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A general method is set up for modifying the energy-momentum tensor so as to remove
the singularities in the flow of energy and momentum into the world-line of a particle
without affecting the equations of motion of the particle. It is shown how the singularities
of different order may be removed one by one.

In the case of the electromagnetic and meson fields it is shown that the modified tensor
leads to a finite integral of energy and momentum over any space-like surface. In other

cases the corresponding result may be secured by making a further modification in the
tensor.

1. It has been shown in the preceding paper* that all singular terms in the
expression for the rate of inflowt of energy and momentum are perfect differentials,
and therefore the equations of motion of a point-particle calculated from considera-
tions of the conservation of energy and momentum are always finite. One would
now expect to be able to alter, without disturbing the equations of motion, the
energy-momentum tensor 7% of the field so as to make the inflow finite, thus avoiding
completely the appearance of infinities which are entirely spurious, at any rate,
from the point of view of the equations of motion. It would be still better if it could
be arranged that the total energy and momentum calculated from the modified
tensor 7' were finite. This of course would automatically secure a finite inflow.

It is proved in A that the replacement of the energy-momentum tensor 7+ by

aK o

o o T 1
T = 1w 2207 1)

where K7 is antisymmetric in (v,0), does not alter the equations of motion.
Therefore an attempt should be made to alter 7+ in accordance with (1) in trying
to get rid of the infinities. This method has already been used by Pryce (1938) to
make the energy and momentum of the field finite in the case of the point electron.
It will be shown quite generally in this paper that given an energy-momentum
tensor 7' satisfying the conservation equation

LS @)
oxr’

a tensor K7 can always be found so as to make the energy-momentum integrals
calculated from 7' finite provided 7' fulfils certain very general restrictions. In
general, K/ is not symmetric in 4, v even when 7' is so, and therefore the modified

* Bhabha & Harish-Chandra (1944), referred to in this paper as A.
1 This term is used in the same sense as in A.
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tensor 7' is also not symmetric. But it will be shown that in the case of an electro-
magnetic charge or a dipole this symmetry can be achieved. However, the sym-
metry of the energy-momentum tensor, which is needed only for the purpose of
constructing an angular-momentum tensor, is not necessary here, because it will
be shown that a similar process can be applied to the angular-momentum tensor
also, so that the total angular momentum calculated from this modified tensor is
finite.

2. Keeping to the notation of A it is now necessary to determine K#o. Equations
(18) and (19) of A are

if-””dx j Tﬂ”f?dQ] - f o, 40 — f Twre, 4, 3)
dr|] . K K K=e k=9

d 8, d .

E;J;T‘u Edg = _E{_CJ.KT# deQ. (4)

Here J. denotes integration over the sphere of intersection of the light cone at 7

with the tube x = constant. This sphere will be called the ‘retarded sphere’ of
radius « at 7. In the appendix (equation (98)) it is shown that

& off A o off A

xf—i-'[ T, 2 a0 = [ [ (mwsr— o)\ E2 . g0, (5)
K] . KK K £ 0% "k Kk K

where o, f, ..., A are any number of free indices. Now introduce two operators D

and 0 defined in the following way:
d
= K 6
D=k e’ (6a)

QUL Ay — B%U(Uaﬁ.../\usa'_ Uaﬁ...ﬁ.a'sv)

aUcr,ﬁ...u aUc&ﬁ...o'
-8

8
= 2[Jaf--v ' af...o 9 o } 87
% v K e ox° oxe

(60)
where U#/--A is any arbitrary tensor with any number of indices. It should be

noted that
0

é?(gUaﬁ...)w) =0 (7)
owing to the antisymmetry in »,o of the expression inside the brackets in (6b).
Obviously both D and 6 are linear operators. Also Dk™ = nk™ and therefore by
repetition D'k™ = w’k™, so that if f(D) is a polynomial expressible in powers of D,
f(D) k™ = f(n) k™. This holds whether n is positive or negative.

Using D and 6, (5) can be written in the form

A o A
Df Tk, . a0 = f 0T x5 ... d.
K K K K K K
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Since 0T is conserved with respect to v as T was, the same considerations as
above can be applied to 67# instead of 7'# and hence

o A o A o A
D2 f Twy, 2 ...2 = de = DJ‘ (OTw)K, = i T, J' o2 k2 ... 2 dQ.
p K K : PRS
By repetition it can be proved that
o A o A
fo Twk, S . 240 = | ormw ., > ... 2 d0,
g kK K % k'K
P 2 8
and therefore f(D) Tﬂ”K,?...;dQ = f i) ™.k, v ;d!), (8)

where f(D) is a polynomial expressible in positive integral powers of D.

It will now be assumed that the part of 7' which becomes infinite as k-0 can
be expressed for sufficiently small values of « in the form of a series involving a finite
number of negative powers of k, so that for sufficiently small « one can write*

= m+2aﬂv

Tw = TP+ P Kr"’, (9)

where 7'4* remains finite as x>0 and af?,, are functions of s*/x and 7 only. It is
assumed that these functions are finite and continuous. That the energy-momentum
tensors of the electromagnetic and the meson fields actually satisfy these require-
ments is shown in the appendix. Therefore

8% meha...A
J‘me? —d.Q ol Jl+2 ‘” (10)

can be written, where c¢/*-* is a function of «k and 7 which remains finite as k-0 and

ct:5* are functions of 7 only. It is assumed that for sufficiently small «, cf*-* is
expressible as a series in positive powers of x. This also is true for the electromagnetic
and meson fields.

Applying the operator f(D) to both the sides of (10),

D)f T, ... %40 = f(D) oA+ ST (11)
r=1
k=m
Taking D)= T (1 +17:), (12)

we get f(—7) = 0 for 1<r<m.
From (11) and (8) it follows that

k=m o A
N (1+9)J' Tk, ... dQ J‘ { ( )T#"]K L0
k=1 k K K K

:klfe(1+llc)) ey (13)

k=1

* The highest singularity is written as of the order m+ 2 for convenience. The removal of
only those singularities from 7'#” is necessary which are of an order higher than the 2nd, since
singularities of the 2nd or lesser order give a finite energy integral (Pryce 1938).
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Since the right side of this equation is non-singular, the left must be so, i.e.
k=m 6

11 (1 + E) T gives a finite integral.

k=1

k=m
From this it follows that { IT (1 + g) T»‘“’} K, (14)
k=1

cannot, contain any singularity of an order higher than the 2nd, because if it contained

a term of the type b#/k™+% (where r > 0), this would give after integration a singular
term of the type ¢#*-A/k", where

A
cHa A — J};ﬂ% %dw I:dm = ol = the element of solid a,ngle] .

