I. Indizn Inst. Sci. 62 (B), Feb. 1980; Pp. 25-33
© Indian Institute of Science, Printed in India.

A note on diffraction by a strip under mixed boundary conditions
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Abstract

Higher order approximate solution is obtained for the problem of diffraction by a strip under mixed
boundary conditions based on the solution obtained by Chakrabarti!, by tle metkod of succcssive

approximation. Using this solution, the additional terms in the scattering coefficient are shown to be
of order [-3/3 for large /, where [/ is the width of the strip.
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1. Introduction

A direct technique of solving the problem of diffraction by a strip under mixed boundary
conditions is given by Chakrabarti'. The solution is obtained by an application of
Wiener-Hopf technique which reduces the problem to solving a system of coupled inte-
gral equations. An approximate solution of these integral equations is sought, by assum.

ing the width of the strip, /, to be large. With this approximation, the resulting
integral equations are reduced to ‘a functional equation’ of the type

B, (y) = — iy V/7° — 2ik ¥, (— ),

first encountered by Rawlins?. The scattered field is obtained, from which the

scattering coefficient is computed and is shown to agree with the first term obtained
by Jones® (p. 607)*.

In this note, we propose to obtain the second order approximate solution by the
method of successive approximations. Finally scattering coefficient is computed, using

" 'l_'he expression for the scattering coefficient obtained by Jones on p, 607 is in error by a multipli-
cation factor of 2 sin ¢, on the right hand side,
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the second order solution and the additional terms are shown to be of the order j-32
for large /,/ being the width of the strip. :

In Section 2, the mathematical problem is stated and the first order solutigp pr
sented, without derivation, for future reference. For the derivation of thege fr-Su];'
the interested reader is referred to ref. 1. Section 3 deals with the second order solutiop

and the computation of scattering coefficient.

2. Formulation of the problem : First order solution

The mathematical problem is that of solving the partial.differential equation
(VE+KkHv =0 )
under the boundary conditions

v (x,0 +)="_uﬂ(x:0)

Qv ' == Mg . T (1
5y (90 = 5= 0 (-I<x<0), i3

and the continuity conditions
v(X,04+)=v(x0-)

Qv W (o< x< =10 < x < o) (1.3)
—B}(x,O-H—a—y(x,O—-) |

where u, (X, ) 1s the incident field and » (x, y) the scattered field. We require that the
field be outgoing at infinity and for uniqueness of the solution, we also require proper
edge behaviour of the field. The appropriate edge conditions at x = —/ and x =0

are® :

v (x,0) ~ 0(x17%)
v p
S}-(x,()) ~ 0(.\:—3} )

as x —» 0 +. 7 | ' (1.4)

When the incident field is a2 plane wave, the solution of the above diffraction prob-
lem (1.1)~(1.4) is obtained in the form (for details see ref 1),

e4i00

1.J(x,y) ==y, (X, ¥) —1-2—;:-’: f Vs, ») e ds, (lI.S)

e—430

k‘COS¢u < C << ki
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where

V(s,y)=4e™, y>0

]

=Beﬁ|.']’ y< 0’ e * st i _r:' = RS RE ' (1 .6)

x = 4/s* + k%, the branch of the square root function is chosen in such a Way that
x = k when s =0, and

24'= 1, (5) +0..(5) + " [ (= 5) — 0,.(— 9] (1.7)
2iB = 1, (5) +94(5) + e [y (— 5) =, (— ) o

where u., 0., A.,l., v;al.'e' the solutions of the following coupled integral equations : ‘
(s +R 2,6 =h6) +

n+i_ 0

2!?: f (w‘i}fs) [(w— k)72 A (W) e — i(w + k)2 . (— w)]

e=130

(s + iK% 1y (5) = B ()
c-'i-liioom e

-5 f (wdi 5 [0 = iRV2 ) et — i (w o+ i) A, (— W)

c—i20

s+ )2 v, (5) = my (s)

4100
l aw . : :
~ 3 [(w— k)2 v, (w)e™ +i(w+ik)V20, (—w)] .
nc—ii (W T 3)

(s + ik)!72 0, (s) = my (s)

c+ic0
1 d )
| T om f (w j: 5 (v — V20, Gwy et £ i(w + kv (=w] (1.9)
where
- ] — a : b‘ : . =
«(5) (s—j—ik‘cosq&n) Y (s —ikcosdy) ’ B

a; - b

") = T Rcoigy T =Tkeogy’ | — 2 K8
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and
a, = da, = — \/2ikcosd,/2
by = — by = — /2ik sin¢ /2 exp (ikicos ¢,)
a, = a, = +/2ik sin¢,/2
by = — b, = +/2ik cos /2 exp (ikl cos ¢,) | o.1)

