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" ABSTRACT

The field components E’sand H’s for the hybrid mode EH,,, or HE,,,
in a cylindrical metallic guide filled completely with two coaxial dielectrics
have been theoretically determined. By utilising the boundary conditions,
the propagation characteristics of the EH,,, mode have been deduced.

N

Losses suffered by the wave and hence the attenuation constant have also
been calculated.

INTRODUCTION

In a recent paper (Chatterjee, 1953) it has been 'shown. that a cylindrical
metallic guide filled completely with two coaxial dlelectncs'can Sl{pport a
pur¢ mods (TE or TM) when the wave is circu]ar.ly'electnc or circularly
magnetic. But for the propagation of higher modes it is necessary that both
the modes, TE (H wave) and TM (E wave) should co-exist. This mealr]ls
that both the longitudinal components E, and H, shouid be pres'ent. The
‘esultant wave is called the hybrid mode. Hybrid modes are desngnaEted by
HEp,, o EH,,,, according as H wave predominates Over E wav?dor - :;ax;:
Predominates over H wave respectively. The order.of the hybr;d E]Owever
2ssigned according to increasing cut-off frequencies. It shou 0 =
b€ pointed out that the hybrid mode is not merely the sum of :?or]resg%{l ngt
order and rank of TE and TM modes, but it possesses entirely dl f:rel

bl
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propagation characteristics. The object of the present paper
mine the field components of the hybrid mode and also
the propagation characteristics from the boundary conditions,

is to deter.
to caley|y.

FieLD COMPONENTS OF THE HYBRID MoODE

The field components of the‘__TM mode in a cylindrical metallj guid
filled completely with two coaxial dielectrics are given (Chatterjee 19533
as follows when ¢ =0 .

Hy = — we " [Aly (kr) + BY py (kr)] 8o mbevz .+

H, = — jwek [AY 1, (kr) + BY ' (kr)] 2n mbe72
E, = — jyk [AY 1 (kr) + BY'p, (kr)] 2, mbe (1)

r

Ep =~y [Alp (kr) + BY p (kr)] 52 mbe-?

cos

E, =k* [AJ,, (kr) + BY,, (kr)] 82 mfe—7=

For m > 0, the modes are either non-circularly symmetric or asymmetric
If we impose boundary conditions and use the equation

k? = wlue 4 92 (2)

to find the unknowns A/B, k;. k_ and y,, v,, it is found that there are¢ mort
number of equations than unknowns. In this case it is not correct (o assume
that only the TM mode exists. But if an auxiliary TE mode is superimposed
on the TM mode, the boundary conditions may be satisfied and we then
obtain a hybrid mode HE or EH. The field components for the TE mod

are (Chatterjee, 1953)
H, = — yk [A'Y , (kr) + B'Y'p, (kr)] 22 mbe=7*

co

Hy = — y 7 [A'Tp (kr) + B'Y p (kr)] 52 mibe™"

He = (k2 = 20) (AT (kr) + B'Y (k)] 3 mBe”™ )

re

E, =— jop! [Am (k) + B'Y py (kr)] 252 mbe™

Eg =jouk AV (kr) -+ B'Y 5 (kr)] o mbe™
E. =0
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If the two moc!e‘s are linearly combined to form a hybrid mode, then the
following conditions for the two media must be satisfied. |

vt =y, M vab =y,F
ki =kH kP = kH (4)

Thus the field components for the HE or the EH mode for the two media
are obtained as follows from (1), (3) and (4).  The polar axis for 8 s adjusted

so as to drop either the sine or the cosine term for any component (Schel-
kunoff, 1943).

First medium:

Eﬂe,h =— [{Atylk,l’m (kir) + A Wty T Jom (klr)}

¥ '{ BiyikiY'm (k) + By ? Ym (klf')}] cos mle=":2

E % == [{ — An ? Im (kyr) + JA yopk I, (klr)}

+ {—' Bin T Ym (kyr) + jBopkiY'm U‘ﬂ'*}]
sin mfe"2

E,, 0" = k? [AJp (k7)) + B Y (k7)) cos mbe %

2
K
|
I
i,
-
>
€
_l'h
5...
-t
=
==
=
e &
>
E‘f
~ 3
-
3
=
it
LA

H, et = ("312 — 2":2 [A’ljm (k) + B’y Y (klr)] ke aiie
| - r
Second Medium :