K2

Since such a term is absent from the right side of (13) it follows that
o A
o = fbﬂs—...‘idw = 0.
k' kK

As in the rest system s*/k are nothing else than the direction cosines (except 5%/«
which is 1), it follows from the expansibility of every continuous function defined
on the surface of a sphere, in terms of surface harmonics, that # = 0. Thus (14) does
not contain any singularities higher than of the 2nd order.

k=m
Because IT (1-}—%) =1+al+b6%+... =1+60(a+b0+...), (15)
k=1

where a, b, ... are numerical coefficients, it is clear that

k=m
i (1+§) Tw — Tw 1 0(a+b0+...) Tw = Tw 4+ OKm
k=1
where Kw=(a+b0+...)Tm.
Further, as 0K* = 0K |gx”, where K»o = Kmws® — Ktog’| the modified tensor
k=mf. . 0 oKwe
]-cl;ll(l_!“‘é) T =T+ 5
which is just of the required form. Put
k=m 9
I (1+—) Tw = T'w, (16)
k=1 k

It should be noted in passing that it can be shown directly that 7"# does not
contain singularities of an order higher than the 3rd, because, as shown in the
appendix (equation (102)),

D[ mror—v,mE .. Sa0 = [ omm 2 —v ). Za0.
A o o P P » o o P P
Hence

— 8% sa’L _k=m D Sk P S)L
LT# (66-.1;0@’))?...;4:!!2 ~k];[l(lJr-kw).’.xil’au (8,—'0(,1)”);...?&(2. (17)
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Through the same reasoning as used before it can be shown that, since the right side
of (17) is non-singular, so also must be the left. From this it can be inferred exactly

as in the case of 7"#«k, that T"#7 (8% —v,v”) does not contain singularities of an order
higher than the 2nd.

It is further found (appendix equation (100)) that

o A o A
Df s, 40 - J' oTm .8, .. 540
& K K KK
o k=m a A
Hence j Tws S ——dQ I ( D)f Tws, S .2 40, (18)
& K kit K K
From this one infers precisely as before that 7"#’s, does not contain singularities
higher than of the 2nd order, so that T’f“’f—: or T’f‘”%’(l — k') cannot contain sin-
gularities higher than 1/k®. Since it has also been proved that
T'w, = T’w[v,.—%(l —x’)}
does not have singularities higher than of the 2nd order, it follows that 7"/, does
not possess terms of order higher than 1/x3. Now write 7"# in the form
T'w = T (8) —v,v°) + (T'#v,) v*.

The first term does not contain terms of order higher than 1/« and the second of
order higher than 1/k3. So the highest singularity in 7"# can at most be of the
order 1/«3.

3. We now proceed to examine in detail the process of removal of the singular

k=
terms of 7' by the operator Hm(l +7
k=1

9) . In addition to @ wedefine another operator ¢
by the equation

pU” = 2U°‘“"’+8"aga ﬂr+ e ";'v" (19)
so that from (6b) and (19) is obtained
[+ S p— [- 2 v aUa'"a-
gU% > = pU%*» —¢ ol (20)
When U#- is conserved with respect to o,
6Uoc...v — ¢,U«...v. (21)

While 6U*- is always conserved with respect to v, pU*+* is conserved in general
only when U« itself is conserved.
Let T/, denote the mth order term in 7 so that in accordance with (9)

T, = “-’ Then

o
o0

)

¢T'uin) i 2Tf‘_’:m+gﬂ' ﬂ)+ T!“’ _°' .
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As before assume a/” ,, to be a function of the arguments s*/x and 7 only. Now both

. 0
7 and s*/k are to be treated as constants with respect to the operator s” — , because

ox”
, 0T 0 (s* 08 at? _
8 B 0 and s” 507 (?) = 0, so that s axﬂ’ 0. Therefore
= BT“:R) a? ) o U2 py v
§ 3:;:" B _nx(nfl Kel™ =m0 — Ty, (22)
Thus PTE py = (2—n) T o+ T(_n,—v" = [(2 n) 6"+'v” T oy (23)

Now since s* i (i’ v") = 0, it follows that
oxP \ k

o1~ [a-o o] e

By repetition P = (_[(2 —n)d+v f_(],) Ty (24)

for any positive integer /, where

([(2—n\)6+v%:r):
El:(2 n) o, +v” p‘:”:(2 n) 041 4 vP1 p’:l [(2 n) 8Fi-1 4 v :I

Put a8;+bv”8;"s I:A(a,- b):l (25a)

and [(a,a+ bo %)1 - I:A'(a, b)]: (25b)

The indices will sometimes be omitted. For example, we shall write

¢Ig}~n} = Al(2 -n,1) T(—n)’ (26a)

meaning thereby ST, = [A (2—mn,1) :I TH (26b)
It is also seen that cA(a,b) = A(ca,cb), (27a)
A(ay,b,) + A(ag, by) = A(a, +ay, by +by), (27b)

and ¢ = A(c, 0), (27¢)

where ¢ is an ordinary number. On using (26) and (27)

k= k=m - k=m
0 (1+8) 7o =T (142852 1 = T A(1+237% ) T 29

k=1
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Consider now 4 (a,,b,) A(a,, b,). It is found that

=
K

I:A (@2, 5,) A(as, bz):l g (ala; +b,07 %z) (azag +by00” )
80'
= 818507+ [(a1+b,) (@3 +by) — a1 a,] v %

= | A@ay o b3 [0y + b1 010 |

It can easily be proved by induction that
A(ay,by) A(ay, by) ... A(a,,, b,)
= A(@105... 0, [0 +b,] [y +by] ... [0, +b,] — 0,0y ...d,).  (29)
Thus we get immediately
All+——, )| =4 1+——), 1+——|)— 1+——]). (30
(5% ) - 4(T (4257, T (1+°57) - E(1+77)- oo

Henceif m>n—2 and n>4,

k=m —
I A(1+?——n 1) — 4(0,0) = 0.
k=1

kEVEk
k=m( &
Thus kHI(H_E)IL“"):O for m+2>n>4.

