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In the present paper we have cstablisl".ed four summ'ltion formulae including one s-tuple linite ISCriti 
and one s-tuple infinite series. In particular casts we have obtained various intemstina formula 
involvina Jacobi polynomials. 
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1. Introduction 
• 

The formula 

F!:' [a, (b); (c); (z)] 

• • 
(a) .. ,+ ... + ... IT (bj)"1 IT (X/)-I 

1-1 1-1 

• 

• • (I) 
IT (m!)! IT (C/) .. / 

1-1 1-1 

• where E \ XI \ < 1, with usual meaning of Pochhailliur ·symbol(.a).,al 
/_1 

(0). = r(a + 1I)!r(a), II £ (0, 1,2, ... J (2) 

i~ the definition of the ,,·variable generalised hypergcometric function F';' Jliven by 
Lauricella" [po 135] whcse integral representation 

F't ( a, (b); (c); (z» 

Of> 

1 J I 1,-1 n" F (b . = r(a) e- /_11 1 /> 

• (3) 

o 
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valid for Re (a) > 0 and each z sufficiently small, was obtained by - Erdelyil [P. 694] 
in the year 1936. 

The formula 

(1 + 	 ..- 11 3F1(.+k,fr+k+1;c+k+1;y)DP(x) (x.Y) = 	k) (1 +C) 
3t-• 

(4) 
involving the geteralised Laguerre polynomial 

+  
L? )  (X) = n 

1 F1  (— n ; 1 + a; X) (5) 

obtained by Halim, A. and Al-Salams [p. 58] along with the following results of Bailey' 
[p. 361 and Erdelyi 3  [pp. 17 and 19] are required in our investigations: 

-.A 	• 	-_ _•-•••• 	; 	• 	A 	• 	•-- 	I 	 d . 	. 
un• 	' • 

	

6 .1Fi (a; b; xy) 6 -  • 	• • • 	. 	 • 

co 

	

.. 	• 

	

(a)  (1 	+ b)7, (—Y)k 	
y 11 --k I -1-c6 x)* 

u :; n  e 	
_ .2 	2F1  (a _ c+k + i• 	 )F . 	7 	_ k 

kitO 
(6) 

c0 
XZ 

(7) (1  tri exP 	=re 	Vned (x) zn;  
no  

OD 
re.  ( 1 + 2) 41  = E 

nee 
.4a—lo 	C. . (8) 

alP 

2. Results 

The main results -to"-be - established are: 

r • a 	 a 
v- 	al 	si ri ( — nj )k  n 0 + b,) 1 I 	bki • • s 	• 

S‘  iml 	 fel  -- II ( — x . . . 	 s)ki 
kr•  i•  ktio  11 kl ! II (1 + cti)ki 	iorl 

ial 	1-1 

FAla, —k.; 1 + bt , ...,1 + b.; 1, 1, . . 	1] 

al +ki +1; xi] ass 
uo • 

ic  FA to) 	ni) • • • 	ne; 1 -F ail • . .1 1 + a, ; x1 , • • • xi (9) 
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provided Jx1 J 4-  I xt,I + • • • +Jx,J < 1 4 

• ti 

	

co 	1 1 (bj)ki ri ( 1  + Ci)ki s V ie s 	-  
• • • 	 xtri 

	

kiso 	/ciao ns  ki I . 	- • Jail: 	- 

• FA  [a; — kl , 	ka ; I + d: , . . I + da ; I, I, 

n 2F, [fr, kj ; di  + ki  + I; ci  + ki + I; xi] 
Jet 

S .  

= FAra; bit • • • ba; c1, • • • 	; x11 • • • I.  Ai 	 (10) 

provided the series involved is uniformly convergent and 

I x! —F. I x2 I —I— a- + I xs I < 1 
co 

(— a  
Pfts) n  ! 	 fa, — n, b2)  •   A 

"Co 

S " 

% 	. 
4- a — n, C23 • Cm ; XI 3 • • $ 	7.),4 

— (1 + z)a (1 + xiz)-• Fr-fa b • , 	2, • • • , km ; C2, • • • , co ; 
. 0 • ' a. 	• . • 	_ 	. # a 	. 

#

• ' x2 	 Xin  1 
• (II) 1 + Xi% t  • • ” i ± Xid • 

prbvided the series involved is uniformly convergent and 

x 	1 	x  

+2 I • + I +la < 
I 

CO 

• t efte•1 P - 1 Xli • • • t XM-1 ] _ 2;_ s ‘.  

a + all  Fir) 
(
a; 

 — n, b -''. ' .. 	• - I: -fr .  a, ex: • • ' 	x 	( ) 
1 

	

n! 	 2, • • • b I m , 

sao 

, 	. • . 
i I 	•t-fr 	2 	g. • 	xaT, 	• = 0. £zra-1  1 — (z — I) 	• A 	bi, ..., La ; Cl , . . •, 40 ; 

xi  ( 1 .-.-.z) 	 —z)1  
I z xz' 	— + 

. 	• • 
provided the series involved is uniformly convergent and 

• : 	(1 — z) I xm-1 (I 	I < z xz 	 I 	z xZ 

(12) 
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(A) Proof of the result (9) and (10) 

In order to establish (9), let us first prove an elementary result, 

L k!  b-f-
Z  (-x1) % 2Fi (— n +k,b -Fk +1; d ±k + 1; xi) 

k, b2, . . 	b.; c,„; I, x 2, . . 	xsj 

= Fr [a, — n, b25  . . . 5  b.; 1 + d, c2, . . c; 	. . , x.). 