Y',.s are omitted as Y'ms—> — oo near the axial region of the guide

which is physically inadmissible.
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Eﬂe:h = — [Az'}’zkEJ 'm (k.r ) Arz“-‘P’z T Jm (kzr)] COS mfe-Tz

m " -
7 Im (kor) + jA switako ¥ (kgr)] SIN mbe-1z

E,.6" = [Asks® I m (ker)] cOs mbe—va2

Egze’h st ["' Aqyy

(6)
m
H,%h = — [Azw €2 Im (kof) + ApyokyY (ker)] sin m@g-nz

Heze’h == [jAzf‘-'fzsz'm (kor) + A'sys T Jos (kgr)] COs mfe12

; -
H 80 = (k22 E:";‘ ) [A’y ., (Kor)] sin mBe—7:2

The constants A's and B’s are all related by the boundary conditions at the
interface between the two dielectrics and at the interface between the di-

electric and the conducting wall of the guide. Their values are determined
by the power flow in the guide.

BOUNDARY CONDITIONS

The following boundary conditions must be satisfied assuming the
conducting wall of the guide and the enclosed dielectric to be perfect.

I. At the interface between the dielectric and the conducting wall,
of the guide (r =r,))

ZEy =0 2 Ey =0
D v 0 v 7
2. At the interface between the two dielectrics (r =1s3)
2 EZI =—"Z Ezg 2 Eal == Z' Eez
ZH, =ZH, SH, =ZHg, ®

© 2 By =6 2 Ey, py 2 Hyy =pp & Hpe

EVALUATION OF CONSTANTS

i | y ined
Applying the boundary conditions, the following expressions are obtall
from (5) and (6)

Adm (k) + B Yy (k) =0
A’ m (kyry) + B, Yy, (kyry) =0
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k2 [ATm (kire) + By Yo (K172} e7¥2 — 2 [A),, (korp)le 2 =0

; 2
(klz — 2_’1{_ [Afljm (k.rs) + B',Y ., (klrz)]e—v,z_ (kzz _ 2_’11__) =y

¥i®

[A'sdm (korp)] =0

51?1}\‘1 [AIJ 'm (kyrp) + B,)Y'm (kv"z)] e+ wp €, ;‘.’3 [ A’ I (kyr2)

2
+ B Ym bhiro) | % eriks] Aol (ko) | €2

€
TRLRSTE m . et
Bife

[A’EJm (sz'z)] e1E=0

2

wity €1 i [AIJTTL (kyrs) + BiY (kl-":-.)] e~z 4+ vk, [Ale’m (K1ry)

r.

[ *]

+ BY  (yrs) ] e~hE — wpge;: [AEJm (kors) ] -~y

— P-z’J’Ekz [Aizym (szg) ] e~1Z = ()
9)

From the equations (9), the following relations are obtained
A, = Aykg2e f(ky, koo 1y rg)
B, = Ajks%e"? g (ky, k., rys Tg) (10)
A’y = A k%" f Ky, ko, Iys Ts)

B.rl =Af;k42€')"az g(kv kE! 'y rg)
where

2m?
. e A n
k32='3§!k42 = 2”1_23 y:!'_'?l 2
K1 o B s T
Fe
J (k;ra)_¥@(£1r1) (12)
=3 Uy Yom Gheary) — m Uear) Yo (Ko7
J (kgr-;.;) Jm_d(rklfl) I —
& = Im (—krlrl).YmTEIr'z) — I (klri'-) Ym (klrl)
M2l 1, (kyre) gYm (kyr )] il wp‘EE:’Jm(kzr"’)
i . &4 Sy
AE . Wiy €y r 1 [f m 1 (klr?)]_- fz'yﬂkz er (kgrg)

ST il —
E ) t'513"'1*":1_"‘732 [T m (kyr2) + gY'm (3)
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P«ﬂ’lk ky® [fJ’ (klrz) + gY ' m (kyr)] — My k;J'm (kzre)

——
ey bt i+ ' |

w,;t.lfl ’TT ks? [f-]m (kyre) + Q'Ym (klrz)] — Wiy E, *—Jm(k Ts)

