be achieved through a
learning algorithm that updates, at each instant k, the action probability distribution p(k)
into p(k + 1) using the most recent interaction with the environment, namely, the pair
(atk), B(k)). Thus if T represents the learning algorithm, then, p(k + 1) = T(p(k), a(k),
B(k)). The main problem of interest here is the design of learning algorithms with satisfac-
tory asymptotic behaviour. We are interested in algorithms that make p,(k) converge to a
value close to unity in some sense.

Definition 5. A learning algorithm is said to be €-optimal if given any € >0, we can
choose parameters of the learning algorithm such that with probability greater than 1 - €,
liminfy p.(k)>1-€.

A learning algorithm for FALA that we use later on, called the Linear Reward-Inaction
(Lg.s) algorilhm'6 i1s described below.

Let a(k) = a; and let r(k) be the response obtained at k. Then p(k) is updated as follows:

pilk + 1) = pi(k) + Ar(k)[1 - pi(k)]

where A € (0, 1) is a parameter of the algorithm.

The Lg_; algorithm is known to be € -optimal under stationary environments'’.

3.1.2. Continuous Action set Learning Automata

The CALA is similar to an FALA with the main difference being that the action set now is
continuous. The CALA chooses actions from the real line ®, The action probability distri-
bution at k is N(u(k), o(k)), the normal distribution with mean u(k) and standard deviation
olk). At each instant, the CALA updates its action probability distribution (based on Its
Interaction with the environment) by updating u(k) and o(k), which is analogous to updat-
ing the action probabilities by the FALA. Since the action set is continuous, instead of

reward probabilities for various actions, we now have a reward probability function, f:
R — R, defined by

fix) = E[Reinforcement | x is the action chosen] (3.2)
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Like in the case of reward probabilities d;, for CALA, the reward probabili o
unknown to the automaton. probability function fis

We shall denote the reinforcement in response to action x as r. and thus

fix)=Er,.

The objective for CALA is to learn the value of x at which f attains a maximum. That is
we want the action probability distribution, N(u(k), o(k)) to converge to N(x,, 0) where .r,
is a maximum of f. However, for some technical reasons we cannot let o(k) to converge t;
zero. So, we use another parameter, 0. >0, and keep the objective of learning as otk)
converging close to 0y and u(k) converging to a maximum of f. By choosing o; suffi-
ciently small, asymptotically CALA will choose actions sufficiently close to the maximum
with a probability sufficiently close to unity'’,

The learning algorithm for CALA 1s described below. Since the updating given for
o(k) does not automatically guarantee that o(k + 1) 2 0;, we always use a projected ver-
sion of o(k), denoted by ¢(o(k)), while choosing actions. Also, unlike FALA, CALA in-
teracts with the environment through a choice of two actions at each instant.

At each instant k, the CALA chooses x(k) € ® at random from 1ts current distribution
N(u(k), ¢{a(k))) where ¢ is the function specified below. Then it gets the reinforcement
from the environment for the two actions: u(k) and x(k). Let these reinforcements be r,
and r,. Then, the action probability distribution is updated as

ek + 1) = p(k) + AF (u(k), o1k), x(k), ri(k), r, (k)

otk + 1) = olk) + AFy(u(k), o(k), x(k), r(k), r,(k)) - Clo(k) - a.] (3.3)
where £,(-), F5(-) and ¢(-) are defined as below:
Y. = (,1 —
Flu,0.x,r.r,)=|—=
(woxrn,) [ #0) me)
) -
R r.l' "rﬂ X ""I-‘ ~1
Rl ’“'““’"”‘( 9(0) ) (mo)) :

Ho)=(oc-o)l{oc> o]+ oL

and g, C >0, A € (0, 1) are parameters of the algorithm.

For this algorithm it is proved that with arbitrarily large proba_bility, p(k) will ‘;D“'
verge close to a maximum of f{-) and o(k) will converge close to g, if we choose A and 0,

sufficiently small and C sufficiently large”-

3.1.3. Games of Automata

ing the optl-
From the previous section it is clear that the automaton can be used for ﬁn;.l :;ll:g criter!i)on
mum value of a parameter, especially when only HO'Se'Cor,rqud ?aIUF;S Oﬁons the same
function being optimized are available. This is done by making the set of 4
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as the set of possible values of the parameters and the rcinforcemgnt signal as the nojge
corrupted value of the function to be optimized at the chosen parameter value. (The pa.
rameter range may have to be discretized if we use a [fAL'A). A single au}omaton can
learn the optimum value of a single parameter and hence it will sqfﬁce for unidimensiong]
problems. But for multidimensional problems, we need to consider a system of severa|
automata and in this context we consider the case where these automata are involved ip 3

game with common payoff. In such a game, the automata correspond to the ‘players of the
game and its actions to the various strategies available to. the players. Consider a team of
learning automata consisting of N Finite action set learning automata and M Continuous
actions set learning automata. Let the action set of i-th FALA be denoted by §; with

IS1=n;, 1 <i<N. All the CALA choose actions from the real line R, Let ai(k) e S
i =1..... N, denote the action chosen by the i-th FALA and xik) € R, j=1,..., M, the ac-
tion chosen by the j-th CALA at the k-th instant. a(k) = (a,(k), ax(k),..., an(k)) represents
the actions chosen by the FALA part of the team and x(k) = (xy(k), xa(k),..., xp(k)), the set
of actions chosen by the CALA part of the team at instant k. Define g¢(k) = (a(k),

i=1

N
x(k)) € [HS,J x ®Y. g collectively denotes the actions chosen by the team. At each in-

stant, the team interacts twice with the environment. Let r,(k) and r (k) be the payoffs ob-
tained during the two interactions at the k-th instant. ry(k) denotes the payoff obtained
when the FALA part of the team chooses a(k) and the CALA part of the team chooses x(k)

and r (k) denotes the payoff obtained when the FALA part chooses a(k) and the CALA

part chooses [(k). The payoffs are given as common reinforcement to all the automata.
Using these payoffs, the team updates its state, chooses actions at the next instant and the

cycle repeats itself. Define, for ¢ = (a, x), a = (a...., ay), x = (x,,..., Xy)

1

g(q) = E[Reinforcement | i-th FALA chose a; € S; and j-th CALA chose x;€ ®]. (3.4)

g(+), called the payoff function, captures the reward structure of the game and is unknown

to the automaton. The goal of the team is to choose actions to globally maximize the
payoff function.

Definition 6. Let g* = (a*, x*), a* = (af,....aL); x* = (rf.ﬁ, ) We say q* is an optimal
point of g(-) if
1.

8(q*) 2 g((a. x*)), Va=(a,,...,an) s.t. 3j st a;j=a ,Vi#jand g, # a; .
2. de >0 such that

8(q*) 2 g((a*, x)), Vx &€ B(x*, €)
where B"(x*, €) denotes the open ball in RY of radius € and centre x*.

R.emark 3.1 {n Definition 6, condition | implies that a* is a mode when the payoff func-
tion g((a, x)) is thought of as an N dimensional matrix indexed by a;, I = 1,..., N, by fixing
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. Condition 2 means that x* is a local maximum of the payoff function g((a, x)) when
considered as a function of x only. |

The theorem given below characterizes the convergence behaviour of

th
by the hybrid team of FALA and CALA. € game played

Theorem 1. Let g(-) be the payoff function of a cooperative ganme with common payoff
played by N FALA and M CALA. Let all the FALA use identical Lg_; algorithms and all

CALA use the algorithm given by (3.3.). Then, asymptotically as A — 0, the team con-
verges to one of the optimal points of the payoff function g(-).

