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Abstract 

Higher order approximate solution is obtained for the problem of diffraction by a strip under mixed 
boundary conditions based on the 'solution obtained by Chakrabartil, by the method of successive 
approximation. Using this solution, the additional terms in the scattering coefficient are shown to be 
of order Hh for large I, where / is the width of the strip. 
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1. Introduction 

A direct technique of solving the problem of diffraction by a strip under mixed boundary 
conditions is given .  by Chakrabartii. The solution. is obtained by an application of 
Wiener–Hopf tchnique which reduces the problem to solving a system of coupled inte- 
gral equations. An approximate solution of these integral equations is sought, by assume 
ing the width of the strip, I, to be large. With this approximation, the resulting 
integral equations are reduced to 'a functional equation' of' the type 

0 + (y) 	— iy Vys 2ik 	(- y), 

first encountered by Rawlinss. The scattered field is obtained, from which the 
scattering coefficient is computed and is shown to agree with the first term obtained 
by Jones3  (p. 607)*. 

In this note, we propose to obtain the second order 	approximate solution by 	the 
method of successive approximations. 	Finally scattering coefficient is computed, using 

• The expression for the scattering coefficient obtained by Jones on p. 607 is in error by a multipli- 
cation factor of 2 sin 4 4)  on the right hand side, 
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the second order solution and the additional terms are shown to be of the order /-8/: 
for large /, / being the width of the strip. 

In Section 2, the mathematical problem is stated and the first order solution p re.  
seated, without derivation, for future reference. For the derivation of the se results,  
the interested reader is referred to ref. I . Section 3 deals with the second order solution 
and the computation of scattering coefficient. 

2. Formulation of the problem : First order solution 

The mathematical problem Is that of solving the partial. differential equation 

k2) v = 0 

under the boundary conditions 

v (x, 0 ±) = uo  (x, 0 ) 

bv 	• 	— )u (x, 0 —) 	b) (-- 	x < 
?j, 	

$ 

and the continuity conditions 

v (x, 0 +) = v (x, 0 -) 

-F)  
(— co < x < 1 ; 0 < x < oo) 

where uo  (x, y) is the incident field and v (x, y) the scattered field. We require that the 
field. be  outgoing at infinity and for uniqueness of the solution, we also require proper 
edge behaviour of the field. The appropriate edge conditions at x = — 1 and x =0 
are : 

v (x, 0) es/ 0(x' 14) 

)y (x, 0) 	0 (x-3/ 4) 

as x --0 	-1-. 	 (1,4) 

When the incident field is a plane wave, the solution of the above diffraction prob.. 
tern (1.1)41 .4) is obtained in the form (for details see ref 1), 

macs 
v (x, y) uo  (x, y) 2-3-0  f V (s, y) des; 	 ( 1 . 5) 

4-ico 

• * ke  cos 00  < c < 
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where 

V (s, y) = A ea' y > 0 

= B e4 ", y < 0, 

• . . 

	

. 	: 	. 

I" 	• 	• 	 . 	. 
.... 	 . 	 • s.. 	• 	• 	 " re - 	• _ 	• . e 	 • • el, 	 Pli• 	, 	• 	• . 	 ...• • • 

. 	 . .• 	 • 	 . (1 • 6) 
■•• 

K = 	k2, the branch of the square root function is chosen in such a way that 
= k when s =0, and 

• 2/4* = /t4.(s) .  + 0+  (s) + e" im± ( — s) 0+ ( — s)] 	 (1 .1) 

• 21 cB = A+  (5) + v4.(s) 	[A+' E 	31+ 	 8) 
• 

where p+, 0+, 	v+  are the solutions of the following coupled integral equations : 

(s + ik)v 2  )„+ (s) 	(s) + . . 

gpfico 
1 ( 	dw  

2z  J
(w s) [(w ik)-v 2  A+  (w) e -ei — (w ik)v 2  pi_ 

c—iCA 

(s 	ik)li 2  p+ (s) = 12 (s) 

c+ico 
1 	dw r ' 