The value of A, can be found from the peak power flow given by

-'] f [Epy o Hg© B o Eﬂ_le,hH“e,h'] rdfdr +- ./E’ /M
r=r: =0 r=0 f#=o0

|E:; e,h Ha..,c,,h‘_ Eg-ze’h H, e,h*] rd0dr (14)

The equation (14) when evaluated with the help of the field components
(Equations 5 and 6) vields (Chatterjee, loc. cit.) the following result

Ay = - (15)

_[ P17

i [Zﬂ'mF] (154)
where F represents some function of the constants and the radial dimensions
of the two dielectric media.

where

FIELD COMPONENTS IN TERMS OF Power FLow

The field components of the hybrid mode in the two media are then
obtained from (5), (6) and (10) to (13) and (15) as follows:

E,eh = jP [kf?;kl {8Y'm (ki) = [V (i)} + Cm kprl’;f
(&Y m (kyr) — [T (kur)} | cos e
Ep®ht =P [ k 3271 S ASf o (kir) + gYom (kir)} + jemwpkiks®
{fV m (kyr) + 8Y'm (klr)}] sin mbe="
Ezv =P [k*ka® {1 (kyr) + gYm (kir)}] cos mbe™=

e [‘”ﬁkaa ? {fIm (kyr) + gYo (kiD)} + Cm yikiks®
(3w lir) + &Y' (ki) | sin mbe™
. | . 2m
Hpoh = — P | jkikswe {/m (k) + 8Y'm (i)} + emtiks’y

U Im (ki) + 8Ym (k 1?‘)}] cos mbe~"
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- - ' 2 2
H,, %" =y Pk, (kﬁ = :2—) [ (kyr) + gY m (kyP)]sin mbe:z

E .8t =—jP [?akzj ‘m (ko) + cpeop, ’:" Yom (kor) ]cos mbe="% (16)

r m : o F
Eptt =P| —y, 5 Y (kor) + jemopsk 3, (kor) ]sm: mle2

E,.&" =P [k,2),, (kor)] cos mfe=7a2

H'TEE’h = — P [w62 ’:_I Jm (kﬁr) + (‘m‘}fzkzjrm (kzr)] sin 1 fBe="7:2

Haze’h = — P [.f‘-ﬂfzkzrm (kar) + s ’:? Jin (kzr)] COS mbe="7:

- 2m* :
H;, o = Pe., (k.f r?; ) [Jm (kor)] sin mbe7:2
where ¢, represents a constant involving the electrical properties and radial
dimensions of the two media. c¢,, however, will vary with the order of the
Bessel functions. That is ¢, varies with the mode of excitation. ¢y, 1S
given by the reciprocal of the right-hand expressions in (13).

EFFECT OF ue ON POWER TRANSMISSION

In some electronic devices using waveguides, it is necessary to slow
down the wave and concentrate it in a certain region of the guide. This
can be done in a guide containing two, coaxial dielectrics by adjusting pe
or simply e in the case of non-magpetic media. Considering y, an:d ¥y tO
be the same and equal to y in the case of hybrid mode propagation, the
following relations between k, and k, are obtained.

k. =ky® — @® (py& — p2a) (17)
k2 =k, — w? (uyey — pa€1) (18)

The following conclusions regarding power transmission may be drawn
from (17) and (18).

L, If,u.lel > po€q, k,°—0 as k;z—)-w2 (1216, — p2€s).

This critical frequency in this case is given by

1 k, (19)
- T

/e 27 A/py € — Bat€e

| €5 K
If the frequency of excitation is increased beyond f¢* whep 'IEIIIT;};:EC:JDC!
becomes imaginary which means that there is no propagation 1n - r,"?}- f)
Medium and all the energy flow is concentrated in the first medium (ry 2 7 2 Te).




g S. K. CHATTERIJEE

2. 1f pass > pacs k1.2 _+.0 as Ay®—> w? (p € — py€;).  The Critical
quency in this case is given by

fc{E) -

fre-

- kl
2T A paey — € (20)

If the frequency of excitation > f!®, k, becomes imaginary and there is
no propagation in the first madium. Consequently, all the energy is con-
centrated in the second medium.