The theorem for the special case of the team consisting only of FALA is proved in
Sastry er al'*. and for the case of team consisting only of CALA in Santaram'”. The proof
for the general case of a hybrid team consisting of FALA and CALA is a simple extension
and is available in Rajaraman er al."”.

3.2. Algorithm for concept learning

We formulate the problem of concept learning as a cooperative game with a common
payoff played by a team of FALA and CALA. For each nominal attribute. the correct set
is a subset with finite cardinality. Therefore, to model a nominal attribute, we may use a
FALA having as many actions as the number of possible subsets. Since this requires an
exponential number of actions, we learn the correct set of a nominal attribute by employ-
ing a two action FALA for each value of that attribute to decide whether or not the value
belongs to the correct set. For each linear attribute, we use two CALA to learn the end
points of the interval which forms the correct set of that attribute.

Our notation is as follows.
: the i-th nominal attribute, i = 1,.... V.

: the value set of /-th nominal attribute Y,;(‘”. [t equals {Xigyeees X5 |-

XY the automaton(FALA) representing j-th value of i-th nominal attribute(i.e. x;),
j= 1"--1 n;-: i= 1,..-, N.

o, the action chosen by the automaton X' It belongs to {YES, NO|

{¢) . . . :
Ynsi  the i-th linear attribute, i = |,..., M.
VIY " the value set of i-th linear attribute ¥’ It is assumed to be an interval in %,

X,-(;‘l the automaton(CALA) representing one end point of the correct set of i-th linear

attribute, I=1,2:i=N+1,... N+ M?J = 1(2) denotes the left(right) end point.

'] : [ |
Wi the action chosen by the automaton X ;;}

Vi a subset of either Vim or \’}("} depending on whether i-th attribute is nominal or

linear respectively.
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(@) (; L
Our model consists of a team of my + nz + ...+ 1y FALA, Xi'U=Lo,nii=1,.pN

and 2M CALA., x}f’g: 1, 2; i=N+1,..., N+ M), involved in a game with commgp

ayoff. The FALA part of the team is concerned with choosing the correct sets for nom.
Ea{ att}ibutes Since we use one FALA to represent each value of a nominal attribute,

n, + ny + ...+ ny automata are needed to represent the N nominal attributes. The FALA
l 'TL

_ (d
X,Esd) i< concerned with the decision of whether x;; 1S In the correct set of ¥ ). Each FALA

has two actions YES and NO. Let p;(k) denote the probability with which X;'(jd), will

choose action YES at instant k. Since each FALA has only two actions, p;(k) completely
defines the action probability distribution for X Efd). The CALA part of the team learns the

correct sets for the linear attributes. Since we assumed that the correct sets of linear at-

tributes can be expressed as intervals, we need two CALA for every linear attribute, each

automaton learning one end point. The CALA, X,S,"), is concerned with the choice of one

end point(/ = 1, 2 respectively denote the left and right end points) of the i-th linear at-
tribute. Let u; (k) and o;(k) denote the mean and variance of the normal distribution for
X,.(f) at instant k. Hence, the normal distribution N(u,(k), ¢(0;(k))) is the action probabil-

ity distribution for X,-(,d) at k-th instant, where @ is the function defined in section 3.1.2 to
project the variance. The team functions as follows.

As explained in section 3.1.2, a CALA needs to interact with the environment twice at

each instant. Hence the team consisting of a number of FALA and CALA also interacts
with environment twice at each instant.

At every instant k, each of the automata chooses an action(YES or NO for FALA and a
real number for CALA) independently and at random based on its current action probabil-
ity distribution. As per our notation, let a;; denote the action chosen by X,E,—d',j= L.y 2
i=1,.., N, and w; denote the action chosen by X' 1=1,2: i=N+1,.., N+ M. Now
consider the conjunctive concepts: C = (vy,..., vn.y) and C’=(v,..,.,VN,VLH,---J"MM)"
defined by

{x;le; = YES, j=L.on }i=1,.. N

| h[“’ﬂ-“’fz] i=N+1L... . N+M
v;'ﬂ'-l-i = [”fl‘ul'Z]i = l,...,M.

F
~ Then, the responses are generated for the team by classifying the next example with
cu::mce:pts;1 Cand C respect.wely. The response is | if the classification agrees with that by
the teacher an:1d 0 01_herwnse:(See equation (3.5) below). The automata update the action
probability dlSIl‘}bUthﬂS using the learning algorithms specified in sections 3.1.1. and
3.1.2. If the action probability vectors of all FALA converge to unit vectors* and the
*Theoretically, we desire all the probabilities attain the value unj

algorithm achieves only asymptotic converg
value close to unity, say 0,99,
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means and variances of all CALA converge then we say that the team has converged to
the concept (Vi,..., Vn+n) Where

atpy=Li=hoon} i=1..N
v‘-

[Pn.ﬂsz] i=N+1,... N+M
The complete algorithm is given below.
Algorithm-1

[nitially, we set p;(0)=1/2, Vj=1,.., n;i=1,.., N. t;{0), i=N+1,... N+ M, is
chosen to be some real number. (If we know that the i-th linear attribute has range

[Ci1, Ci2), then we can choose u;,(0) = C;y and 1;5(0) = Ciz.) 03(0) is set to a suitably
large positive value. At every instant, each of the automata X,g-‘” and X,.(f) simulta-

neously and independently chooses actions at random based on its current action
probability distribution and the team interacts with the environment through two
sets of actions as explained above. |

The responses to the team are

1 if the classification by concept C matches with teacher’ s classification
r= _
0 otherwise

(3.3)
- {l if the classification by concept C’ matches with teacher’ s classification

0 otherwise

Then, each FALA X,&‘” updates p;; as follows:

p;(k)+ Ar' (k)1 - p; (k)] if e (k)= YES

pi(k+1)=
{pﬁ(k)“b’(klpu(k) if“u(")" No

where A € (0, 1) is a parameter of the algorithm.

Each CALA X' updates y; and oy as follows: |
py(k+1) = (k) + AR (1 (k). 0 (k) wyy (k) r(K), r'(k)) (3.6)
0 (k+1) =0, (k)+ AR (,(k), 0, (k). wy (k) r(k), r'(k)) - Cloq(k)-0o. }

where F, FJl are defined as below:

r=r’ re
siasor (522

: A [r=r
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Ho)=(o-o)l{o>0.} + 0

and C > 0, A € (0, 1) are parameters of the algorithm.

The next subsection presents the convergence analysis of Algorithm-1. Before pro-
ceeding with the analysis it may be noted that our for{nulatlon of the concept learning
problem includes possibility of noisy samples or a noisy tgacher. The response to the
automata team is determined by whether or not the classification by thf& leam agrees with
that of the teacher and not on whether the classification of the example is correct.

