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ABSTRACT 

The field components E's and H's for the hybrid mode EH n,„ or FIE„,„ 
in a cylindrical metallic guide filled completely with two coaxial dielectrics 
have been theoretically determined. By utilising the boundary conditions, 
the propagation characteristics of the EH„,„ mode have been deduced. 
Losses suffered by the wave and hence the attenuation constant have also 
been calculated. 

INTRODUCTION 

In a recent paper (Chatterjee, 1953) it has been shown that a cylindrical 
metallic guide filled completely with two coaxial dielectrics can support a 

pure moth (TE or TM) when the wave is circularly electric or circularly 

magnetic. But for the propagation of higher modes it is necessary that both 
the modes, TE (H wave) and TM (E wave) should co-exist This means 

that both the longitudinal components E z  and Hz  shouid be present. The • 
. 	resultant wave is called the hybrid mode. Hybrid modes are designated by 

HEmn  oi Elinin  according as H wave predominates over E wave or E wave 

predominates over H wave respectively. The order or the hybrid mode is 

essigned according to increasing cut-off frequencies. It should however 
be Pointed out that the hybrid mode is not merely tbe sum of corresponding 
order and rank of TE and TM modes, but it possesses entirely different 
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propagation characteristics. The object of the present paper is to deter- 
mine the field components of the hybrid mode and also to calcoat. 
the propagation characteristics from the boundary conditions, 

FIELD COMPONENTS OF THE HYBRID MODE 

The field components of the TM mode in a cylindrical metallic guide 
filled completely with two coaxial dielectrics are given (Chatterjee, 1953) 
as follows when a = 

HT  =-- — In 
WE

r 
[A,I nt  (kr) ± BY .,„ (kr)] 5in nieer-17 

— 	 CO3 

	

He 	ek [Ar m  (kr) + Brm, (kr)] V:, inGe -loz 

Er  - jyk (Arent  (kr) + Brm  (kr)] t m0e -72  

	

E0 	— [AJ rn  (kr) + BYm  (kr)] sin  m0e---Yz cos 

Ez = k2  [Alm  (kr) + BYin  (kr)] sia  1120e-7z 

For in > 0, the modes are either non-circularly symmetric or asymmetric. 
If we impose boundary conditions and use the equation 

=-- co 2p 
	 (2) 

to find the unknowns A/B, k r  k, and yt, y2, it is found that there are more 
number of equations than unknowns. in this case it is not correct to assume 
that only the TM mode exists. But if an auxiliary TE mode is superimposed 
on the TM mode, the boundary conditions may be satisfied and we then 
obtain a hybrid mode HE or EH. The field components for the TE mode 

are (Chatterjee, 1953) 

	

H r 	yk [ATin  (kr) + WY' in  (kr)] .eons  MOrI Z  

H o  =---- y - [A im  (kr) + 13/Ym  (10)] ni Oen r 

• 
(kr)] (k2 	 (kr) + 	 (3) Intrn 	Sin  in9e -"Yz 

r 2 	 cos 

a 

Er  = 	rn  [Aiim  (kr) + !rem  (kr)] :In. ni Oe'Yz 

E9  =-- j cop k [Air (kr) ± 	rit  (kr)] mee -47z 

S. 
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Propagation cf Microwaves through Cylindrical Metallic Guide-..--W 	3  

If the two modes are linearly combined to form a hybrid mode, then the 
following conditions for the two media must be satisfied. 

)12 hi  — Y2 
I 

 

k=kH 

 

(4) 

Thus the field components for the HE or the EH mode for the two media 
are obtained as follows from (1 ), (3) and (4). The polar axis for 0 is adjusted 
so as to drop either the sine or the cosine term for any component (Schel- 
kunoff, 1943). 