The integral equations (1 .9) are best solved by approximated methods. It is.assumed
that the width of the strip / is large and as a result the contribution from the i ]*
involving e™' is negligible (see ref. 1, Eqn. 3.7). To-this order of appraoxim mong:;:
solution is obtained by solving the following coupled integral equations: ’

' —2—400
: ) 1 () — jk/2
(s + k)22 () = h(s) + 5~ f H3 (W) E:’ X ;)k)L dw
—c+ i 00
LT AR e — ik d
Y12 ,,0) —_ 1 wl(w — k)2 gdw
BTN =Nty S T
—c4400
—e—{00

(s + k)2 v (s) = my (s) + ,21?: f iy (w)((:: :)k)w dw
=.i400

—rp - { Q0

(s + k)2 0D (s) = my (s) + 2“15 {'

——pdg OO

v (w) (w — k)22 gw
(w —5)

(1.12)

whose solutions are given by
{}.f:i (S)} _[49+ A:rm,y].\/i:" V2ik | [AD + AP y] \/? + 2k ”
v (s) (s + ik cos¢y) - (s — ik cos ) . (1.13)
{#‘+" (s) [49) — AP 5] k [AD — AD y] :
02 () ~ (5.4 tkaosde) 7 /7 + w2k = (s — ikcosde) 7y + w2ik Y

The upper sign corresponds to AP, # and the lower s.igu corresponds to v and
09 functions respectively. The constants A%, 4%, i = 1, 0 are given by

17 1 €0 ' e :
-3 [ v fua'}‘ vak taVét \/ka] " o (1.15)

) s -
4 =55 Terr o~ T VIR 0
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)| by 1o ' : :
.4'“‘"""""'-' ‘m +:by \/'?n‘-f' \/ﬂ] TR T e Mg (1RT)
oo 1 [ bne R . s R
et ey, SRR ] S (R

a, b, i=1,2 are given by (1.11) and

fo - \/mc- sinﬁq‘}olzﬂ Ho = m COSs Qbua.

Inithe above, we have set y = 4/s 4+ ikand wé:have denoted the rﬁrst order solution
by a superscript within the parenthesis (e.g., A, etc)). This notation should not be
confused with the notation used in (3.8) of ref 1 Similarly, the second order solutions

gre denoted by A9, -etc.

3. Second order solution

The coupled integral equations'(1.12) are solved by re&ucing them to a ‘ functional
equation ’ which is cncour_ltercd by Rawlins, while solving the problem of acoustic diffrac,
tion by a semi-infinite plane under mixed boundary conditions of the present type:.

Higher order approximate.solutions of (1.12) can be obtained by successively substia
tuting the lower order approximations in’RHS of (1.12).and evaluating the known inte-
grals approximately. In this note, due to mathematical complexity, we restrict our
attention to second order approximation, -which is obtained by making use of the first
order solutions (1.13) and (1.14) in RHS of (1.12), viz.,

Ao
{ o460 o .
(5 + k517242 () =1 (5) + 5, f (0 < Y2 2P () e
a—im (H ) % .
. | e e { —g—ic0 dw
T 5% f (v — )(W — i) g (w)
z v —g-44 G0
" G, . ‘ _ ; p—
(s + k)2 pd (s) = I, (5 5 f (wd_: )(w — P2y () e
: e—1G0
1 —e—{00 d

LT - i

=gt OD
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--—-‘-.-J.‘..-

u-l:_ioo
(s + i) 22 v (5) = my (5) — 2_1:': j Fwd-: 5) (w = )12 v (w) gt -,
c—i o0 4 F e )
—c—i OO
f (w — S) (w — Ik)lfﬂ 9(1) (w)
-c+ioo
| P g, | a v rpEiea g
IR =m @ty | GEGe— B men
¢—i G . e
-—g=—3C0 d
f G = 5y (W — ITVEVE (w) (2.1)
-¢+¢oo | | o

Now, by making use of the fact that AP, u®, v, 0 satisfy integral equations (
it follows from (2.1): o ¥ y integral equations (1.12),

(s + iKYy 29 (s) = (s + ik)y™ V2 AP (s)

e+400
1 7 dw
= 5 ' Jw W E5) (w — ik)-1/® M (w) et
(s + kW2 P (5) = (s + k)2 yD (5) - - )
i { e __
' el i - W ,
: 21:-;4: (w g (w — Ik)lfi py (w) ?q:
(5 _i" Ik)—lfz vi!l (5‘) = (5 + fk)—lfz vﬂ.l (S) 5 : .
, 1 c-l-‘iw d 2 P . . T T
w
: R ...'L (w-+5) (w — iky ™2 v (w) et
(s + #0705 5) = (s + k2 g TSR Tttt
o400
—1'- aw = il i/ 2 1)
ool ) wEn T 0P n) €. (2.2)
v #=§00 -