Recall from Section 2.1 that P is the probability distribution defined over the space of
classified examples X x {0, 1} for our problem(see Section 2.2). By this definition, nojse
in the examples can be taken care of by assigning non-zero probabilities to exampies de-
scribed by the same instance but having different class labels. The correct concept defined
by equation (2.2) is then the concept having minimum expected classification error w.ry
P, i.e. the concept having minimum probability of misclassification. Supposing that this
error probability is 7%, we can equivalently model this situation by defining on the in-
stance space another distribution P’, which is the marginal distribution of P over X, and
assuming that 1% of the examples in X are misclassified. Since the examples are i.i.d in
PAC formulation, this noise model is implied by the model where every example is clas-
sified correctly(i.e with the ‘correct’ concept) and then the class label corrupted with n%
probability in an unbiased manner before being presented to the learning system. The only
difference between this model and that of an arbitrary distribution P over X x {0, 1} from
which examples are drawn i.i.d. is the assumption of unbiasedness in the ‘corruption’ of
class label(with respect to that of the concept with minimum error) that an example un-
dergoes. In the following subsection, Algorithm-1 is analyzed within this noise model. We
compare our noise model with other models in Section 5.

3.2.1. Analysis of Algorithm-|

The actions chosen by the hybrid team of automata will be a tuple of
n +n+ ...+ ny + 2M elements. Using the notation of section 3.1.3, we denote this action
tuple by ¢ = (@, w) where a = (a;, j=1,..., n; i = 1,..., N), with a;; being the action chosen
by the FALA representing the j-th value of the i-th nominal attribute (i.e. x;), and w = (Win
I=1,2;i=1,., M), with w; being the action chosen by the CALA learning one end
point(left or right depending on whether / = 1 or 2 respectively) of the i-th linear attribute.

As noted in section 3.2, the action tuple ¢ corresponds to the conjunctive concepl (Viyerer
V) Where

'I _ ) — . 5 s
{lu a; =YES,) l,....n,} f= L odV 3.7)

_[“’fn“‘sz i=N+L...N+M

Suppose g,(-) is the .payoff function, defined by (3.4), for the team of automata with
the reward structure as n (3.5), when the teacher classifies examples with n% noise. Let
g(-) be the payoff function under no noise. In view of Theorem 1, we know that the team

converges to one of the optimal points of the payoff function g (-) and the goal of the
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analysis is to characterize these optimal points. The analysis will follow in two steps
First, we consider the effect of noise on the payoff function. In Lemma 1, we show tha;
the optimal points of g () are identical to those ol ¢(-), if n < 50. Thus, under the condi-

tion that np < 50 1t 1s enough to analyze the optirai points of g(-). We analyze the optimal
points of g(-) in Theorem 2, thus proving the conversence of our algorithm.

Lemma 1. Let g (-) be the payoff function under n% classification noise and 2{-) be the
pavoff function under no noise. Then, the optimal points of 8,(:) and g(-) are identical if

1. the teacher is unbiased

2. n<50

Proof

The expected reward to the team, under 1% noise, for a set of actions chosen by the auto-
mata in the team resulting in subsets v,, /= 1,..., N+ M, of the range of the attributes
Y i=1,...N and ¥,i=1,...,M is given by
£,(Viseess VNem)
= p, -Pr{On a random positive example
the teacher’s classification matches with that by the team
+p_ -Pr[On a random negative exampie
the teacher’s classification matches with that by the team]

where p. = Pr[A random example is positive] and p_ = Pr{A random example is negative].

Since the teacher is unbiased,

Pr(a random positive example is classified negative by the teacher]

= Pr{a random negative example is classified positive by the teacher]

-
100
and
Pr{a random positive example is classified positive by the teacher]
= Pr{a random negative example is classified negative by the teacher]
=1--L
100
Therefore,

1 n
g'l(vl""*vN+M) = (1 _E)g("lr---vvf#-bﬂf)"' 100

The optimal points remain unchanged as in non-noisy environments if

1—-—'1->0

50

i.e. if n < 50. Thus, the lemma follows.
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Before stating Theorem 2, we introduce some notation useful in proving Theoren ')
Let @:( N V}(d))x( M me), Let the preclassified examples given by the teacher be

i=1 i=1
drawn from a distribution over D x {0, 1} and let p be the underlying probability measure.
We assume that p satisfies the following.

(A-1)
P(Ax1{0,1})>0, VA =v XvyX... X Vyupss A C D,

where v, c V¥ v,2¢, I=1,..., N and v;=[w;, wp]C v such that w; <w., and
wpi€ RI=1,2;i=N+1,.. N+ M.

Remark 3.2. Assumption (A-1) states that instances belonging to sets A of the form as
in (A-1) have non-zero probability of being selected by the tmcher._ Hence, by this as-
sumption, constructing concepts by adding (or deleting) such sets A to (or from) a concep

will result in a strict increase or decrease in the expected loss as given by (2.1). This fact

will be useful in proving whether the given concept is an optimal point or not, in Theorem
2 below.

Theorem 2. Consider the automata team involved in a game with common payoff as de-
scribed in section 3.2 for a concept learning problem that satisfies assumption (A-1). As-
sume that there is no classification noise. Then, the following characterizes the optimal
points of the payoff function.
1. the tuple (1'{1;, +M) where each v; is the correct set (cf. Definition 4) for the i-th
attribute, is an optimal point.

2. In all other optimal points (v,,..., Vn+u), at least one of the v;-s is a null set.
Proof

8(Vyseees VNanr)
= p, - Pr{a random positive example is classified positive by (vy,..., Vnsu)l
+ p_ - Pr{a random negative example is classified negative by (vy,..., V+n)]
=P, PPy, Veam) + P- P (Vioee, Viven) |
where
P'(Viyeeer VNsM)

= pl{(xyss xnam DI € vy i = 1,0, N+ M|]

P-(Vh_m- VN+M)

= Pl{(Xyseeey Xnanss d)lx,- g v;, for at least one i}]
with p[-] being the underlying probability measure as in (A-1)

It is easy 10 see that P* and P~ satisfy the following monotone properties because of &
sumption A-1.
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Let v/ € v;,i =1,..., N+ M. Then,
{M-1) For all i,

P (Y1sees Vham) 2 P(vy,..., viy, Vi) Vielveres Van)

wherev; C v;.. The inequality is strict iff (v, —v/)\v] 2 ¢ and P'(v,..... Vap) > 0
(M-2) For all 4,

P-(\’],..., VN-I-M) < Py(l’h..., Vil V;, Viglyeons VH#-M)

where v/cv;. The inequality is  strict iff (vf—v;)ﬂ(v:)‘.;&tﬁ ~and

= N
P (1',,...,1,-_,,1-,-,1,-+1,...,1*N+M)::r0.

Let v; be the correct set for the i-th attribute.
To prove the theorem, we have to show
| | o " . .
? (rl ,...,1*N+M) 1s an optimal point
e (V,..., Vyspr) 1S DOt an optimal point when no v; is null and at least one v; does not
equal v;
Part |

We show here that (1=,‘,...,1’;+M) is an optimal point. To show this, we have to prove the

following.

* The payoff function does not increase by choosing a subset, for any nominal
attribute, that differs from the correct set of the respective attribute in exactly one
value.