First medium 

Eri e, h 	j[tAi t y lkir m (k 1r) 	co,u 1 nri  J m (kir)} 

+1 Biyikirm  (kir) -I- B / 160/1 1 117.1  'GT  RAI] cos m0e-7:z 

E 1 	= [1— A171 --1-= ins ir) 	i cop ik in (cir)} 

{ —
B 1y1 irn  Ym (k  ir) iB i 	m (k iti 

sin m9e-71z 

E e h 	7- 2 n 4.41=  K1 [A1J M (kir) + BiYm  (k ir)] cos mee-71z 

Hel h == [ { Ai w  

	

in2,(kir) 	A fivikirm(kir)} 	(5) Ti  

mr  Yin (kir) + 13#  01110" m (k,r)}] sin rnee -71z 

Hoeyh = —[IjA,L0E i k ir in (k ir)± . A f iYi Irn  -Int (kir)} 

	

1 /131 0iEl kirm  (kir) 	13 1 1y1  -r-in  Yin  (k1r)}] cos rn0c-72z 

e $h  (k 2  — 2n12) [ zt 	 r2 	A# 1.1,1  (k i r) + EV 1  in (k ir)] sin Inge-73z 

Second Medium : 

rms are omitted as T ins — 00 near the axial region of the guide 

Which is physically inadmissible. 
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Er2 e2' 11 = j [A 2y 2k 2J 1  In  (kr) + A'2 2 2 	m (Ice)]cos morliz 

E 	[ A2y2  J m  (k2r) 	2cotqlc 2J m  (ke)] sin tnge-V 02 

E 	= [A2k 22i m  (k2r)] cos m0e-v2z z2 	 (6) 
rn Hr2e,h = 	[A2c0E. 	_L A 	I IL  \ 

sin m9 

	

z 	 Nr-v2ri 	/ A l  2Y211.14' m knej] 	0-72z r 

He2e/h  = [jA 2 w€ 2k 2J 1  m  (k 2r) + A 2Y2 r m kic2rd COS m0e-l'sz 

= k22 	21112\ [A' zim (k 2r)] sin rnele-Ahz 

The constants A's and B's are all related by the boundary conditions at the 
interface between the two die1ectrics and at the interface between the di- 
electric and the conducting wall of the guide. Their values are determined 
by the power flow in the guide. 

BOUNDARY CONDITIONS 

The following boundary conditions must be satisfied assuming the 
conducting wall of the guide and the enclosed dielectric to be perfect. 

I. At the interface between the dielectric and the conducting wall 
of the guide (r = r i) 

Ezi = 0 	 £E91 =O 

E - E zr 	01 	 z' 

2. At the interface between the two dielectrics 

(7) 

E En  = E E2 
	E 91  = E E92  

= E H 2 	Eff oi =E 
	

(8) 

E En = Ea E E2 	j. 1 EH 1 = itt 2  Li  lin  

EVALUATION OF CONSTANTS 

Applying the boundary conditions, the following expressions are obtained 
from (5) and (6) 

Adm  (k ir ') + BiYm  (kir,) =0 

A'irm  (k iri ) + Wirm  (kir) = 0 
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k1 2 tA1Lyn, (k 1 r2) 	Bi Ym  (Ic t r 2)1e-71z k 22  [A 24, (k,r 2)]e-a1lz = 

2  2m 

	

k 1 2 	[A' 1 , tin  (lc i r2) 	m (kir2)1e-" /,,z_ Li. 2 	2m2 43_0y,z 
r2 	 riw 2 r2  

[A' 2m (k 2r2)] = 0 

	

Ein 	In 	2  k [A Y (k r.) 	%Y i n/ (k1r2)] 	(opl e i m- [A' ilm (kir 2)  r 2  

Er iY in (k ir 2)]e-71z- czy tk t [A 2r m (k 2r2)]e-Ahz 

WjL2 E.- [Al21m  (k,r 2)] e = O  
r 2  

it E M  [A J (k r 	13,Yin  (k ir,)] e'lla 	 (kin) - 	ent 	2 r, 

+ W 1 1  m  (k lr 2) e--72z 	cup,e 2 m- [AO m  (k 2r 2) ] e--71z 
r2  

[Al 2,Yern, (k2r2) e-71z 	

(9) 