Since m + 2 has already been chosen equal to the order of the highest singularity in
k=m

Tw, it follows that the operator [] (1 B q_i) when applied to 7 removes all
k=1

k
singular terms higher than the 3rd. For the term of the 3rd order, from (28)
and (30),
kﬁm(1 +9) Ty = A(0,1)T_y = 2 Tpo, .
AL % ) b)) -9
k=m ¢ . k=m ¢ g

where 7', denates the part of 7 remaining after omitting terms of 3rd order or
higher.*

* T2, denotes the part of 7% left over after omitting terms of order higher than the nth,
and ,Tff”_ﬂ the part obtained by retaining only terms of the nth or higher order, so that
T‘-‘?’ﬂ+1)+ T{:n = lea

The suffixes —n) and (—n attached to any other quantity have analogous significance.
Similarly the suffix (—n) always denotes the term of the nth order.
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Since T is conserved with respect to v, pT# = 6T and ¢'T* = 6'T#, so that

k=m k=m k=m
T# = 1] (1+%) TP = [[-(1-1—%) TP = 11 ( }i) T#o+ T 3)—?;” (31)

k=1 k=1 k=1
which is in conformity with the proved fact that 7" does not contain singularities
higher than of the 3rd order.
In accordance with (15)

k=m ¢
11 (1+%) =14+¢@a+bdp+...),
k=1
so that
T'w = Ty +da+bp+...) T + T{‘Ea,s—;v"

= T 2)+t9(a+b¢+ ) T2+ Ti‘“’m—v"+s"

a[(“+b¢+ )T, (32)
A new tensor 7"* is now introduced, defined by

T"w = T'% — §(a +bp + ...) Ty = T + T4 3)—~'v"+s”—[(a+b¢+ ) Tl (33)

o
T"m is obviously conserved and is of the form 7'+ ?;{%, where K#7 is antisym-

metrical in v, and therefore 7" instead of 7'# may be taken as the modified
tensor.
It will now be shown that

: o aTg‘fz):I _ 0T, .
sllerbg.) T —o TED] 0T (34)

It has been seen above that the order of a term is not changed by application of the
operator ¢. Hence (@ +bg + ...) T'",, contains no singularities higher than of the 2nd

order. Since Twy= Tr—Tw,,

it follows from the conservation of 7» and therefore of (a+b¢ + ...) T that

a%[(a+b¢+ ) T4%)] = aa[(a+b¢+...)Tf‘E3]. (35)
Now

v v
%:l a;‘ _+a "Pi ‘EE. _nb);{
0z kn| ™ (=™ gy g °

R TN ORI I N A |

K" K Kk ° K K
(36)

v oaf”
where amw = M and ar = -—Cﬂ (37)

or 8(&) ’
K
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treating 7, s,/k as independent variables. It follows therefore that on differentiation
T/, can give terms only of the nth and n + 1th order. The same result is obviously
applicable to terms of different orders in (a+b¢+...) T#. Thus the highest sin-

gularity in é—a [(@+bg+...) T™] is of the 3rd order, which is also the order of the
lowest singularity in Bix" [(@+bg+...) Tt?5]. From equation (35)it follows therefore

that 8%’ [(@+bp+...) T“%)] contains only one term of the 3rd order, because the

terms of lower order which it could contain do not exist on the right side of (35).
Since only the 2nd order term in (¢ +bg + ...) T'“% can contribute to a 3rd order term
in the divergence, it is sufficient to calculate the 2nd order term of (@ +b@ +...) T'%%,
and find out the 3rd order term that results from it on differentiation.
Now proceed to determine (a+b¢+...) T{,,. From (26), (27) and (29) it follows
immediately that
(@+bp+...) T = A(p,9) T (38)

where p, ¢ are some numerical numbers. However, on using (27)-(30) one gets

k=m

il (1 +%) T = [1+$@+bp+ .1 T = T+ 42, 9) T
=T w+A42-n1)A(p,0) T
=A(1+p2—n), ¢(3—n)+p) T pn

=m | 2_n k=m 3—n k=m 2 —n)\
_ 4 1+_), (1+_) (1+__ ]T_ .
I:kl;ll( k kI=11 k k=1 k J e
Thus

1+p(2—n) = ‘T 1( ), q(3— n)+p~kﬁm(1+3—;ﬁ)~k=m(l+%ﬁ),

k= k=1

ie. p—é—l—[ (+—)—1], (39a)
0= 55 B () - () B0 ) o

1
By passing to the limit n — 2 it is easy to show thatin thiscasep =a = 1+ 4.+ =

n::jil

and ¢ = m—a. Therefore

Bi“ (@+bp+...) T™ 2)]_{ 0 [a,T( o+ (Mm—a) Tgpz)_ﬂva]} (40)

the suffix denoting that only the 3rd order term resulting after differentiation is

- — :”O = 0 41)
ax (K ) : (
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it is found that

p,A ’
ox” M g x 02® k| Kk Kk kK k? k|’

where the various symbols have the same meaning as in (37). Since a{‘Pm, a{‘Pn’;, att,,

are finite functions of s*/k and 7 only, it is obvious that ——[ £2 ) v":l is of the
nth order. So that

0 8,
up_ P yo =
RErd D )
By comparing (36) and (42) it is also seen that
8, oTP oT
Py Cm) | - (=W
" "o oxP ](_n)’ (&)

a result which will be used later. So from (33), (40) and (43)

oT
T'® = Tly+ T 3)8"’ "+.s”{ a;m} a. (45)
(~-3)

It should be observed that

oTi< 0T 2 (3T
(—2) - 0L (-9 0. 9 Za) _
9%”[ [ }@3}] “3[ oa” }c_aﬁ“" ax»{“*ax« }(_3) 0, (46)

; orTee . ;
since {—a—{ﬁ}( is of the 3rd order, and therefore by a relation analogous to (22)
—3)

.2 {BT{‘:’z}} _ [T }
oz’ | ox” (—3) ax“ (_3).