3. If the two media are non-magnetic it is evident that the energy ﬂg;
will mostly take place through the medium having higher dielectric constant,
The same result is also obtained in the case of pure mode transmission

(Chatterjee, loc. cit.).

PROPAGATION CHARACTERISTICS OF THE HYBRID MODE

From (9) and (10) the following expression is obtained:

Ym (K1) Jm (K1)

I (kyry) =Y (kyry) (22)

which yields

This is possible for some discrete values of k,r, where the curves of Jp’s
and Y,,’s with respect to their arguments intersect. Let &8,,, represent the
root of the equation (22) where m represents the order and n represents the
rank of the root of the Bessel function. So, the following relations hold good

2
ki = §Fﬂ;@ = w6 + ¥ (23)
1
52 |
iy = r_:%?} — w?(uy € — pg€y) (23 a)
gy .
Ymn =%mn + /Bmn = 0 MR — wi € (24)

_rl 5

In order that propagation may take place y, must be imaginary. The
equation (24) may be written as

S T T T Re
Ymn =/ ,\/wzf"’l'fl - _Sr'”gﬂ (24ﬂ)
which yields .
= 8%mn (24 b)
Bmn = ,\/“’2#151 = 'F?ﬂ B
82mn

For propagation to take place B,,, must be real and hence @i = 7"
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The limiting frequency below which a condition of cut-off exists is

The corresponding cut-ofl wavelength is

_ Omn
Je 2mr i/ ﬁ
2mr
A, =1
» dmn

where the free wave velocity ¢; = 1/4/p,¢

(24 ©)

(24 d)

The phase velocity, group velocity and the guide wavelength are given
respectively by the following expressions

(cpdmn = @]V @& — 8¥mpfry®

ff'g)mn = [\-"‘”21“1‘51 v ‘ngn/"*lz]/‘“!‘l €1

(Aghmn = 27/ @€ — 82mn/ry’
Substituting proper values of 8., (Jahnke, Emde, 1945) in (24 a) to (24 g),

the propagation characteristics for different modes (m == 0) are obtained. The
values for EH,,, EH.., EH,, and EH,, are given in the following two tables.

(24 ¢)
(24 )
(24 g)

TaBLE 1. Propagation characteristics of EHy and EH,, modes
EH;, EH,s
o/, T 91204 N ~ 581406
Y J Wiy T 2 J W g € i
Y 9-1204 ' 58-1406
p ,\/ wiin €, — e ,\/ wip € — - rE
3-02 7-62;@
% 2"’1 ‘\/’IE 27ry \/P'-lfl
2 r 277."1
A, = 7-625
2# 211'
A, | 58 - 1406
1204 -
vw%"lfl _9 rlzzo \/w H1€1 ,12
- — 1204 . '__ _53 S
,\/wgmﬁ e w’pi €
1406
T 91204 \/ '58
i ”lu'lil — ”‘"rl_g N
&y it €1
Wil € o

In the above table 8,, = 3-02 and Oz

= 7-625.
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TABLE [I

Propagation characteristics of EH,, and EH,, modes

EH,. | EH,,
| ] 3878129 : | e
Y J :\/wszl = }/\/Wzﬂxfl . 1832756
| [ ., 38-8129 | - 183756
B /\/ Wy e — re l\/ w6 — “*’.213—5—6
y | 6-23 4275
o 271, \/}'-151 2mry ;#1fi
A 2mry 2mry
5 | 6-23 4-275 1
N 27 _ 27
‘ __2 - 38:8129 . 182756
\/ ¥ 1€ 'rlﬂ . W, € r2
Re PRSP, .. - WP ..
c" ' . 38-8129 | : 182756
0 el B r2 ' fq €1 re?
. 38-8129 . 18-2756
wall o 0 ) Wy € 2
p F1 - ry
8 | e s | gy

In the above table 8,, = 6-23 and §,, = 4-275.

LOSSES IN THE GUIDE

In the case of a guide filled with two dielectrics, the losses suffered by
the wave is greater than that in the case of a hollow metallic waveguide du¢
to the additional losses introduced by the two dielectric media, if o0
for the dielectrics. This definite value of the conductivity introduces &
complex dielectric constant given by the following relation

I VEE = - mzp.f

. e
where € = ¢’ — je" znd 0 = we’ tan 8, where, the loss tangent tan ¢ Of:ht_,
dielectric is given by the ratio of the imaginary part €” and the real par
of the complex dielectric constant ¢ of the medium.