From the equations (9), the following relations are 

A 1 	A2k32e7s2 f(ki, k 2 , 	r 2) 

B 1  ---= A 2k 3 2e 	pTi ,iz g (k k. r r 2) 

== 	.4k4 2e7sz  f (kil k2, r 1, r2) 

13' 1  = At.,k 4 Via z  g(k i, k, r 1, r2) 

obtained 

( 1 0) 

where 

k 2  
k.  2  - 

3  - IC12 9 4  

m 2  
k22 

2 
 

Ic1 2  
73 := Y1 Y2 

(10 

J.„,(k,f 2) Yra  (kiri) 

f  = 	 (kirj .1-niTk7 2)  

in/ (k 	in• (k ir e 	_ 

g  = 	(kiri) Nr—m-(kir2)- J7 ;(k1r0 Yorn, (k 171) 

A2 	le 	gY 
 

- 4 	m 
e,y,k2-rin  (1E9,0 

(12) 

 

r  „Airy 	Le. e  

E lY1/( 111' 3 --  Li 'i f  171 V11.1' 21 1-  g 	ra 	I" A...F.1 	
- 	

(13) 
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tot1Y1k1k4 2  [Pim  (kir2) ± gY'rn (klieg)] 	Yictrm  (k2r2) _ 

cop,'  el  in  k 3 2  [ f nt (k1r2) 	m(lcir2)] 	tokt2E 2 m--- 	(kr2) r 2  r 2  

The *value of A2 can be found from the peak power flow given by 

211. 	 r2111 

f I [Erie/h 	 rd0 dr + f 
r--11 r2 9=0 	 r=0 9=0 

[Erz e 1h  14  02e 	Eez e lh  Hr2el he ded r _r 	(14) 

The equation (14) when evaluated with the help of the field components 
(Equations 5 and 6) yields (Chatterjee, ioc. cit.) the following result 

A2 =P 	 6  (15) 
where 

p = r 	 (15 a) L27TcuF 

where F represents some function of the constants and the radial dimensions 
of the two dielectric media. 

FIELD COMPONENTS IN TERMS OF POWER FLOW 

The field components of the hybrid mode in the two media are then 
obtained from (5), (6) and (10) to (13) and (15) as follows: 

Eneih =--- jP [k3 2yikt  {grin  (k ir) f Ji (k ir)} + cm  k 42  colui m-r- 

{gY (k 1r) fJ(k 1r)}] cos m0e--732  

Eole/h = P [— k3 2v1 Vim ir) gY (k ir)} 	eniwiliki.k 4 2  

{ fir m  (k ir) gY in  (I cir))] sin inerl'z 

P (k 1 2k 3 2  {fim  (k 1r) gY m  (k 1r))] cos m0e-73": 

H rie,h =__ p [we1k32 	f J m (kir) gY m  (k i t)),  + cm  Yik 11(4 2  

tf .11  m ir) grm  (k ,r)}] sin mee-Irg 

P [ jk 1k„ 2 cue1  {f 'm (k r) erin  (kir)} + ci1Y1k42 7 

film (kir) + gY m (k ir))] cos rfrier7s' 
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2m 2  Fizieoh 	cmPk4 2  (k1 2 	
i:2--)[D m (k ir) gY 77,(k ir)] sin m0e-72z 

Erz e ,n P [Y2k2rm (k gr) 	m cuy 2 rn  J m  (k 2r) icosm0e -72z (16) 

EineihP [ 	Y2 (k.z r)--1- jc m cup 2k tr in (k 2r)] sin m9e-lfiz 

Ez2eph = P [k2im  (k 2r)] cos mlie .--11'lz 

[

1-1,0ePh = — P 

Hoe,h = ..... p [ j oie  

Hzze,h = Pcm  (k2 2  

	

I. J m  (kizr) 	emy2k2Y m  (k,r)] sin nz0e-722  

	

2k 2.1 1,, (1c 2r) 	cmy 2 	J m  (k 2r)] cos mOrliz 

2m 
r2 ) m ilm (k 2r)] sin OcIftz 

where cm  represents a constant involving the electrical properties and radial 
dimensions of the two media. c m  however, will vary with the order of the 
Bessel functions. That is c m  varies with the mode of excitation. c m  is 
given by the reciprocal of the right-hand expressions in (13). 