/
Now since 7" is conserved with respect to v, as also s”idsg‘ 2’} , it follows
(-3

from (45) that
0T,
o axv = 3’ (47)

Further, using again the relation expressed by (22)

QI:T»""S) 'v”:l 8 [T{“’:,,} :I

0T,
=8 = from (47). (48)

Employing an argument similar to that used in deriving (35) and (40) it can be

shown that
0T#s, e 0T¢P, _ 0T}ty 0T (49)
Bxp 8:1:9 82:P i 3) ax»" (—3)
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Therefore from (45), (48) and (49)
T = T _ g aT(‘fa,%’v" = Tw, + T4 3,— (50)

It is easy to see from (15), (16), (33) and (50) that
T"® = Twi 6K,

where OK» = Qa+bp+...) T¥—0O0(a+bp+...) Ty —0 aT( 3) ]

We can therefore write

E® = (@+bp+...) Tl s —aTi%y 2o,

Using (39) one gets explicitly

T"_ T4 8K -V
V = B T v n) (=0 "o o 51
K [T( AR U A v]+ ) (n—2)(n—3) (51)
" v o 8o v a v K
Thus T"w = T‘Eig}-f- T’(‘_s)x v = TW+—8-5;[.KF 87 — MS”], (52)

and is therefore of the required form.
Now T"#k, = Ty k,+ Th", %x’ and therefore it possesses terms only up to the
2nd order, thus giving a finite integral over the world tube.

d 8 )

g e (53)

oxP P

0
Since — = (6" 518 v“)
K

it follows from (36) and (44) that

3
o__ Zn) ( )
(‘? ) 20 [ 2% Jnp’ (54)

(44) and (54) hold not only for 7%, but also for any term of the nth order which is
expressed as a/«", where a is dependent on §*/k and 7 only.
In view of (44) the conservation of 7""# ig easy to understand. Because, using (49),

oT"w [oTw, | 0 5y
?’-'l?v - ox’ -3 82:” (_3);

01" g L8 0Ty

o I - from (41)
0T g 0T
mng_{_m_!- = :]( = 0 from (44) and (49)
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Precisely in the same way it can be proved that

8
TE o T2 a8
is conserved with respect to v. Further it can be shown that if » > 2

8 oKwe

where K/ is a tensor antisymmetrical in », 0. This follows from the fact that

8
8P — TP 4 TR A TH )20

8 8,
= (8;——;»”) T¥g+ TRyt ..+ T ny+ Tffn—n“,f”’

is conserved. It is then obvious that.exactly as in the case of 7 a tensor

)
oa”

8
Sﬂ!#y = Slfz)"' S‘E‘Es,f”v = S‘w+

can be formed, where K'#7 is a suitable tensor antisymmetrical in »,o. But since
S# does not contain terms of the 2nd order or lower, and

8 § S
S"(‘ﬁa)fvv = 'U”-’f(ag -—;-UUP) Tf—u.S) = 0,

: 9K 'mo
then 8"# = 0, i.e. S# = 57 80 that

o 8 " Gl oK wo
T“(‘in)'*‘ T{‘—ﬂ'—l)ft}v =T :‘“’__.Té;a__ p— T;w+ i

Thus it is found that there exist a large number of tensors formed according to the
simple rule (55) and capable of being put in the form (1) in which the order £ of the
highest singularity can be any number such that 3 <k <m.

4. It will now be proved that the 3rd order term in 7”4 does not give rise to a
singularity in the energy-momentum integral, in the case of the electromagnetic
and meson fields.

It has already been shown that 7"#k, has terms only up to the order 1/«2, even
though 7" contains terms up to the order 1/«%. If equation (4) is rewritten for

T"w then
d " psv _ d m
d—T,(J.xT K }-dQ) = —d—KfKT mi,dS.
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Since the right side of this equation is finite the left side must also be so. It is, how-
ever, evident from (50) that the left side contains a singular term of the order 1/«

which is
d 8y
N ( f KT{‘ES)?dQ) : (56)

Therefore this term must be put equal to zero. Therefore
fT “pord@ =2, (57)

where c# are constants. The physical meaning of this is obvious. Because the rate of
outflow of energy and momentum from the particle to the outer space, given by

f T"#k,dS2 is finite, any singularity in total field energy or field momentum must
k=0

remain independent of 7.*

It is now assumed that for values of 7 very far in the past the world-line is straight
so that the particle (whose motion the world-line represents) was moving a long time
back in a straight line. It is further assumed that at that time it had no rotational
motion. Consider now the following motion of the particle. In the remote past it
was moving uniformly in the absence of an external field. It is then acted upon by
an external field which causes acceleration. Finally, the external field dies down and
the particle has again in the distant future uniform unaccelerated motion but with
a velocity entirely different from the one it had far back in the past. If such a motion
is permissible, then since ¢# is independent of 7, it must remain the same in the
initial and final stages of motion, i.e. it should be the same whatever the velocity of
the particle in the course of its uniform motion. This means that ¢* is independent
of the choice of the Lorentz-frame of reference. The only tensors which are so
independent are 0 and g#*. The latter alternative is obviously inadmissible. There-
fore c* = 0.