The integrals appearing on the RHS of (2.2) are apprommately evaluated using

W 3
th atson’s lemma (see Jones , p. 438). Taking into consideration, the contribution from
es¢ integrals, one can write the second order solutions as
T S 1 o Ve %

-—-.‘- |} ERTIA

l '\,r“ L]

m (.s) == ) (1) (.5') 4 e~ (¢ \;l;: ik)/ rt P3 J‘lﬁ'a Qa[iaﬁ-’s]

HE (8) = pP (s) + (s + ik)re S

o1
\/ Js72 (a, + ds)
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TAVVZ . =y
) = ) + T e [ Ll dy —
8P (5) =08 (s5) — (s + iky-1/2 f\,/:_:‘(e' + &) L (2.3)

where

C V2Qikye

Py = AR + A /2ik)

202k

D3 (s + ik) a [AE;. + AP \/1’7/{]

__ V2 (2ik)1 0) | (0) _'_I ( 1 L i L __Ii:‘m |
o =GrmE LA+ 40 VID (7~ ) T

. _“'\/Z(ZI'A‘C)I‘(‘I ; T 1 i ] r-- Au_]
6o SEDE (A2 AP VIR (g i~ ) +r

(2iky-3/+
V2 (s + ik) n

. (Zik)"a“
BTG TR

aa_

(A4S — AP +/2ik]

(42} — 43" — AP +/2ik]

C; =p33 dz = Q31 Eﬂ —_— ﬁag Ja — 63’ Ea —— aa,- éa i da.- . ‘ | (2-4)

By making use of (1.5), we obtain the final field, after using the formula (1.7) and
(1.8) for 4 and B, the second order solutions obtained in (2,3,

The diffracted far field for large kr is obtained by writing x = r cos @, |y | =rsin g,
O<min (L.5) and can be written as* = ~ * - * w

i 2 1/2 . :
vy (%, ¥) = A (— ik cos ) (k S;:r PNY* garssns Ly>0
TR A 1/2 | .
= M (— ik cos ¢) (k Szl;lrtﬁ e ¥rein/i ) < 0 (2.5)
o MRSES B . G : | | 2 -

where

A(— ikcosod) o 3 {u® (— ik cos qb). -+ O‘f} (— ik cos¢)
+ e~ @ [ (ik cos ) — $ (ikcosd)]}
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M (— ik cos @) = (2ik sinlqb)"l {22 (— ik cos )
T v (— ikcosg) +"Je-"“ o
X [A® (ik cos @) — 0P (ik cos )]}, - (2.6
The scattering coefficient is calculated, using the formula

g +a, =— zj‘in‘*ﬁ“ Re of {4 (—ikcosdo) + M(— ikcosdy)}. 2.7

(see (4.7) of ref. 1). Upon substitution for 4 (s), and B(s) and taking the limiting
values as @ — ¢, we finally express the scattering coefficient as :

., —2sind, [cos 5n/4 cos (2ki sin? o[2) Sg (Po)
ﬂ'! = = a‘“ - 4 Sin ¢u 1 [ (2k)5!2 ‘\/ﬂ ’3!2 51115,4’;[2 :

cos 5nf4 cos (2kl cos? ¢o/2) S (o)
(2k)7/22 /2 A/ [3/2cOs® P2

—fl

" &cos 3n/4 cos (2ki sin? $o/2) S (o) -
(2k)372 A/m sind o2 sindy /1

4 cos Sn/4 cos (2Kl sin2 ¢pof2) Sy (o)
(2k)3:'2 .\/:,'z sin3¢.,/2 Siﬂ¢¢ PB/2
_ {

/2 cos 3x/4 cos (2ki Eosé $of2) S; ($o) .t
(2k)%7% +/x sin ¢06053$JZIVI

/2 cos Snjdcos (2klcos® ¢yf2) S, (Fo) | | 2.9
(2)%/% A/7 singpy COSB /2 1342 ] | % By gt .

-

where

51 (o) = it bofd cos o4 (sin /4 -+ cos Bo4)

SRR T R

-e T Ih“- "' .
.

 S3(@o) =1 + sindo/2)/2 (sindo/2 —cOsho/2 — 1)

@ R =

Sz (§o) =

Se($o) = (00; zci;ﬁ&;zl Z % {(1 + sing/2)V/% cos q&/z (1* -!,- sin §o/2)%}

S (Po) = (sind, (sin /4 — cos P ,/4)*
s ($o) (Sm(b /4 Cos.(ﬁn/tl.)* T COS Pof2 (SiIIEnM- +COS‘¢0/4)

Se (Po) = (cos® Pof + sin® dro/4). t . (2.9)
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We conclude by noting that the first term of the scattering coefficient is obtained by
using first order solution (see ref. 1, eqn. 4.9) and is worth comparing with the expressions
for the scattering coefficient obtained by Jones® (p. 607) for the perfectly conducting
Strip.
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