— 27r f 	 ik)-1  2  A+  ( 11,)] 

c-100 
t• 

• 

(s 	1k) -112  v+ (s) = in1  (s) 

c-Hoo 
1 r 	dw  

— 2g 	(w 	.0 ((w 	ik) -1 / 2  V+ (V) ria  + I (t? 	ik) 11  2  0+ 	is')] 

(s + ik)1 / 2  0+  (s) = m2  (s) 

CO 
21-7r  f 

cretC0 

where 

dw  
(w s)

gw 	1k)" 2  0+  (w) 	(w 	ik) --1 / 2  Vt  ( w)] (1.9) 
i 

. 	. 
... 	 • 

I 

16 (s) = 	  4 	
z (s + ia 

	
r- 1, 2k cos Oa 	ik cos 	' 

nli  = 	  
± 	• (s 	ik cos O.) 	(s 	ik cos# ' = 1,2 

	
(1.10) 
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and 

= V27ktos0.12 

bi  = — 	VIN sin 0,12 exp Oki cos O a) 

a2  = a = V21k sin 0 4/2 

b2  = b; 	V a costfr o/2 exp (ik/cosi6 0) 

The integral equations (1 .9) are best solved by approximated methods. It is-assumed, 
that the width of the strip / is large and as a result the contribution from the integrajs 
involving re' is negligible (see ref. 1, Eqn. 3.7). Tofthis. order of approximation, the 
solution is obtained by solving the following coupled integral equations: 

(s 	ik)-1 / 2  Ar.1) (s) = l (s) 	 /44)  (w) (w —  1k) 112  dw  
2n 	 (w —s) -e-s-J 00 

—C—i 00 

(s 	i i ik) 2  p41.) (s) =-- 12 (s) + 	r 17) (wxw 	ik) -11.  2  dw  
2m J 	(w 

--e+400 

1 
(s 	ik)-1/ 2  v!i!) (s) = m1 (s) 

2n 

-e-too (n)  (w) (w ik)v 2  dw 

—*44 CO 

(s 	ik)v 2  (N) (s) 
-e-400 

ik)-1/ 2  dw 
(w 	s). 

—44 CO 

(1.12) 

whose solutions are giveni by 

(s)1 _EAT: A?' 
.v] )1  V2ik 	[.12! 4- Ag )  7] 1 Y V2ik 

(s)5 	(s 	ik cos# 0) 	 (s 	ik cos tfr 
(1.13) 

14' (s)i 	[A21 —  Ar) vi 	 [442 — 	y]  
	 OM) lee (s)5 (s. ik coscfr„) y y 	(s ik cinch) y y V21k 

The upper sign corresponds to AT, /4) and the lower sign corresponds to 11) and 
07' functions respectively. The constants Aco i , Ag), 1. 1, 0 are given by 

A21 = 21  [ v e  :1+1  e:/21.k  a2  ilee 	V21k] 
4. 

(0) 	rs  tit e. 	at 	a 	 
e V 27C] e t, V2Ik 

( 1 .15) 

(1 .16) 
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[ 	go 	 1 	- • 	4. . — 12 vn o  vzik 
. 	 . 

. 	 . 

no •  

	

Aolt) =
I 
 [  	

‘/Lti  0  4_ ask --b2 	V2Th 

I.. 	• - 	• • t • 	. 

a„ k, 1= 1, 2 are given by (1.11) and 

	

eo -a-- vusin 00/2, go = 	cos oorz. 

	

Inithe above, we havesset y -= 	ik.and wethave denoted the first order solution 
by a superscript within 'the parenthesis (el., 2(1), etc0. This notation should not be 
confused with the notation used in (3.8) of ref 1. Similarly, the second order solutions 
art declined by 	sztc. 

3. Second order solution 

The coupled integral equations(l .12) are solved by reducing them to a 'functional 
equation' which is encountered by Rawlins, while solving the problem of acoustic diffracts, 
tion by a semi-infinite plane under mixed boundary conditions of the present type 2 . 

Higher order approximate.solutions of (1.12) can be obtained by successively substia 
tuting the lower order approximations in)RHS of (1.12).and evaluating the known inte- 
grals approximately. In this note, due to mathematical complexity, we restrict our 
attention to second order approximation, 'which is obtained by makint.use of the first 
order solutions (I .13) and (1.14) in RHS of (1.12), viz., 

t. 

entlx) 
(s 	ik)-4/ 2  itt (s) 	11 (s) 

21c Jr  
6 ••• I 00 

dw (w 	ik)-ut 2(2) (w) eats; 
+ . . 