2] 8
* f dk J. Tuo f df is not really the energy and momentum contained inside the volume
K=¢€

enclosed between the two spheres k = ¢ and x = 7. Energy-momentum is in fact defined as
the integral of T4 over a plane three-dimensional space-like surface. However, if in equation
(10) of A we take S as the plane defined by [x# —24(T)]v ,(T) = € (which isnothing but the space of
the rest system taken a time ¢ later than 7), it is easy to see that P intersects S in the retarded
sphere of radius e. Remembering that for the plane dS, =v,(7) dV, where dV is the element
of three-dimensional volume, relation (10) of A for T"#" can be written as

d
— | T"w,dv= Tk, dQ — T"HQ),
dr 8 Kk=¢

where T"#(Q) is the integral over the two-dimensional surface of intersection of S and the

tube Q. It can be directly inferred from this that the singularity in J. T"#p,dV is independent

of 7.
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In the case of the electromagnetic and mesic particles it is usually assumed that
such a motion is possible.* Therefore

ch =0 (58)
for the corresponding fields.t Thus the integral of 7"# over the light cone

( j e f T'"w‘*—”dg)
K1 K K Kky—>0

is finite. From this it will be proved that the integral of 7"”#” over any finite space-
like surface is finite, irrespective of the manner in which the point of singularity is

approached. One need consider only the 3rd order term 7%, %"’v", since this is the
only one which can give rise to a singularity in the integral.
Let the space-like surface be
{%x,) = constant, (59)
and let it intersect the world-line at ¢. Using the notation of A, the integral is

0
J' Tpoy 2w | DI dpdgdg. (60)

Take ! = 1, {2 = 22, {3 = 23, where 2!, 2%, 2® are measured in the rest system at c.
Then D = 0£°/02°. Now let ¢ be surrounded by a two-dimensional closed surface
lying in (59) and given by the equation

{}(x,) = constant = ¢, (61)

such that as €0 this surface tends to the point ¢. It will be assumed that for
sufficiently small values of € (61) is always entirely enclosed between the two two-
dimensional surfaces resulting from the intersectign of the two tubes

K = oe, (62)

K = fe, (63)

with (59). Here « and f are constants (a < f) independent of e. Now calculate the
integral (60) taken over the portion of (59) lying between (61) and (63). For points
lying in this region, it follows from the Taylor expansion of v that for sufficiently

small values of ¢
| v —(v¥)o | < Ae,

where (v*), is the velocity at the point ¢ and A is a constant independent of €. There-
fore without affecting the singular terms v can be replaced by (v”), in (60). Remem-
bering that (v*), = (1,0, 0,0) and D = 0{°/0x° one gets the integral as

k=pe s
f T4, < datdadad. (64)
(=3
D=e K

* In faet it may even be necessary to demand that only such motions are permissible
(Dirac 1938).

1 This can also be proved directly, from the form of the energy-momentum tensor of the
electomagnetic and the meson fields.
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8y WZg8, a*
Put o "o _ T80 7
4 i i
so that a# is a finite function of 7 and s*/x only. Let | a#|,, be the maximum value of
| @# | in the region of integration of (64). Then

k=pfe
<

fil=¢
The spatial volume enclosed between x = ae and k = fe is obviously of the order 2.
The right side of (65) is thus finite and hence so also must be the left. Now it is seen
from figure 1, where 4 B is the world-line, L the light cone and @ any finite tube,
that since the integrals of 7""# over P and L are non-singular the integral over the
portion of S intercepted between P and ¢ must also be so. It has just now been
shown that the integral taken over the portion of S enclosed between P and {* = ¢
remains finite as ¢ 0. Therefore the integral over the portion intercepted between
' = e and @ also remains finite as ¢ 0. It has thus been proved that the integral
over S is finite, no matter how the point of singularity be approached.*

a*
IS

Kk=yfe at
J — datdx?da®

f1=¢ K

=5
drt da?des < | % 1m f i dardes.  (65)

(d€)3 K=ae

$° - constant

Ficure 1

If 7"# be integrated over the region of S enclosed between {! =¢ and {* =17
( >¢€), then from (52) and equation (20) of A it is seen that

f T"»dS, :f Tf“’dS,+f K#WdSm—f Kmwads,,, (66)
S S &= =c
where dS,, is written for

0 0L | 11 greqes

ox’ 0x” Dy ~dctar

* It is noteworthy that the energy-momentum integrals though finite are not unique. Their
value may depend on the way the point of singularity is approached. The energy is therefore
indeterminate to this extent.
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and K#7 for Kms” — Krog', Tt has been shown that as €—0 the left side remains
finite. Now K/ contains certain terms of the 2nd order, namely, those arising from

$ .
the 3rd order term 7' 4 — T{“_’S)T:-v” in K#. These terms can be removed and form

~ a tensor 7 given by

Tw = Tﬂ%% [K'wso — K'rog"], (67)
&
b X n=m T,zwn T{’fﬂ);v -
w — =
where Szt m=3) (68)

Since only 2nd order terms have been removed from K# it is easily seen from (66)
that 7' also gives a finite integral as e 0. But as K'#” now contains no term of
an order less than the 3rd its integral over the surface {! = 7 tends to zero as - 00,*
so that
f TwdS, =f TrdS, — f K'wads, , (69)
8 S l=g

where the three-dimensional integrals are to be taken over the entire space outside
§' = €. Since the total energy and momentum obtained by making ¢ tend to zero
remain finite, the inflow must also be finite.

For small values of x when 7' can be expanded into terms of different orders
with respect to k, it can be proved without difficulty that

Ho

0T
Tﬂv e T@g)‘f‘sv axas)s (70)

where 7'%, is the part of 7' left over after omitting terms of order higher than 1/«®.

5. All the above results except (58) can be applied to any arbitrary tensor
U*f-- having any number of indices, provided it satisfies a conservation equation
with respect to v, and can be expanded for small values of « in a series involving
different powers of k. The tensor U”*-*, and therefore U%* derived from U*"” by
the above process, may, in general, still contain a singularity of the order 1/« in

the integral 4
fﬁa...u ;”d.Q. (71)

This singularity, however, must be independent of 7. It is now possible to show
that this singularity can be removed.
It is easily seen by actual calculation that

b ! o—bx '&’:l — —bk
e logk{l}x K3(1 bk log k) e~Px, (72)

* Here it is assumed that for sufficiently large values of 9, £! = 7 is completely contained in
the space between two spheres of radius ay and fn described about ¢ in the rest system.

(e and f are constants independent of 7.) The total surface of &' = 7 is assumed to tend to
infinity as 2.