EFFECT OF ILE ON POWER TRANSMISSION 

in some electronic devices using waveguides, it is necessary to slow 
down the wave and concentrate it in a certain region of the guide. This 
can be done in a guide containing two coaxial dielectrics by adjusting p, 

or simply E in the case of non-magnetic media. Considering yi  and iy2  to 

be the same and equal to y in the case of hybrid mode propagation, the 
following relations between k 1  and I c are obtained. 

k2 2  =k1 2 	co 2  (1.11E1 --- P2E2) 	
(17) 

k1 2 :=---k2 2 	(0 2  (iA 2 E2 — Pic') 	
(18) 

The following conclusions regarding power transmission may be drawn 
from (17) and (18). 

1.  IfthEi 	k,2,0 as kj  2 	CO 2  02 1 E1 P2 CO. 

This critical frequency in this case is given by 

1 (I) c 	27T  
lc/ 	 (19) 

— P2 C2 

If the frequency of excitation is increased beyond fc ( 1 ) when Pici. > P-2E22 k 

becomes imaginary which means that there is no propagation in the second 

medium and all the  energy flow is concentrated in the first rnedi 	(r1  r >12). 

a 

Mir 
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2. If 
quency 

iu2E2 > !1EI ,  k12 	as k2 2 .....4  w2 	
The critical fre. 

in this case is given by 

k 2  (2) . 	 
27r Vt42e2 (20) 

If the frequency 
no propagation 
centrated in the 

of excitation >f (2 , 
1 the first m2dium. 
second medium. 

k 1  becomes imaginary and there is 
Consequently, all the energy is con - 

3. If the two media are non-magnetic it is evident that the energy fl ow  
will mostly take place through the medium having higher dielectric constant. 
The same result is also obtained in the case of pure mode transmission 
(Chatterjee, toe. cit.). 

PROPAGATION CHARACTERISTICS OF THE HYBRID MODE 

From (9) and (10) the following expression is obtained 

rin (kiri) 	(kir') 	 121) 
Yin (kiri) 	J 77-: (k1r 7 ) 

which yields 

	

Jim (kir') =Ym (kir]) 	 (22) 

This is possible for some discrete values of kir1  where the curves of Int's 
and Ym's with respect to their arguments intersect. Let a men  represent the 
root of the equation (22) where in represents the order and n represents the 
rank of the root of the Bessel function. So, the following relations hold good 

k 2 
82 

inn = 2 
— 	 111 6 1 	mn + Y2  

ri 	
(23) 

3. 

82 
k2  =- 	(02 (1E1 — P262) 	

(23 a) 
ri  

_ 
(24) 

	

82inn 	(02/2. 1  € 1  ymn  = anin 	— 	ri  2  

In order that propagation may take place y ntn  must be imagina 	Thery. 
equation (24) may be written as 

g 2 
Yifin = i 	co 2P1 ei — r  vi 	 rtv: in 

2 
1 

which yields ______ __ _ 
5 2  n  Pinta = 	(-02111 e 1 — -77-  Al 

For propagation to take place Amen  must 

(24 a) 

(24 b) 

S 2  ins 
be real and hence w 2i.ti f1  > f 
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The limiting frequency below which a condition of cut-off exists is 

I 	_ mn 
" 	2.77r1  sVp,', €1  

The corresponding cut-off wavelength is 

2nr _.! 
te 	sinn  

where the free wave velocity c 1  = 

(24 c) 

(24 d) 