* The payoff function does not increase by choosing a subset, for any linear attribute,
which is identical to the correct set of the respective attribute except for exactly one
end point that is atmost € distance from the corresponding end point in the correct
set, for all sufficiently small €. (It may be recalled that for a linear attribute the cor-

rect set is a single interval.)

That is, we have to prove
1.

& & t *
g("rv--*";m)z3("?,---,";-1=’*’f:"f+l*-“"’N+M)' vi=l,..
such that v; and v differ in exactly one value.
2. de*>0s51. V0<ce <™,

81 oo Vivans ) 2 8] s Vi VA Vit Ve ) Vi=N+L.. N+M
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1

where v; and v/{€) are intervals with one end point common and the other end POinis
differing by atmost €.

Case 1

. . . - r -
Since v; and v; differ in exactly one value, either v/ contains an extra value over v* g

contains all the elements of v, except one. We consider these two cases separately bejow,
- ]
(a) Let v/ =v; U {x;.} for some x;, not belonging to v;.
] & - . P # * )
8("1 v---~’*’N+M)"3("’l seesy Vi VisViglre oy VNEM
] ] = ] E
+{ * * * — P- v‘ ’
"P+P ("l veres Vil I'vﬂvﬁl' VN+M P_ j v ‘V:-l*v vr+l+ "’HH{
+ L o + 'l ] ]
=p+[P (l’l "“’VN+H)_P (1|,. V' Iiv;! H-]-r VN+H)]
% -] ® * - = -
+P-[P ("1 *'"*"'N+M)"P ("l s V¥ Vi S VNaM )] (3.3)

C
Since x;, € v; and v/ = v; U {x;.}, we have (v{—v}')ﬂv}" =¢ and (v}'—-v:)ﬂ(v;) 9.

Consequently, by monotone properties (M-1) and (M-2) of P* and P, the first term in
(3.8) is zero and the second term is positive. Therefore,

¥ *® L] ¥ ] t
3(‘{1 ~----"N+M)—3("1 veroy i-l'vi*vi+l""*vN+M) >0

(b) Let v/ = v — {x;.} for some x;. € v/,

P R
ST2) L GG B o (RO SRR AN
T L (OO B o (- R AR AN | 3
Since x;c€ v} and v/ = v ~ {xic}, we have (v; -v;)n(p;')" =¢1 and (v; —v{)Nv; #¢

Consequently, by (M-1) and (M-2), the first term in (3.9) is positive and the second
term 1s zero. Therefore,

g(vl *_"'v;;_'_M)—g(vl., .*v' |§V,1r H"l‘ v:V+M)>0
This proves Case 1.

Case 2

We have to show the existence of €* > 0 such that VO < e < € .,
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.i ’- '* '. " l. » -
g(‘lt -JN+M)->-£(\Ir-.-,‘iwls‘j(e),l;+|,...,1'N+M), VI=N+],-.-.N+M
where
vile) =[wy.wi,]
. = ‘- lt @ " -

may be recalled that by our notation v; [w,, w,;!] ) We prove Case 2 only for the left end

point and the proof will follow on similar lines for the right end point.

We consider the cases w E( W — €, u,i) and w; e( Wil f',+e) separately below and

prove Case 2.
(a) Let w E(H‘:l— g, w:',).
3(";“--*";!4»#)‘3(":1- AT () R DU ";n.u)
= p+{F+(rr,...,vL+M )-— P+(1*r,...,..v:'_|.\*{(E),l':+|,...,1';.,+M ]]
+p_[P'(r;",...,v;+M)— P‘(v;,...,1*,-'_,,\*}'(&),1':'+,,...,1*L+M)] (3.10)
Since w;, <w), and v, cv/e), we have (v{’(e)-—v;)ﬂv: = ¢ and

(1{(5)—1{)[’](1{ )r # ¢ . Consequently, by (M-1) and (M-2), the first term in (3.10) is

zero and the second term is positive.
(b) Let w;, E(w:,,w:ﬁ e).
v ,...,v:_,,1':(6),1*:+|,...,1*L+M)
=p+[P"'(r;,...,v;+M)—P+(1‘;. Vi Vi€ Wiy e ":vq-u)]
p_[P'(v;,.... 1';,,+M )— P'(l';,---. Vi VTE) Ve s Ve )] (3.1D

Since w,>w;  and v, ovi{e), we have (1: --1';(6))['](1': ) = ¢ and
(1': —1'f(e))ﬂv; # ¢. Consequently, by (M-1) and (M-2), the first term in (3.11) is
positive and the second term is zero. Therefore,

* L & " PO ’t
R("l v----"~+M)"g("l --"*"i—i*"i""i+l""*‘N+M) >0

Since € is arbitrary, Case (2) is proved.

Thus, (v;,..,,v;ﬂ,,) is an optimal point of g(-).
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Part 2

We show here that (v,..., Vy.s) is not an optimal point when v; are such that
e v;# v, for at least one i
e v, Vi

To show (vy,..., Vn+n) 1S DOt an optimal point we need to show that either

e 3Jv/,foronei, 1 £i<N, v/ differing from v, in exactly one element such that

g(vlv--! Pf-—li ";! vH-Ii'“! vN-l'-M) > g(vli"'i vH*PH)!
(OR)

e Foronei,N+1<i<M,forall €*>0,30<e <e* such that Ivi{e), v/{e) identi-

cal to v; except for only one end point that is atmost € distance from the corre.
sponding end point of v; such that

8("1 yores Ve s Vi€ Viag ----~"N+M) > 8("1v--~"’N+M ),

In the following proof, whenever a linear attribute 1s dealt with, we consider only the left

end point (i.e. / = 1) of any interval. The proof for the right end point will follow in simi-
lar steps.

To prove that the given concept (v,,..., Vy+») 1S NOt an optimal point, we select a v; such
that v, # v, and v, # ¢. Then, we only have the following four possibilities.

*
la ax,'"n. xj“* E V, bUt .l'l;“, E V,- ’ 1 - 1,.---, N¢
* E .
2. w; <w; orw;, >w,, where v, = [w;, wjs] and v; =[w:;,w:2] i=N+1,.. . N+M
3. 3x;, x;c € v; but X;. € v:, i=1..., N.

» » - ;
4. W) >w;orw,< w;; where v; = [w“,wjz] and v}' = [w;,w:z]* where =N+l

N+ M.
Case 1

Xy Xiw € V; but x;,. & v;
Let vi=v, —{x,—w}
g(vl*“'*vi-—lrv:'vf+11"'*vN+M)_g(vl‘“”‘VN"‘M)
=P+[P+("l~---="i-l~"';*"f+1!---~"~+u)"'P+(”l*“"'"ﬁ+ﬂ)]

+p—[P_(vl""!vi-—lf"’;*Vi+11---v"N+M); P™(Vir s VNam )]
>0 =
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since, by (M-1) and (M-2), the first term i< 7ero and the second term is positive.
Case 2
wis < W
Pick0 <€ < (“’:1 — w;)/2 and let vie)= [wi + €, w;).
g(l—‘,....,l';_l.l':(e)f "f+|v--~"N+M)'g("lv--v"mu)
- p+[P+(v1,....1*,~_|,v{(e), Vigrsesss Vvan ) = P s Vit )]
+P_[P_(V1.---»1’,-_1»VKE)J’;'H-:--H"MM )= P—(Vl'""vN+M)]

), (3.13)

since, by (M-1) and (M-2), the first term is zero and the second term is positive.