Proof of (13) : Making use of (3) and (5), we have, 

Pea 	—n b. • • • b 	1 	d, c2, ...,c„,; 	. . A  

1  
fot  	 ice' De (x, 0 H 	ci ; xi t) dt d)„ r (a) 	

10 

5=1 
11 

(13) 

(14) 

which on using (4) and then integrating term by term yields, 

1  el 	  

r(a) L  k! (1 +d) ( 	2Fi ( n -1-k,b+k+1; d+k+1; x1) 
km0 

In 
. 10 ta-1 	f__ I tb, 	>II 1F3  (bt ;;;_x iTt)-di . 	. 	(115) 

0 	 1-2 

interpreting it as Fr with the help of (3), we get the left hind side of III). It com- 
pletes the proof of (13). 

Similarly,
. , 
 to prove the result (10), we.ineed the result, 	:;.- 	- 	 e  

(bak ( I  + C  ) 1 k 	Xj)k  2F1 (bi + k, o-+ k 1; ci 	+ 1; x1) . *so 

• Fr  [a, — k, b2, • • • 9 	; 1 + c, c2,1  •• • • Cei  ; 1,x3, • • 

=1 Fr [a; b„ b2 , . • • , 154 ; ci , c2, ...„ 41 ; xi , Xg •  • • • g .X0) 	 (16) 

provided the series involved is uniformly convergent and 

I 	4. 1 x2 1 + 	+ xa  < 1 
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which can be shown to exist by proceeding very parallel to the lines of proof of (13), 
C1ccept that we use the formula (6), instead of (4), and since the series involved are uni- 
formly convergent under the conditions stated with it, the term by term integration is 
justified. Now iteration:of proms 'My and (14). thea yields the results (9), and (10) 
respectively. 

(B) Proof of (11) and (12) 

Proceeding parallel to the proof of (13) and then using (8) we easily have left 
hand side of (11.) equal to, 

00 
(1 +z) 	 ta-1 	1F 'j' r (a) 

0 	 itt 

al ; xi t)dt 	 (17) 

Thesubstitution (1 + z120 t — u then leads it-immediately to the right hancL side of (11). 
The result (12) can similarly be proved on using the result (7) instead of (8). 

3. Particular cases 

(i) On setting n = 2 in (13), we get 
	 t 

‘.- - 

(-- n)t  (1 + hit 
	xr 2F1  (—: n -frk,b+k+1.;c1-44+14x) 

k!(1 	d)t 
k 0 

F2 (a; — k, c ;- 1 + b, e ; 	1, y)1 

= F2 (a, 	n, c ; 1 + b, e; x, y). (1 8) 

(ii) On replacing x by I (1. x), d by a and br by a +- fl -jets in (18) we immediately 
get 

IS 

(1  + 	fl)*.fek  F2 (a, 	k,c; 1-Fa+ 13 4-144,:1,,y) 

km0 

x Ittb•P -Ek)  (x)(1 	X  \k  

, 	 4 

1—X 
n! 

•A lbw 

	 (19) 
• 
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where.  the Jacobi polynomial Frifir(x) is defined by Szego° [P. 623, 

• 

etP)(x) tr-a 	+17  a) 2 F1 r— fl I +a+ll+n; I+ a;, 	x)] 	• .(20) 

(iii) If we let y -+ 0 and take a re- I + a + /3 + ö + 2n in (19) and use the well-known 
Van.dermonde's theorem [Bailey' (p. 63)) 

F(-- n, b; c  ; I) = ( c 	b),1(c)„ 	 (21) 

we get 

1 X)k  (- 3 - rt)k 
prk. /3+A) (x, 

2 k 	 1   
kao 

(I + 	(1 + a ± 	pn(a+p+11.1) (ix) • . t • (22) (I + a -1-  .fl)2s 

On the other hand, if we let y 0, and take a = /3 in (18) we get, in a similar way 
the result, 

1 — (1 + Ofrit  (a+k p+k) 	— p • 	kx ( 2 
aLl 	 k! 
Lao 

[ 	
1a  +fl 	1 X 

a •[(1  n! 	2F1 	n, p; 	 eE .n• 	 (23) 
2 • 

(iv) On putting a = 1+a+fl+n,b=a,d=ast- y n, and replacing x by (1 — x) 
in (18) and letting y 0, we get 

1\k  
2  ) pot.ryen+k, 7+0 (x) 

kI (1 + Mask s n-k  k o 

1)n (y 	prop (x) . 	. + a).(1 	!Ms 	- 7 	- 4 
(v) If we take n = 2, in (16), we get 

(24) 

Co 

(bak  (I + cilk 
-t xi)k  2Fi(b t 	k, c •44-k +1; el l k +I; xi) k' 

kilo 
I 	t • tif. 

F2 ca; 	k, b2 ; 1 	c, c2 ; I., x2) 
= F (a; 	1 2 ; c1 , c2 ; 	xs) 

(25) 
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NO Finally, if we take in=1,a=l+a+13 and replacing x1  by (1 — x)/2 in (11) 
and then make use of the result Rainville 7  [p. 256], 

Pir' 13)  (— 	= 	1 ) 11  P s a)  (x) 	 (26) 

we get the well-known result due to Feldheim 4  [p. 120], viz., 

P,(,•• 13–" )  (x) t" 	— 013  [1 - 	+ 	11-l-a-P, 	 (27) 
ria0 
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