578 Journal of the Indian Institute of Science | VOL 88:3 | July-Sept 2008 | journal.library.iisc.ernet.in



On the removal of the infinite self energies of point particles

where b and % are positive constants. Therefore

0 [(v's”"—27¢") 8 . 4w b
J;a? I:-——Ka——e log_hx:l—é e = = (1 —bklog hk) e, (73)
The singularity in (71) is of the form c*/k, where c*+ are certain constants.
Therefore
f _Q“---”i’d.Q = bc* log hk ebx, (T4a)
K K
where o = Ua...v__a;_ e (19"’3”——_’*‘)”3”)84,( Iog hK:I . (74b)

oxo| 4m K3

Even though (74a) contains a singularity it can easily be seen that

K=1 S
j dxfga...v_}jdg
K=¢€ K

remains fipite as > 0. Very much in the same manner as for 7”# it can be shown
that the integral of U over any space-like surface is finite no matter how the
point of singularity be approached.

Further on account of e=%¢ the surface integral of the term inside brackets in
(74b) vanishes on the infinite sphere, so that in an equation like (69) the integral
may still be omitted on the surface at infinity. It is to be noted that b is entirely
arbitrary except for the fact that it is greater than zero.

Now apply these considerations to the case of the angular momentum tensor

Mw-o defined by

Mo = grve — g2 Tho,

which is conserved with respect to o, due to symmetry of the original tensor 7.
One can therefore build 7%, which for small values of x can be written as

" 0
Mo = MEg + 57— (MEg). (75)

3
Since x* = 2#(1) + 8; k it is found that

MEg = apTr%y — Ty 4 TH  — ' TH, (76)
Therefore, using (57),
~ 8 2ie? — 2k 8 o
Jiwg S qo — C=E" (e, — oo ySeqo ="
L (25 - 442 - +f(s Co=Ts) P
‘Thus a tensor M can be constructed defined by

Egv,u‘ = Mmoo 8 i [@ﬂl’.o'gp — O, Ps"'], (77 G)
oxP
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8
Mw.p P gy
n=m | [0 (1) e ebx Iog hk
h o — (=n) e = 770
where & ,54 n—2 (n—2)(n—3) i’ K3 (770)
and cP = (24 — 2’ck) +f(8!‘T2’E4}3, — 8T 48,)dL2, (77¢)

such that the total angular momentum calculated from it is always finite.

Now return to the special case of the meson and the electromagnetic fields.
Precisely as in the case of ¢# (equation (58)) it can be shown that since ¢# is anti-
symmetric in u, v while g# is symmetric

=0 (78)

However, it is important to note that owing to the fact that the meson fields contain
a factor e=x* at infinity (Appendix, equation (116a)),* the angular-momentum
integral as calculated from M#:¢ does not contain a singularity at infinity. In the
electromagnetic case, however, a logarithmic singularity would appear at infinity
if ¢# did not vanish. However, as it is, it is found that the total angular momentum
calculated from J/#¢ is free from singularity both at zero and infinity.

All the above considerations are immediately applicable to an assembly of more
than one particle, because near any particle the field due to all others is regular and
can be included in the ingoing field. We have only to take instead of (67) and (68)

0
Tw — T;w+2._KFW’ (78a)
o oxe *
where p refers to a particular particle,
KT = K85 — K7 8y, (78b)
n=m| Tkre 8
Ty _ p(—n) p(—7) i PR 78
Ky n§4‘n~2 (n—2)(n—3) x, ”’“} \15¢)

* For large spatial distances from the particle (measured in the present space of any
Lorentz-frame) the corresponding retarded point goes far back in the past of the particle, so
that for sufficiently large distances the retarded point lies in the region of the world-line
corresponding to uniform motion of the particle. The value of the fields at infinity may there-
fore be taken to be the same as in the static case. This is also evident from the consideration
that since potentials and therefore fields are propagated with a velocity at most equal to that
of light, the value of these quantities at sufficiently large distances must still be unaffected
by radiation from the particle. The external field of course is supposed to vanish sufficiently
fast at infinity.

t In this connexion it may be mentioned that a misprint has occurred in the expression for
F® given in the paper by Bhabha & Corben (1941). In equation (114) of their paper, instead

of the term
S
pv
[-— 2‘UFSP F] N
it should read — 2 sp £V | |
A g3 |
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Here sj and ¢, refer to the particular particle. T4~y is the nth order term in 7'»
when it is expanded in the neighbourhood of the particle p (i.e. for small Kp). Simi-
larly, corresponding to (77)

Mmoo = Mmoo 4 ¥ 5%9 (O sh— OPsT], (719a)
D

n=my~ M1, Mmoo
w,o _ p(—m) p(—n) PP o 79b
o5 = X l:'n—2 (n—2) (n—3) '”p:l (799)

n=4

can be written. Here cl =0,

6. Some special remarks may now be made regarding the symmetrization of the
modified tensor for the electromagnetic dipole. As already observed in §1 this
symmetrization is, however, of no particular importance.

As proved in the appendix (equation (124)) it is found that for the electromagnetic
case

Twiets, = 0, (80)

where 7'% et has the same meaning as that in the paper of Bhabha & Corben (1941).
Therefore
T"wwret. = Twget-  from (50), (81)

which is obviously symmetrical. Since in the static case 7% does not contain terms
of order lower than 1/k* (appendix, equation (1165))* then

T{L—vz)staﬁc = 0. (82)

Therefore the integral of 7'j°t does not contain any singularities at infinity.}
Using the symbols used by Bhabha & Corben (1941), we write

T — Puvret. + v mix. + Puvin. (83)

Because both 7'%et- and Twin- are separately conserved 7' mix. must also be con-

~served, and the procedure of the preceding pages can be applied to 7 mix. We
construct

Tﬂ-".uymix_ o T‘fﬂ;zjinix__l_ T‘Esggﬂx%v”. (84)
Further

M v, omix. — (xi“T'fz’;ﬂx' —va"fg;mx') i (S“T?E%‘lx‘ _SthuE,;:)nix.)
.8 i\ S
+ (TR — 2 Teegic) -2 o7 + (s#Tee = — o Tpee) Lor. (85)
From (84) and (85)
M"womix. — gp /Py mix. ¢ T o mix. + I:S,u{ T:ﬂgux(é\g - %9 'v"') e T{ffﬁ"b" % vu'}:l ,
(86)

* The potentials contain terms of order 1/k or higher. The fields therefore contain terms of

order 1/k? or higher. Hence T does not contain terms of order lower than 1/k%.
1 Cf. footnote * on p. 159.
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the minus sign at the end denoting the subtraction of terms got by exchange of
4, v in the expression within the square brackets.