The phase velocity group velocity and the guide wavelength are given 
respectively by the following expressions 

(Cp)mrt = wi V/  w 21.41 E 1 	mit ri 2  (24 e) 

(cOnin ' [ Nicz) 211 1€1 — 82mnfri 2 1/ (414 1 et (241) 

(A g) mn  =2771-00 212 1 E T L,  8 2in- nir 1 2  (24g) 

Substituting proper values of S mn  (Jahnke, Emde, 1945) in (24 a) to (24 g), 

the propagation characteristics for different modes (m 	0) are obtained. The 

values for EH 11 , EH 2 , EFI 12  ard Ella  are given in the following two tables. 

TABLE I . Propagation characteristics of EH 11  and En22 modes 
	 AP■•■•. 

	 ■■■■•• 	
■■•= ..mom 

EH 2 2 

- . 1204 
orlAl el 	ri 2  

- 1204 
(02ill El 

3.02 
27Tri ViA l ei  

5814O6 
0,121 El - ri2 

 • 	
581406 

/VI  (Arth €1 

7.625 
‘virt =12.1ei 

2irri  
- 625 

2 	- 
Cr)  11- 	r 

2ir  
517-406 „au , 	- 	 - 

4 

Co 
• trILIA ei 

87
— - 581406 

Ai a'

21A1 El ' - -712  

-------3F1:4706  
Pici w 	

1 
r " 

mi 	
4) 

Wi ti el 

c. . 1204 
• 

AA/ w2Pil c 1 	r12  

1204 

In the above table 811 =3D2 and 322 	7.625. 
4 

e 

. 	• 
- 
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TABLE II 

Propagation characteristics of EH12  and EI121  modes 

2 
	 E 2  

_  

y 

IC 

cp 
4% 

388129 
• 44/ co2til ei — 	ri2 —  

1 	.- 	- - 	1841-29 
'V colzi El —ft-   

623 . _ 
27Tri  1444 ei 

27Tr1  
67.-- 3 

27T 
-- 38'8129 

Vetr
,)
til el 	r12 

CO ....... --- ........... 	_ ...._ 
38-8129 E l  As/0Am, 	

riz 
,■or,.. 	

.... 

_ 
38.8129 

VI  co2th EI 	 2-  - --- ri  
wiziei 

Avi
t...._•  

18-2756 i (0214, 14Eit  ._.. 	_____ 
r1 2 

.2756 vl  pi 
Ti 

4275  
2irri  sfüJTE  

27Tr1 _ 
4275 

27T 
18'2756 ,2 

vu 	 -2 — 

182756 2 
11. El -- 

I 

18.2756 
A
V 

 tu2iLL  E 1 

will El 

In the above table 8 12  =---- 6-23 and 821 =-* 4.275. 

LOSSES IN THE GUIDE 

In the case of a guide filled with two dielectrics, the losses suffered by 

the wave is greater than that in the case of a hollow metallic waveguide due 
to the additional losses introduced by the two dielectric media, if a* 0 

for the dielectrics. This definite value of the conductivity introduces a 
complex dielectric constant given by the following relation 

V 2E 	W 2/ L E  

where E.= E f  jE if  End a 
dielectric is given by the r 
of the complex dielectric 

= toe tan 8, where, the loss tangent tan a of the 

'tic) of the imaginary part € and the real part E 

constant e of the mediums 

a  The peak power density of loss is a I EE*  I. The peak power 15d d is' 

sipated over the volumes of the two dielectric media is 
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i; dm n=uf I EE* dv 

[ 	i = 	tan 81 	
f 

(Erie ' h  •Ert ei l" -FEzie ' 4  • Ehe s il.  ft=to 9=0 r=r2 

+E 0 1e 3 11  .E91 01 rdrtiOdz 
/ 27r rs 

±t0E 1 2 tan 82  [ F I I f 
J 

f ka-'142e1h * Ene ' ll*  +EZ2 	* EZ2e,he 
0 00 

where I is the length of the guide. 
	