If w,, > w.,, we choose v/{€)= [w;, w;z — €], and the proof is similar.

Case 3

We can assume without loss of generality that

- i .
¢ nO v; contains an Xx;, such that x;, € v;but x;, . €v;, 1 Si<N.

] H’;I < W) and “,:2 Zu’iz, N +1=<1 SM.

(Otherwise, we can use Case 1 or Case 2 to construct a v; or v;{€) to satisfy (3.12) or
(3.13) respectively.) |

Hence, v, c v;,Vi..
Now if forsomei, 1 SiEN, v, # v}', then 3x;., xi. € v; but x;c € V?
Let v/ = v, U{x;. }
g(vl*'"*Vi-—hv;ivi+1*'“rvﬂ+u)_g(vl*“'*vﬂ+M)
= p+[P+(vl,._.,v;_,,V:,V;...;,--_--"'N-m)"P+("’I""'VN+M)]
"‘P—[PF("I~--~*Vi-1*‘*'f~‘"'i+l*-*-""N+M)"Pﬂ("l'"""’MM)]

>0,

since, by (M-1) and (M-2), the first term is positive and the second term iS zero as
¥ V; , Vi,

Case 4. w;; > w,

PickO<e < (w; - “’:1 )/2 and let vi{e) = [wiy — €, wal.
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‘eh“'““: I~‘":‘E)~"i+|---n"~+M)"£_("|r-“*"mM)
"'Ml'ﬂ(\‘l,....t',-....1‘{(6),1’,;...[.---.1’”4,”)-P+("|---**"~+M)]

& lp ("I"“v‘ii-l'":(E)*VH—I*”""NJrM)_P-(vl'*"f"H+H)]
"‘".

since, by (M 1) and (M-2), the first term is positive and the second term is zero as
v, € v Vi, This completes Part 2 of the proof and hence the theorem.

Remark ). By theorem 2, we know that the correct concept is an optimal point. Also,
in all other optimal points of the payoff function at least one of the attributes has null se
as correct set. Since, in a realistic concept learning problem where the ‘right’ concept is
a simple conjunctive expression, the correct set cannot he a null set, it is easy to check
whether the algorithm has converged to the correct concept. If at least one of the sets is
null in the converged concept, then we can rerun the algorithm with a different starting
point, i.e. with a different seed 1o the random number generator.

In view of Lemma 1 and Theorems | and 2, Algorithm-1 essentially converges (by
Remark 3.3) to the correct concept if the learning parameters are sufficiently small. As
e dustribution over the space of examples is arbitrary, Algorithm-1 correctly learns the
class of simple disjunctive concepts under the PAC framework, upto concepts with null
st Since we can prevent the convergence to concepts with null sets in view of Remark
33 e correct learning of Algorithm-1 can be ensured by making it automatically loop
dacx ull the converged concept has no null sets. Algorithm-1 indeed always converged to

xxrect concept and never needed such looping back in all the simulation studies (See
sxooa 6) of our algorithm.

4 Learning Disjunctive Concepts

b tus subsection, we see how we can extend Algorithm-1 to learn disjunctive concepts.
Comsader the learning problem where the target concept is representable as a k-term dis-
pacuve concept (cf. Definition 2). Suppose we use the model of section 3.2 for this
warmng problem. Since each disjunct (i.e. each term) in the target concept is a simple
Swywmctive expression, we can expect the payoff function to have optimal points corre-
spowding to each disjunct. Therefore, it seems we can think of an algorithm which would
¥ara the target disjunctive concept by just calling Algorithm-1 k times! However, this
skgonthm in general will not work because of two reasons. Firstly, there is no guarante¢
wat each call to Algorithm-1 will return a different concept. So, even if we keep calling
Algormbhm-1 until we get & difterent concepts, it is possible that this procedure runs in-
Jefwmely. Secondly, the payoft function may have optimal points not corresponding 10
sy despunct, in which case the algorithm might converge to a spurious disjunctive con-
Jegpr. For example, consider a domain consisting of one nominal and one linear attribute,

2 A; and A;. Let A, take values in {A, B, C} and A, take values from the interval [0.0,
.\ Let the target concept he

tlAi€ (A, B]] AlA; @ [3.0,4.0])) v {[A, € {B,C}] A [A; € {1.0,2.0]]).
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Then, the conjunctive concepts {[A, € {A, B, C}] A [A; € [1.0, 4.0]]} and ([A, e {A,
C}] A [A2 € [1.5, 3.5]]} could be the optimal points of the payoff function for some prob-
ability distribution over the examples. We tackle these two problems as below.

The first problem can be solved as follows. After a disjunct of the target concept is
learnt, we label all examples satisfied by this disjunct as negative. Consequently, this
disjunct is no longer “visible™ and so Algorithm-1 will output a new concept the next
time. As for the second problem, at present we do not know whether it is solvable in gen-
eral for all k-term disjunctive concepts. However, we propose a modification to our model
of section 3.2 so that for a particular class of k-term disjunctive concepts, the payoff
function possesses no spurious optimal points. This class of concepts we consider, to be
called disjunctive concepts with a Marker attribute, is defined below.

Let the attributes chosen for the domain be Y, that take values from sets V,, i = 1,..., N.

Definition 7. A concept description given by
[Yl € 1Ir'I] A-[Y -1 € llb"m*-l] A [Ym = xm] A [Yﬂﬂ-i € Vmi-]] A..A [YN = VH]

where v; is a subset of Vi, i=1,..., N, i#m, and x,,€ V,, is said to be a simple con-
junctive expression with a marker attribute. Y, is called the marker
attribute.

In the above definition, the subset v, for a linear attribute should be an interval.

Definition 8. A concept description of the form

Ci v C; V...V C;;

where each C; is a simple conjunctive expression with Y, as the marker attribute and all
C—s have distinct values for the marker attribute, is said to be a k-term disjunctive
expression with a marker attribute. Y, is called the marker attribute for
the concept.

We assume that the attributes characterizing the domain contain at least one nominal
attribute. If there are two or more nominal attributes, then we assume the teacher to spe-
cially identify one nominal attribute as the marker attribute. In case all the domain attrib-
utes are linear, then we properly discretize one of these attributes and use it as the marker
attribute.

From Definition 8, we observe that in a disjunctive concept with a marker attribute, the
marker attribute assumes distinct values in each disjunct of the concept. Now, by using
the fact that these values serve as “markers” to the disjuncts in the target concept, we can
get rid of spurious optimal points. Hence the name marker attribute.

Disjunctive concepts with a marker attribute constitute a special subclass of k-term
disjunctive concepts. This class includes all simple conjunctive concepts and some non-
trivial disjunctive concepts also’®. However, we cannot represent disjunctive concepts like
the 3-bit parity concept with a single marker attribute. We may possibly learn th}ese con-
cepts if there are two or more marker attributes. This problem is discussed by Rajaraman,
et al*®,
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Our model for learning disjunctive concepts with a marker attribute is as follows, [,
this model, we assume that the identity of marker attribute is provided by the teacher. We
use the same model of section 3.2 but with a simple modification to handle marker attrip.

utes. In this model, we represent the marker attribute Y, by a FALA having |V,f,‘”| actions,

Denote this FALA by X'?. Each action choice by X, is interpreted as the selection of
the corresponding value for Y,. That is, if the FALA chooses the /-th action then Y,, ap.
pears in the chosen concept as the equality predicate [¥, = Xmi)s wh‘cre X denotes the [-th
value of ¥,. All non-marker attributes are represented as in section 3.2. The algorithm
used by our model is same as Algorithm-1 except that the updating algorithm of Xf,f’ rep-
resenting Y,, is modified as below.