Since the highest singularity in the mixed tensor in the case of an electromagnetic
dipole is of order 1/k%, T%,p!= = 0. Using this fact and the conservation of
M"w,omix. gnd T"remix. it ig found from (86) that

aMlﬂﬂp’am' iy i LT i a v 8 o
0= —_n__.axg_ — "vpmix. __ P p mlx.-i—@l:sf"T(p%’jx (3PH?<£U )]ﬁ (87)
Puitig Lﬂ“’ﬂ'zI:s!*Tffgfix-(ﬁg—%v“)] (88)
it is found that TV uwmix.__ 5"13 _8_ = [ L 4 Lot = Lo K] (89)

is symmetrical and is conserved (Pauli 1941). It is also in the form (1) as required.
Further, since L#7 is of the order 1/«* the additional term does not introduce any
singularity in the energy integral as is obvious from (66). Also, since T/ $ix: vanishes
at infinity (due to the absence of the external field in the remote past),* the integral
in (66) over the surface at infinity is zero.

Thus Tw — Te“" I‘Gt + " pymix. _ ;__.a_ [Lmo 4 Lowy — o]+ Tw in.

can be taken as the modified tensor. This tensor is symmetrical. That in the case of
a point charge this symmetry is possible has already been shown by Pryce (1938).
In this case

v ret. ( ) > (vFs” + st ) (048 4 0¥8r) — (V)% sks” — Jgm
T T 4n [ 8+ (1-k) P T .

(90)
Thus according to (51)

S Tre T 8
K o o (—4) (—4) o

* For small x the retarded potentials U, and the retarded field quantities &, can be
expanded in a series of positive and negatlve powers of k, and the ingoing field in a Taylor’s
series with positive powers of «

aGin. & 1[G sosh
G & ) 2 N
( )zp(fn)+ ( )zp(ro] K K+2 ( ) K +

oxT oxooxr] Kk K
where the suffix z,(7;) means that the corresponding quantities are to be evaluated at the
u.v
retarded point. Therefore Tf‘igglx- consists of terms of the form oy where u and v are both

of order zero in k and u comes from G=*, while v comes from Gm The factor in » having the
suffix z,(7,) is to be evaluated at the retarded point. At mﬁmty v = 0 because the corre-
sponding retarded point goes to the remote past and there the field quantities and their
differentials vanish.
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(In spite of the fact that K/ is taken instead of K'# given by (68), the third term in
(66) vanishes as 5 — oo due to (82).*) So that

Kmwoe = Kwgr — Knog?

e? 8# (0’8" —978") 1 (g-*“’sf’ —ghrs )
= — — k') — (V8" —v7s") + 8¥ 91

4,”[(3 K)Ka(v”s v°8’)+ 8 pr (91)
It is interesting to see that this is different from Pryce’s tensor which is more com-

plicated. It is (Pryce 1938)

o O 9 @F—8) , (@7 —gt) iiit g*’s’)
Kw _EI:_ZK P P —(142«") Tt
3(v”s” —v78”) 3(v's” —v7¢”) ,
+ 4’{4 vE 4+ 1 8 .

The modified tensor obtained from both these expressions is symmetric. Our
modified tensor is just equal to T*3¢*- as is proved quite generally in (81).

In conclusion I wish to express my thanks to Professor H. J. Bhabha for valuable
discussions, general guidance and suggested improvements in the writing of this
paper.

APPENDIX
st d
Consider now Ko J‘TF”K,, K2, (92)

7 being kept constant during differentiation. Here dw is an element of solid angle
in the rest system and dQ2 = k®dw. Since

Kk = 8,0 =[x,—2,(T)] v (1),

on differentiation keeping 7 constant
dk = dx v (93a)
For constant 7 stdx, = 0. (93b)

These are the only two conditions which the infinitesimal vector which connects
a point on the sphere k to a corresponding point on the slightly larger sphere « + dxk,
need satisfy. The way in which the points on these two spheres may be put in corre-
spondence is immaterial. Now take dz, along s, thus satisfying (93 b) automadtically.
(93a) then gives ;

ds, = dx, = dx?‘“,

ds s
i - ]
1.e. dx - (94)

* Cf. footnote * on p. 159.
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From (94) it is easily found that

g-c (i—*‘) = (95)

from which it may be concluded that
2 (dw) =0 (96)
dk B

as dw is dependent on s,/k only. Thus

d it 1.0 dx®
&J.T!‘”xv.x dw = fﬁ;a(wav)'&‘,{K dcz)+2fTﬂ"x,xdw.

: ok, dx® «'s, ;
Since e s (from equations (12) of A, (94) and (95))
then Ki Trwk,d2 = 2T#”+898Tw:| K,d9+.[TWi'K'dQ
dk ox” K
0
e ! o __ Puo oy 3 ';.'
jaxd[Tﬂ"s Trog"].k,df2, (97)
as 52? [Twsr — Thog?| = 2TW 4+ 87 aaif + T i—"v", (cf. equation (6b))
.o 0Tw . d (3, .\
if A 0. Since = (?) = 0 it is easy to prove further that
d s gt 0 8 st
KEEJ‘TWKP;...;M=f@[T‘WSE_TM8u].Kv;...;dQ, (98)
as quoted in the text. Remembering (94) and (95) it can similarly be proved that
d L. 8% 8 1 LO0Tm] s &t
av"Tﬂsv;...“gm—;{J‘[:}Tw-l-s axa_]sv;...‘gdg, (99)
so that
t.4 A o A
xiJ‘Tﬂvs,s—...idQ = J‘[z_'zwv+svaw+ TWS—%"]S,,S— . 2dQ
dx K K ox" K K K
a A
= feTrw.sf— .24 (100)
kK Tk