• Ni 	• 	• 4seirmoi 00 
• 1 	 k  des,  

4- 2
---

n f (w es).
(..ik)././.2.i(w)  

•. 	•,_ 	4., 	
. 	• 

	

, 	• 

dia 010 
(s 4- ik)/ 2 /.21) (s) = 12 (s) — 	f 

t-ico 

dw (w
+ 	

1k)112 M rot 

—e-400 

4-  ---. 1 	 ,„, , „ I 	dw —_ 	4"' kw) (iv - 2rr j 4  (w — s) + 
.44.4  00 



4D 

ikyi 2 fir 	=._ 	iky/2 41 

e+i00 r dw 
(w s) (w ik)111 	(w) e-ez 

e-ico 
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(s 110-112  v(4!) (s) = m1 (s) — 
2n 

etico 
dw 

S . " 	*(W 	._• • . 
• ..; 

-e--400 	 , 	... . . , 

	

.- • S 	 i 
+ 2.

1
7U 

f (-sw  ... s)  (IV — ik)1/ 2  02)  (IV) - : 	---= .. 8 ._ 
-04400 

/4-400 	 . 	 . 	• 	. 
• • 	- I 	r 	dw 	 -  (s ik) 112  0?' (s) = nz2(s) 27r  j 	± (w 	2  02) (w) 

ac-400 

j_  1 r 	dw 
j (w-5 (w 	ik)-112 	(W) 	 .1) 

-410(5 

Now, by making use of the fact that 22', p fp, v(41', 04!' satisfy integral equations (1.12), 
it follows from (2.1): 

(s ik)-1/ 2  AT) (s) = (s 114-112  4' (s) 
0+100 
ir 	dw , 

+ 2ñ 	 kw — ik)-112  0/549 (147) e-el 

(s ± dr!? 	(s) = (s ik)-112  149 (s) 
• • 	, 	 . 	 .. • 	 • 	. 	. . • 	• 	' 4 	• .1 • . • 

• . 
. A 	. - • 	. • .. 	. • . . -.. 	I. • 	• 	•  

• 
41, 

' • 

• 

e+,.. 
1 r 	dw 

•• 	. 
_ 	

. 

2n j 	tw ik)-112  VII 60 col 
+ 

tiswi 10•4 . 

Or = (s ik)112  et  CO ta 	 • 
e+i 00  

.. 	. . 	. 	• • 	. 	. • . 	. , • 
s • 

• a 	. I • '''s 1,4 	. • ••••• 

	

. . 	... .. 	• ..... 

	

, 	
.'.e . 	V 

 

(  dw  
27c j (w +s) 0*' 	ik)112  Oa' (w) e-4". 	(2.2) 

fl 	% 

is= • 	 - _ 	• 

The integrals appearing on the RHS of (2.2) are approximately evaluated using 
Watson's lemma (see Jonesa, p. 438). Taking into consideration, the contribution from 
these integrals, one can write the second order solutions as 	. 	. - 	.2 a. 

)12) (3.) A7..) (s) r'" + ik)11 	h q3 + 43] •+ 
L-70— 	13/ 2  

(s) = n) (s) (s ik) 112 	(a3  43) 
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ik) 1/ 3  L . (
c, + 	d 

3 	3  
/8/2 
	

. 

• ' 	•• 

9? 	= int)  (S) — (S.  ik)-1/ 2  asusi  ,(es + 
.; 	

(2.3) 

where 
• 

8/2 (21k) 114  r  
P3 cs ik) 	+ 1,121  

V2 (21/01/4  
P3 = 	 Atm 	 - 

ik) 	a's A  0 ) OM] 

1 	1 	\. 	.4 0̀" 1 _ 812 (2/14114. 	s A( A P) L 1 I n°11) V  annw 17671C-'. 	ik 	m  2  vgid 
73 	ik) 

A 	8/2(2110w  Au , 
Arm 8/2ik ) 	 1 \ 	Mt)  1 

" 	 161k $ iks  ‘?,) 2 Arlik 

(211c)-3/4  
[Ai.?)  — 	V2//c] a3  = 

V2 (s ik) 

(21k)-3/4  
— 	

r A(.) 	40.) 	Ao.) 
v (s  ik) 6 	0 	ao v  2/ 

C3 = pa s  d3 = q3s  '23 == 	P3, d3 	q3, 63 	a3, es  = " el 3 	 (2.4) 

By making use of (1 .5), we obtain the final field, after using the formula (1.p and 
(1.8) for A and B, the second order solutions obtained in (2_.3). 