Let p,,(k) = Prlx,, is chosen at k-th instant by the automaton Xf,:”],j= j— , de-

(d
Vm )

fine the action probability distribution of Xf,j”. Let o, (k) = x,; and the environmental re-
sponse be r’(k)(cf. equation (3.5)). Then,

Ptk + 1) = pudk) + A7 (K)(1 = pu(k))
pmj(k + l) - !}mj(k) - Af"(k)ﬂmj(k)» ‘V‘I’ * ,

We call this new learning algorithm used by the team as Algorithm-2. The payoff struc-
ture is as in (3.5). For this model, it can be proved similar to Theorem 2 that every
disjunct in the target disjunctive concept with a marker attribute, is an optimal point and

in all other optimal points, null set is the subset chosen for at least one non-marker attrib-
ute.

Now it is easy to prove™ that we can learn disjunctive concepts by iteratively calling
Algorithm-2. The choice of a value for the marker attribute can be utilized to correspond

to exactly one disjunct in the target concept(or none at all) and so there are no SpUrious

optimal points®®. We present an outline of the learning algorithm for the disjunctive con-
cepts with a marker attribute below.

Algorithm-3
¢ Repeat
— LIST:=¢
— Repeat

* Get a random example. If it is positive and is satisfied by at least one OV
cept in LIST, then label it negative. Run Algorithm-2 with this example.

Until convergence

Add the learnt concept to LIST

Until k concepts are accumulated in LIST
 Output LIST
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5. Discussion

[n this paper, we presented an algorithm for learning the class of simple conjunctive con-
cepts involving both nominal and linear attributes. We proved that the algorithm correctly
learns the class of simple conjunctive concepts(modulo concepts with null sets) under
noise. The algorithm is incremental and hence needs no storage of examples. We also pre-
sented an extension to this algorithm which can learn a special class of disjunctive con-
cepts.

We modelled noise by assuming an unknown distribution over the instance space and
each example to be misclassified in an unbiased manner before being presented to the
learning system. Because the examples are i.i.d in PAC formulation, we observed that this
noise model is same as having an arbitrary distribution over the space of classified exam-
ples with the extra assumption that the examples undergo unbiased misclassifications. By
the unbiasedness assumption, when the noise probability is less than 50%, it is reasonable
to expect correct learning even under noise. However, as we assume passive learning
setup (i.e. no queries), we cannot get to know the correct classification of an example with
better accuracy by repeatedly asking the teacher as in Sakakibara®', even if the noise
probability is less than 50%. Our algorithm is able to handle noise by the stochastic nature
of the search employed over the hypothesis space. Our noise model is closely related to
that of Angluin et al®. who, as in our model, assume that the examples undergo unbiased
misclassifications. However, strictly speaking, they require an upper bound on the noise
probability be known to the learning algorithm. Our model assumes only that the noise
probability is less than 0.5 and hence the algorithm has no additional overhead to estimate
bounds on the noise probability.

A similar algorithm based on the model of team of automata has been used earlier for
concept learning'®. That model learns simple conjunctive concepts expressed through
nominal attributes. It is also incremental and has provable generalization properties. How-
ever, the model cannot handle linear attributes and, as noted earlier, our algorithm can be
thought of as a generalized version of Sastry er al*’.

Another important aspect of our model is that our algorithm is parallel. All automata
choose actions independently based on their respective action probability distributions,
get a common reinforcement from the environment and independently update the distri-
butions. There is no explicit communication between the automata. Hence, employing one
processor per automaton in a SIMD machine, we can expect almost a linear speedup.

Concept learning under noise has received much attention in Al and recently in Com-
putational Learning Theory (COLT). The popular algorithms in Al are the Decisijor: Tree
based methods which include the Quinlan’s ID3 algorithm®* and its extensions™** and
the Classification and Regression Trees (CART) algorithm™. In COLT, the “€ Version
Space™ Algorithm’, k-CNF learning algorithm of Angluin ef al®., Haussler's Empirical
Risk Minimization algorithm'’ and p-concept learning algorithms of Kearns et al’. are
some of the methods proposed for learning under noise.

Decision tree based methods constitute an important class of methods capable of
handling noise. Quinlan’s 1D3 algorithm and the CART algorithm are two ;_Jt;:pular mem-
bers of this class. Both these algorithms learn concepts in the form of decision trees by
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recursively partitioning the training set. Quinlan’s algorithm uses an information theoretjc
measure as a heuristic to construct compact trees. The CART algorithm also buijgs trees
using heuristic measures but, more importantly, uses pruning techniques based op Statisti-
cal considerations so that the learnt tree is not overly sensitive to the training €xamples
The algorithms are computationally efficient and found to be noise-tolerant®-3223. Also'
they can learn disjunctive concepts. However, they are non-incremental and hence neeg tc:
store all the examples. Though: incremental versions of the algorithms have beey pro-
posed”, since they essentially try to minimize the number of “calls™ to the basic algp.
rithm, storing all the examples may still be necessary. The methods grow huge trees under
noisy conditions and hence, as an additional overhead, it may be necessary to prune the
learnt tree. Also, we are not aware of any theoretical result on the PAC learnability of

these algorithms under noise.

The € version space algorithm? is a modified form of Mitchell’s candidate eliminatiop
algorithm?” proposed by Haussler. Imposing a partial order over the hypothesis space, as
in Mitchell*’, the algorithm learns by updating the so-called version space of the examples
seen so far. But unlike Mitchell's algorithm, it uses PAC identification as termination
criterion. The algorithm is incremental and is proved to efficiently PAC learn concepts
which use only boolean attributes. However, the algorithm may be space inefficient for

learning rich concept classes and, in particular, it cannot handle linear attributes.

Angluin er al. are one of the first to analyze the problem of PAC learning under noise.
They propose an algorithm® for learning k-CNF concepts and prove that it efficiently PAC
learns under noise. As in our case, the algorithm can tackle upto 50% of classification
noise. However, the algorithm is efficient only in finite domains and cannot handle linear
attributes. Also, the algorithm is nonincremental. -

Haussler'? proposed a very general and powerful framework for PAC learning, which
can take care of noise, using decision theoretic ideas. His approach is based on viewing
learning process as one of minimizing empirical risk. We have used this framework in
section 2.1 to define the goal of our learning system. Under this framework, he proves
bounds on the sample size needed for PAC learning very general concept classes includ-
ing the class of artificial neural networks. However, his algorithm is not computationall)’
efficient.