In the same way it is found that

d (o s s 1 orsr s s
achM(aa—UaUv);...?dQ=EJ‘[zTM'E'Sp ax‘:] (aa*vd'vy);'...;dg, (101)

because 82— v,v”, which depends on 7 alone, is to be treated as a constant here.
Since v7(82 —v,v*) = 0 then

d . e > o
KEEIT’W(SU-UUU”)‘;...-EdQ=J‘0T}w.(ao.—'va.’v_)?...;dg. (102)
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The most general equation which the potentials U, of a meson field may have

to satisfy is
0 0 0 0

I 21 = 4 . FREl A A 103

R it R~ o L)
where 2*--A7 ig a tensor descmbing the effect of a multipole on the field. In fact, in
the most general case the right side is a sum of terms containing different numbers
of differentiations, but it will be sufficient to consider one such term since the solution
of this general case is just the sum of the solutions of each of the equations involving
one term only. Since interest arises only in the case of point-particles we can write
(cf. Bhabha 1941, p. 321)

Z'f‘a;;)-"’” = f_mdf Sey-Av (a0 — 20) Ot — 2) (w2 — 22) 8(x® —23). (104)
As is well known the solution for the retarded potentials is
0 0 [8%-A» 0 0 [™ unnrdalxu)
U =5 ax"( K )—x@---ax—,\f_ms e (105)

where (1) = z, P('r), u = (u,uf)t and 7, is the retarded time given by u(7,) = 0.
Here the first term is just the one which alone appears for the electromagnetic field
(x = 0). It is obviously expressible in a finite series involving terms of different
orders in . The differentiations in the 2nd term act in two ways. First, on the limit
of integration 7,, and secondly, on the integrand. Bearing in mind that

0 (Julxw) 2 ()
o (22 = — o, Tt (106)
and i O (107
a? = e )

0 0 (JSi(xu)

can be evaluated in terms of u* and % Also, since
u*(7y) = 8* (109)
A (Jn(xu)) _ (Jn(xu)) X (110)

u" Jq, u* Juso 2".m!

then the value of (108) at the retarded point can be expressed as a finite series in
s* involving terms of different orders in «. It should be noted that

e 2 Ji(xw)
axﬂj 8 T Ba:)‘( u )T

Sul qun O 1 (xw) - 0 (Jy(xu)
=f[8'"”é;v Bx"( )] f & ?a?ta_x”@(u )d"' (@1t
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Again the first term on the right and its differentials can be written as finite series
in s* containing terms of different ordersin . Therefore the only term in U”*¢* which

has to be considered is
0 (hi(xw)
%, v
f S 8&:"( : ) (112)

As shown above this will consist of terms of the type

3 7
" g “rgu'—) . (113)
It is noteworthy that all these terms are non-singular. They can be expanded in a
series containing only terms of positive order in « in the following way. Write
u,=x,—2,(1) = l,—s,, where 1, =2,(7)—2,(7,), so that u? = 1,lr—2lrs, = 2—2(ls),

p
where | = (1,1°)* and (Is) = ({,s7). Then

o) _ Ju(x 12— 2(5)))
w (-2

(114)

I (x0)
111
the form of a Taylor’s series for sufficiently small values of s,

Since

is a continuous and differentiable function of /2, (114) can be written in

Juxu)  J(xl) & [=2(s)]7 [ d \PJ(xD)
w = T2 pl (&Tz) In
- J, (xl) ;1 (Z;)!p Jn;trfpxz), (115)

It follows from (113) and (115) that the expansion of (105) in a series of s* is possible.
s* are independent of 7 and so can be put outside the integral sign. Since the inte-
grands involve only S#-A» and [, which are functions of 7 and 7, alone, the integral
is a function of 7, alone. It is now possible to separate terms of different orders by
writing s*/k instead of s* and multiplying by a suitable power of « to compensate it.
Thus the expansion of U*™t- in the required form is obtained. G, which involves
one more differentiation, can be expanded in an entirely similar manner. Since the
ingoing field and potentials are always expressible as such a series by Taylor’s
expansion, T# can be written in' the required form with different order terms sep-
arated. This result is used in (9) and (10) in the text.

As is well known, in the static case when S*-4? is constant we get

o0 0 0 [ex«
v — Nik..m,v
=5 Ot 0k 63:”‘( K ) i (L)
(Here the latin indices run from 1 to 3 only.) In the electromagnetic case, by putting
x =0, we get
0 0 0

1
Uy = St " A B (E) (1169)
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From (105) it is found that in the electromagnetic case the retarded potentials*
¢’ do not contain terms of order lower than 1/«. These satisfy the equation

o’
= 0. (117)

Using the relations (44) and (54), it is found from (117) that

Sy, - 0P m 4 (g7 — OP—n+1) _ 118
'vCr o (3,, P ) o= 0 for n>1 (118a)
and ,: v ag;qn 0. (118b)

Here (—n) denotes the nth order term. Now calculate

(Fpitemy FeLry+ Frpzy FL oy + 308 Fope_1y ) 8,0 (119)

where F,, are the retarded electromagnetic field strengths. From the relation

o¢, _0¢
= TP 92
- oxr  Ox (120)
it is found that
$ a¢v(—ﬂ) 8@5,,(_ )
Finy = I:fv" g ¥ (6 v’) ax’;'” 3 for n>1 (121a)
OBy

and Fogy = [;‘”" 8;61’ (121b)

Using (121b) and (118b) it is found that F, 38 = 0, so that the first term in
(119) does not contribute anything. Now

¢v —n. a¢v —n 8?5 g(—n
va(mn)‘gp = [_Esl’ava' a;g )+ 50‘ _}_"/UO' a{xcr+1) 8% +1)

[(spaa Fg”)a¢V(_ﬂ+l) 8,;8?5#( n+1)] from (118&) (122)

oY
so that Fo 1y Fitps,=F, ,(un{sﬁ ¢"’é;;‘+” — 8P P é;;*”} (123)

as FU(_I)SD 0. Also

o o Sy a¢ (—n) o a¢ (—n+1)
Fopony iy = 2F(f1,[; ”U“éfx_«r“ + (35‘}' )_Eax%

= 21;1;:,&‘ 8¢%~n+l)_

* ¢ is used to denote U™ for the electromagnetic field.
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Thus (119) becomes

[t o[ B _ 280 o] [, O] Bpopery _
K —_—

ox*

Thus the expression (119) vanishes. Since 477423t s, is just this expression with

n = 2, then

Ty 1st-s, = 0. (124)
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