D T
The peak power density of loss is o | E.E* |. The peak power Py di
sipated over the volumes of the two dielectric media 1s
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Pg™ =o [ |E-E* | dv

'l 2’- ry

= we’l tan 31 [ / f f (EHE,h_ Eﬂe’h.“*‘Ezle’h.Emerﬁ*

g=0 #=0 rera

+Eq%h, Eale’h') rdrdfdz

’ . ] 2% 5 :
+we’, tan J, [fff(ETEP’h'Erﬂe’h"FE;ge’h.Ezf:h'
o 0 o

+Eg,0h. Egtsh) rdrdﬂdz] (25)
where / is the length of the guide. |

The equation (25) when evaluated with the help of (16) yields

Pgmn = wy€’, tan 8,F'; 4+ we’, tan 8,F’, (25 @)

where F's represents some function of 4, electrical constants and radial
dimensions of the two dielectric media. The peak power loss suffered in
the walls of the guide per unit length is

Pom=75 [ |Hi, |rndd =qr, [[]|Hu®" |*+ |Hyoh)%] 4o
Q0

surface of
the guide

(26)
where

Reyn = [(nfp)/o]t

From (26) and (16), the following expressior for P,,m" is obtained

i,

Pyy™ = nyr, P2 [{fklkszwfl (f V' m (ki) +8Ym (k‘r‘))

2
+ Cm ks :ﬂ (ﬂm (kyry) + 2Ym (it }
ry )
o ky® (k e gmﬁ) (ﬂm (kyry) + gYm (kl‘rl))}“]
{cm S r2/ \"
(26 a)
ATTENUATION CONSTANT

The attenuation constnat amyp 15 obtained from the following relation

pymn 4 Py, (27)

—— — T—

Cmn = — £ ¥
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where P, represents the average power transmitted through the dielectric
obtained from (14). i and Py,™" represent the average power loss per
unit length in the dielectric and the guide walls respectively. The fo

: _ _ Owing
conclusions regarding the attenuation constant may be drawn fro

m (27)
1. The attenuation constant increases directly with the Increasing loss
tangent of the dielectric.

2. The attenuation constant increases as the square of the dielectric
constants of the two media.

3. The attenuation constant increases with increasing frequency of
excitation of the guide,.

SPECIAL CASE

In the case of a hollow metallic waveguide, ¢ =€, = ¢, (air) and
m, =ps =po (air). The EH wave can be split up into two independent
waves E and H, either of which can exist separately. In the case of a hollow
guide, the terms containing Y,,’s are omitted from the general solution of
the wave equation. The propagation characteristics for the E and the H

waves, In this case, as deduced from (24 a) to (24 g) with the following
modifications are given in Table IiI.

TABLE III

Propagation characteristics of the E and the H wave in a hollow cylindrical
metallic guide

E,n | H,.

n -. x2 ’ i _i
},m j dwzpﬂeu ey _E;'_’! j dwEFﬂeo _,_( )

o 3
L. 2

5 | X2 X'
Bm ,\/wzcmuo —_— ,F:;' \/wgpofn = _Fi!!n
JLa Xon! 2701y A g€ X' 27ry A pofo
3 A’mﬂ . . Zer/xmn 27Trl/x'm“

oy vt . o~ T 2
X2 ) g
mn S om
)t,, 277‘/,\/w2poeo — T'ifl'_' - Zw,\/wgpoeo == r )
1 1

s
x iR
N

e ——

‘frm")a
off e = (5

—

mn = X - o Py a0
Co /\/‘”'Fﬂfo S r:‘f Wegftg i \/wzﬂufu e ('}'»; )/ g

..--'--

et — e —— L i
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1. Replace 8,y bY xmn Which is the root of the equation J, (kr) =0
o the case of the E wave. :

2. Replace 8mpn bY X'mn Which is the root of the equation J’ m (k) =
in the case of the H wave.

The results given in Table LIl agree with the results obtained by direct solu-
tion of the wave equation in the case of the E and the H wave in a hollow
cyhndncal metallic wave guide.
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(To be continued)