The work of Kearns er al. attempts to apply some of Haussler’s general principles 102

specific setting so that efficient algorithms can be developed. They proposeq several
learning algorithms for PAC learning under noise and here we discuss only those.relevanl
in our context. We also assume that all p-concepts learnt are converted into decision rules
by suitably thresholding the p-concepts. First, an algorithm for learning the class of noT'
decreasing functions is presented. Under the assumption that the instance space 13 tgtal)"
ordered, the algorithm is proved to efficiently PAC learn under noise. However, this :?s
sumption precludes effective handling of nominal attributes and so we do not discuss tclr-
any further. Learning a class of probabilistic decision lists is then considered. They Pfhf
pose an efficient algorithm for PAC learning under noise. But, the algorithm aSS'-_““es lﬂ}[
domain to be finite and hence cannot learn linear attributes. Finally, an algorithm Cif
learning a linear function space of finite pseudodimension is presented. Each ?Oﬂcc?mis
this class is expressible as a linear combination of finite number of fixed function:
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specific representation is chosen so that the method of minimizing empirical loss is com-
putationally efficient. For the same reason, the algorithm cannot be extended to learn

richer concept classes, e.g. concepts expressible as a linear combination of functions from
an infinite class. Moreover, all these algorithms are nonincremental.

To summarize, the algorithms in Al are empirically efficient and have been employed
to solve realistic problems. Some of these algorithms are found to handle noise in empiri-
cal studies. However, their noise-tolerance in a general concept learning problem is un-
known because they lack PAC learnability results under noise. Also, barring a few, the
algorithms are not truly incremental. On the COLT side, the learning algorithms have
provable convergence properties and are shown to be theoretically efficient. Their noise-
tolerance has also been precisely characterized. However, almost all these algorithms as-
sume unrealistic domains, e.g. domain characterized by boolean-valued attributes. Hence,
the COLT algorithms turn out to be mainly of theoretical interest. The main motivation
behind our work is to fill this gap so that we can come up with realistic, practically effi-
cient, robust and incremental algorithms which PAC learn even in the presence of noise.
The next section justifies this where we present empirical results of our algorithm.

6. Simulation Studies

fn this section, we present empirical studies of Algorithm-1 and Algorithm-3 on few syn-
thetic and real-world domains.
6.1. Synthetic Prohlems

A synthetic domain is defined by specifying the attributes (nominal and/or linear) and
their ranges. Then, an arbitrary concept description in the chosen representation (a simple
conjunctive expression or a k-term disjunctive expression) involving the specified attrib-
utes is selected. A fixed number of pre-classified examples (called the the training set) is
“generated randomly according to a predefined probability distribution. To evaluate the
performance of the algorithm, we generate another set of examples (called the test set)
with respect to the same probability distribution. The sets are generated in such a way that
the number of positive and negative examples are equal in each set.

We use Algorithm-1 for learning simple conjunctive concepts and Algorithm-3 for
learning disjunctive concepts. The algorithms are simulated by selecting one example at a
time from the training set and if needed, using the training set repeatedly for drawing ex-
amples till convergence. The performance is studied by varying the classification noise
from 0% to 40%. For comparison, we also implemented a decision tree based algorithm®
that can learn disjunctive concepts and handle noise. We refer to this algorithm as Algo-
rithm-4.

The results of the two algorithms on two synthetic problems are presentf:d below. The
results of Algorithms 1 and 3 are given in Tables I, 11l and V, VII respectively. In the§_e
tables, A refers to the value of the learning coefficient used. The variance parameter O 1S
set 1o a value of 0.1 in all the simulations. The column ‘Average lterations’ refers to the
average, over 20 runs of the algorithm, of the number of iterations taket? to converge. The
acronym WC refers to the number of runs (out of 20) in which the algorithms did not con-
verge to the correct concept. The column Error rate refers to the percentage of examples
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Table I
lel

::;:rmnnce of algorithm-1 Performance of algorithm-4
Noise 2 Average WC CPUTime Error Noise Nodes Leaves Average CPUTime Epy,,
%, Iterations Secs. rate® % Depth Secs. rate %

0 0.005 9000 0 10 4.0 0 10 11 4.1 0.5 40

5 0005 11000 0 13 5.0 5 12 16 4.8 1.0 6.0
10 0.005 14000 I 17 5.0 10 16 17 52 1.0 9.0
20 0.005 15500 | 20 6.0 20 32 33 7.3 2.0 19.0
30 0.005 18000 2 23 8.0 30 4] 42 6.9 2.0 23.0
40 0004 22000 3 28 11.0 40 43 44 9.3 3.0 290

___—#_'m

misclassified by the algorithms on the test set. The time taken by the algorithm is givep
ander the column CPU Time. The performance of Algorithm-4 is given in Tables II, IV,
VI and VIIL In these tables, the columns Nodes,Leaves and Average Depth refer respec-
tively to the number of nodes, number of leaves and the average depth of the learnt deci-
sion tree. These quantities give a measure of the size of the learnt tree.

The simulations were performed on an 1860 based system.

6.1.1. Problem 1

Let the domain be characterized by 2 nominal and 2 linear attributes. Denote them by 4,
A,, Ay and A, respectively. The nominal attributes A; and A, take values in {A, B, C, D}
and the linear attributes A; and A4 from [0.0, 5.0]. Let the target conjunctive concept be

[{A1€ {A,C}} A{Are {B,D}} A {As € [2.0,4.0]} A {Aq € [2.0,4.0]}]

Case 1: Training set size = 100; Test set size = 100;

Performance of Algorithm-1: See Table I.
Performance of Algorithm-4: See Table II.

Case 2: Training set size = 500; Test set size = 100;

Performance of Algorithm-1: See Table III.
Performance of Algorithm-4: See Table IV.

6.1.2. Problem 2

Let the domain consist of 2 nominal (A; and A,) and 2 linear (A; and A,) attributes as In
Problem 1. Let the target concept be

Table III

Table IV
Performance of algorithm-1 Performance of slgorithm-4
- _ _ _#

Noise ) Average WC CPUTime Error  Noise Nodes Leaves Averag  CPUTine ETO
% fterations Secs. rate % % eDepth Secs. 5 “’fj

0 0.005 12500 0 14 2.0 0 1s 17 46 2.0 3.0

s 0005 15000 0 17 2.0 5 17 18 5.4 5.0 40
10 0.00S 17000 0 20 3.0 10 24 25 6.8 18.0 8.0
20 0.005 20000 1 24 3.0 20 39 30 73 28.0 140
30 0005 25000 2 29 4.0 30 55 56 8.2 44.0 220
40 0.005 31000 2 35 6.0 40 61 62 8.9 58.0 28.0



LEARNING LOGIC EXPRESSIONS UNDER NOISE

41
Table V ‘ Table VI
Performance of algorithm-3 Performance of algorithm-4
Noise 2 Average WC CPUTine Error Noise  Nodes  Lear - . s
% terations Sees. rate % % e g:';?:fr g::g Time fr:' n;
—_— . aie 'x
0 0.005 15000 0 18 3.0 0 13 16 5.5 1.0 8.0
5 0.005 21000 0 57 5.0 5 14 4 5.2 1-0 gin
10 0.005 25000 I 68 5.0 10 28 23 7.3 1.5 I.? 0
20 0.005 32000 2 95 120 20 30 32 14 2.0 25.0
30 0.005 40500 2, 111 15.0 30 33 35 9.1 2.5 28.0
40 0.004 46000 3 133 17.0 40 34 37 9.8 2.5 32-0
— R B — Por— — ey = :

[{A;€ (A}} A {Ar€ {B,C}} A {Ay€ [2.0,4.0)} A {As e [2.0,4.0]}]
V{Ai€ (B} AlAre {C.D}} A {Are [1.0,3.0]) A {Ase [1.0,3.0]}]

and let A, be the marker attribute.