+Evelh .E020") rdraleciz] (25) 

The equation (25) when evaluated with the help of 

13dmn 	co2 € 1 1  tan 8 1 E 1  + we, tan 8 2F2  

where Fs represents some function of k, electrical 
dimensions of the two dielectric media. The peak 
the walls of the guide per unit length is 

(16) yields 

(25 a) 

constants and radial 
power loss suffered in 

27r 

C )W*M1=  '11 I 	I 142tan rld°  = 7ir1 f [1H ri e,h 12 + Heie,h12] do 

surfaced 
the g uide 

(26) 
where 

Re n =--- [(Trfp)/crp 

From (26) and (16), the following expression for Pwinn is obtained 

ftwinn =__ irnri p2 [{ ik ik 3 2 coei  (frmo  (klarl)-1-grin  (k 1r,)) 

2 

+ cm  k4  2y, 	(Pm  (k,ri ) gYm (kiri) 
r i  

2m 2
2  

+ {cm k4 2  k1 2  - 	(Am, (kiri) gY ni,(kri))} 
r1 2  

(26 a) 

ATTENUATION CONSTANT 

The attenuation constnat amn is obtained from the following relation 

Pdran pwmn 
	

(27) 
a.rnn 	 Pz  
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where Pz  represents the average power transmitted through the dielectric 
obtained from (14). P cimn and Pw'rnn represent the average power loss pe r  
unit length in the dielectric and the guide walls respectively. The following 
conclusions regarding the attenuation constant may be drawn from (27). 

1. The attenuation constant increases directly with the increasing loss 
tangent of the dielectric. 

4 	2. The attenuation constant increases as the square of the dielectric 
constants of the two media. 

3, The attenuation constant increases with increasing frequency of 
excitation of the guide. 

SPECIAL CASE 

In the case of a hollow metallic waveguide, 	= E 	Co  (air) and 
= fato  (air). The EH wave can be split up into two independent 

waves E and 1-1, either of which can exist separately. In the case of a hollow 
guide, the terms containing Y m's are omitted from the general solution of 
the wave equation. The propagation characteristics for the E and the H 
waves, in this ease, as deduced from (24 a) to (24 g) with the following 
modifications are given in Table III. 

TABLE III 

Propagation characteristics of the E and the H wave in a hollow cylindrical 
metallic guide 

Emit , 	 H mit 	 . 
,.. ■■ 

	

..■ 	  .■.....    .•■••■■, 	 ■••■■ .  
. 	 •■■■■ 

	

 	„-r-71-  

	

j 	2  P 0 C  0 	x  7 n 	 i V W2P0 E0 ( =-14.1:1) ri 	 1 
; 

i'l 	
v 	2  	tylytnY 

ak  PO q0 — k ri  i 
___________)( 2  
W2

COP' 0 ' — 2 
09 9 

X../27Tr1  -070 E 0 	 X'„, n /27Tri  A/Wo 

27rr1 fX„,„ 	 larjr.„ 

to2Po---7E0 — -----)er-----r7Y 
2 27IV (4) POE0 - -T- 

X 2tnn 
Is, 	, 

v2 	,
--,---__I-00 \13., 

(1)1 #\41 
W2  fit  0 E  0 ''''' 

A non 
r12 	

WIN/ W2P0 60  -- ( r1  ) 

 	•■- at.- ---.- -.. . 

E0 "'"-  are-Loco — 	fif tilEoixo r , 
	______ 

V 0  – X2Inn 

------------------------ 

	
--------------- 
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I. Replace S mn  by xma  which is the root of the equation j m  (kr) =0 
in the case of the E wave. 

2. Replace Smn  by )(MI which is the root of the equation j', 	=0 
in the case of the H wave. 

The results given in Table ill agree with the results obtained by direct solu- 
tion of the wave equation in the case of the E and the I-1 wave in a hollow 
cylindrical metallic wave guide. 
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