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Abstract

In the present paper we have established four summation formulae including one s-tuple finjte series
and one s-tuple infinite series. In particular cases we have obtained various interesting formulae
involving Jacobi polynomials.
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1. Introduction

The formula
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where f‘ | x; | < 1, with usual meaning of Pochhammer-symbol (a),:as
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is the definition of the n-variable generalised hypergeometric function FP given by
Lauricella® [p. 135] whese integral representation
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valid for Re(a) > 0 and each z sufficiently small, was obtained by Erdelyi? [p. 694]
in the year 1936.

The formulia

L ( ) = : (1+C).J"k —F(—u+kb+k+l‘c+k+]- Lo
= L a=RTaFg T T TR LNLYP(y
k=0
(4)
involving the gereralised Lagucrre.polymmial
PRREIEL YRR .

obtained by Halim, A. and Al-Salam® [p. 58] along with the following results of Baiey?
[p. 36] and Erdelyi® [pp. 17 and 19] are required in our investigations:

o ..";Fl(a;b; I_}’) Ge ghs o
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(1 —artop ()= > Lo 0
e (1 4 2)° = Za? Lie=" (%) 2" (8)
2. Resalts

The main results -to-be -established are:
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provided [x | 4 | x| + ... + | x, | < 1.
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provided the series involved is uniformly convergent and
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provided the series involved is uniformly convergent and
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(A) Proof of the result (9) and (10)

In order to establish (9), let us first prove an elementary resuit, »
O (=) (1 +b) . <
Z, k!(tl+d)kk(“x1)k2F1(—n+k!b+k+1:d+k+];x1)

Rt

'Fﬁ“}[a,—k,baa ...,bm; l+b: 021 '--:cm; lrxz;--«; .]

=Fimi[a! — A, bﬂs g '!bm; l +d? Cay » - s Cms X1y o+ - "xﬂ']' (13)

"

Proof of (13) : Making use of (3) and (5), we have,

F:‘[a, _n}sz Il bm; 1 +ds Cay «+ 2y Cppy X1, . 'lxm]

!
(l -‘:-d) (@ je*' (&2 L8 (x1 t) l'[ 1F1(b;; ¢55 xpt) dt (14)

j=2

which on using (4) and then integrating term by term yields,

1 ‘.—\ (_" n)g (l- +b)r.:
T T(@ [/, kT Fa)

k=0

(—xl);‘zFl(“'"‘]'k:b'l'k'l"l; d+-k+41; x)

I et 191, Fy (= k3L 4b; 1) 5T 1F; (by; 2,5 %;0)dt _ (L5)

J=2

interpreting it as F{¥ with the help of (3), we get the" teft hand side of‘(B) Tt com-
pletes the proof of (13).

Sumilarly, to prove the result (10), we.need the result, _ ..~ o=~ . - g
; - L e .
S B (4 e
P lkk,_c“‘( x1)kaF1(b1+k c+ k- 1; C1+k+1 X1)
-0
FPla, —k by oo bas Lt g innycr 1, Xgy e, X
= F0 [ By, By oo 5 Bad Bls Bais 5555055 By By 00 5 K] (16)

provided the series involved is uniformly convergent and

|x1|+|x3|+...+|x_|'<l
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which can be shown to exist by proceeding very parallel to the lines of proof of (13),
except that we use the formula (6), instead of (4), and since the series involved are uni-
formly convergent under the conditions stated with it, the term by term integration is
justified. Now iteration:of process'(13) and (14). then yields the results (9), and (10)

respectively.

(B) Proof of (1) and (12)

Proceeding parallel to the proof of (13) and:. then using (8) we easily have left
hand side of (11) equal to,

oG m—1

(lljzaz))ﬁ f e (14+£,6)¢ o1 H 1Fy (B3 o3 x;t) dt | “ (17)

0 =1

The substitution (1 4+ x;z) ¢t = u then leads it immedia{ély to the right hand.side of (11),
The result (12) can similarly be proved on using the result (7) instead of (8).

-

3. Particular cases

(i) On setting n =2 in (13), we get

= el o W ko .

Z TR R (St btk 1 A3k +153)
F,(a, —k,cy 1+b, e; 1,y

= Fy(a,—n,c; 1 4+ b, e; x,y). (13)

(ii) On replacing x by 4 (L — x), d by a and b by o« +f 4-n in (18) we immediately
get
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where the Jacobi polynomial P B (x) is defined by Szego® [p. 62],

'h'Pfu.ﬁi(x)=<n+a)zF1[—-n ] +a-;l—/3+"; R A0t ) ‘(20)

(iii) Ifwe let y » 0 and take a=1 +a + f +0+2nin (19) and use the well knﬂ\\n
Vandermonde's theorem [Bailey! (p. 63)] |

 F(=n,b; ¢; )=(c—Db)/(e), I @
we get
"1 _ 5 _ k l —_—
Z ( - _{1) ’E:.:k . B+H) (x)( x

_ (1 +0).(1 + & + By piasgsn. ) | '
T+aths = O _ vi o

On the other hand, if we let y —» 0, and take a = f in (18) we get, in a similar -way

the result,
— x\*
)

_[a +,.=:),..J2 * [ 1-'x]"'

z ({1 + )n'*'* PLoth BHE) ()

R—k

im
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(iv) Onputtinga=14+ae + B +nb=qa,d=a ~ y -~ n, and replacing x by 3 (1 — X)
in (18) and letting y —» 0, we get '

. x — I\
Z kg((l 17;2:—; PaTY—ntk 718 (X)

k=0

(23)

("‘" 1) (}' o ﬂ). a
BTN + B). P.( . {x)__: ' e

(v) If we take n =2, in (16), we get

N G+ ) TR
Z lk! i) (‘xl)"zF1(bx+k.C+k+l;c1+k+l;x1)

kw0 -

v Fy (E:;"-'-# k, 32; L ges 1, X,)
= F; (a; b, by; €1, Cg; X, x,) (25)
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(vi) Finally, if we take m =1, a=1 + a + f8 and replacing x; by (1 — x)/2 in (11)
and then make use of the result Rainville” [p. 256],

PRI (—x) =(— [} PEV(x) (26)

we get the well-known result due to Feldheim® [p. 120], viz,,

i POEM () =(1—1f[l —3(1 + x) (]12F, 27)
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