Case 1: Training set size = 100; Test set size = 100;

Performance of Algorithm-3: See Table V.
Performance of Algorithm-4. See Table VI.

Case 2: Training set size = 500; Test set size = 100;

Performance of Algorithm-3 See Table VII.
Performance of Algorithm-4: See Table VIII.

6.2. Real-world Problems

We consider two problems in the popular Iris Plants domain. This domain contains three
types of plants namely Iris-setosa, Iris-versicolor and Iris-viginica. Each plant 1s charac-
terized by four linear attributes viz. petal width, petal length, sepal width and sepal length.
It is known?® that the class Iris-setosa is linearly separable from the other two and the other
two are not linearly separable. We consider the following nonlinearly separable classifi-
cation problems

1. To classify whether the given plant is Iris-viginica or not
2. To classify whether the given plant is one of Iris-setosa and Iris-viginica or other-
wise.

Since the domain consists of 150 examples only, we divide the data into two sets and use
the first one as training set and the second as test test. The division is done carefully to

Table V11 Table VIII
Performance of algorithm-3 Performance of algorithm-4
Noise 2 Average WC  CPU Time Error  Noise Nodes Leaves  Average  CPU Time Errar
% lterations Secs. rate % % Depih Secs. rate %
0 0.005 14500 0 37 1.0 0 (] 16 54 2.5 4.0
5 0.005 22500 0 6l 1.0 5 17 19 6.1 15.0 6.0
10 0.005 27000 0 74 4.0 10 34 41 7.7 28.0 8.0
20 0.005 36000 ] 105 6.0 20 52 55 8.2 38.0 18.0
30 0.005 43000 2 124 9.0 30 96 87 10.2 54.0 25.0
40 0.005 49000 2 142 11.0 40 128 1t 13.4 66.0 28.0

p—
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Table [X
Performance of aigorithm-1

Noise 2 Average wWC CPUTime Error

% lterations Secs. rate %
0 0.005 4500 0 5 2.6
5 0.005 6100 0 7 4.0

10 - 0.008 7900 0 8 4.0

20 0.005 10200) ] 1] 4.0

30 0.005 14100 2 16 5.3

0 0.004 25300 2 28 5.3

keep the distribution of classes same in both sets. We also train {he algorithms with a se
of examples (called duplicated training set) containing five copies eachﬁ example in the
original training set. Hence, the duplicated training set has size five times that of the
original set. We study the performance of the algorithms by adding noise to the training

set externally.

The results of simulation of Algorithm | and 3 are given in tables IX and XI respec-
tively. Tables X and XII contain the results for Algorithm-4. In the latter, the column CPU
Time-I refers to the time taken by the algorithm on the original training set and CPU
Time-I1 the time taken on the duplicated training set. All other columns remain the same
as the duplicated set contains no new examples. However, there is no change in the exe-
cution time for algorithms 1 and 3.

6.2.1. Problem |

Performance of Algorithm-1: See Table 1X.
Performance of Algorithm-4: See Table X .

6.2.2. Problem 2

The classification problem here is more difficult than Problem 1 because a plant in this
problem may be positive if it is either Iris-setosa or Iris-viginica. We use a 2-term dis-
junctive concept to represent concepts in algorithm 3. Since all attributes are linear, we
need to discretize one of the attributes to use as a marker attribute. It is known that the
attribute sepal width and sepal length are relevant to the problemz. We choose sepal length
for the discretization. A cutpoint of 1.0 was chosen by trial and error to discretize this
attribute into a two valued nominal attribute. Thus. the new learning problem has | nomi-

Table X
Performance of algorithm-4

Noise  Nodes Leaves  Average CPU Tine Error CPU Time-1I

% Depth Secs. rate % Secs.
0 4 5 2.4 0.5 5.3 2.0
5 8 9 3.7 - 0.5 8.0 4.0
10 17 18 59 1.0 8.0 9.0
20 23 24 6.7 2.0 24.0 10.0
30 31 32 7.3 2.5 32.0 10.0

40 46 47 7.4 2.5 48.0 12.0
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" Table XI
Performance of algorithm-3

S ——— e ey,

Noise } Average WC CPUTime Error

% lterations Secs. rate %
0 0.004 5600 0 12 2.6
5 0.004 9300 0 26 4.0

10 0.004 10700 ] 39 4.0

20 0.004 18100 ! 55 3.3

30 0.003 22000 2 71 5.3

40 0.003 27200 3 86 8.0

e — —— E—

nal and 3 linear attributes. The sizes of training as well as test test are same as in Prob-
lem 1.

Performance of Algorithm-3: See Table XI.
Performance of Algorithm-4: See Table XII.

6.3. Discussion

[t can be observed that, though Algorithm-4 performs reasonably well under no noise
conditions, the performance degrades as the noise percentage increases. Under the same
conditions, Algorithms | and 3 exhibit better accuracy and, as the number of training ex-
amples 1s increased, the algorithms generalize well resulting in a further reduced error rate
(cf. Tables 1, Il and V, VII). It appears that Algorithm-4 is computationally very efficient
compared to Algorithms | and 3, especially under noise. However, this is true only when
the number of training examples is small. As seen from tables VI and VIII, the execution
time of Algorithm-4 drastically increases when the size of the training set in increased.
Actually, this behaviour happens for a training set containing only duplicated copies of
the training examples used for the previous problem (cf. Tables X, XII). This is the main
disadvantage of nonincremental algorithms. On the other hand, Algorithms 1 and 3, being
incremental, are not sensitive to such redundancy in the training set. Even if the size of
the training set is increased to contain new examples, these incremental algorithms can
effectively handle the situation and show no appreciable change in the execution time (cf.
Tables I, 11l and V, VII).

7. Conclusion

We considered the problem of learning conjunctive and disjunctive concepts using a set of
positive and negative examples of the concept. We formulated this problem in the Proba-

Table XII
Performance of algorithm-4

Noise Nodes Leaves Average CPUTine Error CPU Time-I1

% Depth Secs.  rate % Secs.
0 7 8 3.6 1.0 8.0 2.5
5 10 11 39 1.0 13.3 3.0
10 12 13 4.3 1.5 17.3 - 9.0
20 26 27 6.2 2.0 22.6 14.0
30 39 40 7. 2.5 34.6 19.0
40 38 42 7.2 3.0 41.3 21.0

i —= ﬂ

e —— e ——— e —
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bly Approximately Correct Learning framework and prfesented an algorithm for learning
simple conjunctive concepts. We proved that the algorlthm co:rrectl){ learns the class of
conjunctive concepts in the presence of upto 50% ot: C:lass:_flcauon noise. We proposed ap
extension to this algorithm for learning a class of disjunctive concepts. From the simyla.
tion studies. it was observed that the algorithms are reasonably efficient for learning logic
expressions. The slowness of our algorithms observed under some cases may be due to the
fact that we simulated these parallel algorithms on a sequential machine. The speed coulq
be improved through a parallel implementation of these algorithms.
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