• The diffracted far fteld for large kr is obtained by writing x r cos 0, I yl f  =r sin 0, 

	

. 	• 	• 	f 	• < it in (1.5) and can be written as 

sineckyn  • 	 . 

	

vd  tx, A = A (-- ik cos 0) ec 
 2gr 	

efl4kr+0/4,  y > 0 

. 	 • 

 • • 
• • e  

• C • • 

where 

= (—ik cos 0) (k sin20y2
r+init  y < 0 2zr .f. 	 • • 

A(— ik cos+) =4{j42' (— ik cos 0) 4- 	(— ik coso 
+ reef COS 95 rig/ (ik cosO) 	(ik co.  s 0)]) 
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M (— ik cos 40 =(21k sin 40-1  (4) (— ik cos 40 

(— ik cos4) + r"' 

x [AV (ik cos0) 042) ( ik cos 40114 	 (2. 

The scattering coefficient is calculated, using the formula 

— 2 sin (fro  Re of (.4 ( ik cos4s0 +M(— ik cos Oa). (7, + t A = 	 (2.7) 

(see (4.7) of ref. I). 	Upon substitution for A (s), and B 0) and taking the limiting 
values as 0 	00, we finally express the scattering coefficient as : 

— 2 sin 0 0  rcos 5n/4 cos (2k1 sin2  00/2) S. OA a 
at  s 	4A = 4 sin 00  	(2k)512  Ain /3-' 2  sins.00/2 

cos  544  cos (2k1 cos2  00 0/2) S5 Oa 
(20512 2 A/2 Ahr /3/ 2  COS&  03/2 

• 
4 cos 3n/4 cos (2k1sitt2 00/2) S (00) 

(2k) 312  Vic sins 0 0/2 s; n 0 0  V/ 

4 cos 5n/4 cos (2k1sin2 0 0/2) S2 (0 0) 
(2k) 3' 2  Or sins 0 0/2 sin 00  13/ 2  

f. 
r 	 • • 

V2 cos 344 cos (2k1cos2  Ca)  53 (00) 	• • 
(2k) 3i 2  VIC sin coss 00/2 VI 	 _ 

	

. 	. 	. 
A/2 cos 5n/4 cos (2k1cos2  4•012) S 4 Ofr  

. 	_ 	 (2/0512  Or sin#0 cos8  0 0/2 /3/ 2 	J : (2.8) 

where 

Si  (0 0) 	0 0/4 cos 0 0/4 (sin 0 0/4 + cos 0.0/4) 	.. 
	

. 	. 

1 
S2 (0) 

(sin200/2 — 16) 
 $i (00) 4 (sin 00/4 cPs 00/4) 	, 8 sin2 00/2  

1/44 
S3(40) = (1 + sin 0,j2) 1/2  (sin 0 0/2 — cos 0 0/2 —1) _ . 	 - . 	. 	_ 	. (fsne2A I) _ 1LN 	1 
S 4 (4) - k"Ja  'poise —ins) 	c t  

8 	 2 cos20,,/2 	di + sin # o/2)112  + cos0012 + 0 0/2)-11 1 

S5 Ofra = (sin 0 0/4 + cos00/4” + cos00/2 (sin 	— cosO0/4)2 
(sin 0 0/4 ± cos00/4) 

S. (00) = (cos' 00/4 	 I. 	 (2.9) 
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We conclude by noting that the first term of the scattering coefficient is obtained by 
using first order solution (see ref. 1, eqn. 4 . 9) and is worth comparing with the expressions 
for the scattering coefficient obtained by Joness (p. 607) for the perfectly conducting 
strip. 
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