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ABSTRACT 

The conflicting requireriaents of starting and running of induction 
motors efficiently are discussed. The effect of higher frequency voltages 
on the starting of induction motors designed for operation at normal 
commercial frequency is analysed theoretically and test results on a com- 
mercial motor are given. The problem is dealt with both for the case of 
a single higher frequency voltage wave and for voltages of different 
frequencies applied simultaneously. The equivalent cage resistance and 
reactance values for a double cage motor as adopted in standard design 
procedures are considered and a simple expression is developed whereby 
a double cage motor can be represented by an equivalent circuit of a 
single-cage motor with suitable expressions for the rotor resistance and 
reactance. Test results on a commercial I 1 H.P. double cage induction 
motor are given to indicate the similarity of results obtained theoretically 
and by experiment. 

Though the polyphase squirrel cage induction motors have become 
the most popular drive for outputs less than 10 H.P. their application to 
larger loads is seriously limited because of their inherent poor starting 
characteristics. The requirements of a good starting characteristic are based 
on criteria which are in conflict with that of a good running characteristic. 
A motor designed and constructed to develop a large starting torque runs 
at a lower power factor and at a lower efficiency. 
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While a large starting torque is usually required to enable the motor 
to rapidly accelerate at its normal load to full speed in a few seconds, a low 
starting current is required to prevent overload of the line, dip in the suppl y  
voltage and overheating of the motor, before it has picked up speed. 

The conflicting requirements in designing a squirrel cage motor with 
both good starting and running performances have led designers to design 
and construct motors with excellent running characteristics and to use special 
devices for starting.' . 2. 3  

The resistance, reactance and flux density of a motor are dependent on 
the frequency of the power supply. 

However, it is not always practicable to change the supply frequency 
and this drawback has discouraged research workers so far not only from 
designing variable frequency starters but also from studying the performance 
of the motors at frequencies other than that for which they were designed.' 

The characteristics of operation at starting and when running of com- 
mercial motors at frequencies other than the design frequency are investigated 
theoretically in this paper both for the case when a single frequency is applied 
as also when more than one frequency are applied simultaneously. A method 
of simplifying the equivalent circuit in the analysis of double-cage squirrel- 
cage motor is developed and experimental data on tests carried out on a 

H.P., 50 cycle motor are given. Based on the theoretical analysis and 
experimental data obtained the practicability of devising suitable variable 
frequency starters with a view to improve the starting characteristics is dis- 
cussed. 

A 

The e.m.f. equation for a motor is given by the relation 

ecc 4 4 44 f 

Thus an increase in the frequency of supply at constant voltage 

(1) reduces the mutual (or working) flux 

(2) increases the reactance or winding 

(3). increases the resistances due to skin effect. 

The reduction of the working flux reduces the core, surface and pulsa- 
tion losses. The extent of this effect is not exactly known and has to be 

investigated both theoretically and experimentally. 

The increase in reactance lowers the motor current as well as the torque. 
The increase in resistance decreases the current and increases the torque; 
when a motor is designed with deep bar rotors, it is possible to compensate 
the increase in torque due to increase in resistance against the decrease In 
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torque due to increase in reactance. 
designed with deep bar rotors, but 
has not yet been investigated" 

With this end in view motors have been 
their operation at different frequencies 

Using the approximate equivalent circuit, for an induction motor, the 
current is given by : 

(ri 4- rs2) 	(xi 	x2) 	
(1) 

Remembering that x cc f, the variation of the current and power factor 
with frequency, can be calculated. Figures 1 and 2 indicate these varia- 
tions for a slip = I -0, in terms of per unit values. 
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Flo. 2. Power Factor Frequency. 

The torque of a motor is given by 

r2 	 (2) 
T  .; - ( rlill -I i .s25 - 1--.  j . - - . ' - - -( x / -17  - " - - --, x2) 2  

r  
Curve in Fig. 3 shows the variation of the starting torque with 

frequency in per unit values, skin effect being neglected. All the curves 
have been drawn on a per unit basis to enable general conclusions to be 
drawn. 

From the curves it can be seen that a motor drawing a norma l locked  
current of 6-75 P.U. at power factor of 0-243 at normal frequency draws 
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a current of 2.31 P.U. at a 

the wattage dissipation at 

power factor of 04083 at triple frequency, so that 
1 

start with triple frequency is roughly 	of the 

dissipation at normal frequency. The starting torque is also seen to fail 
very rap idly with the increase in frequency. 

Thus on the basis of the discussion above and from a study of the curves 
In Figs. 1 to 3 one can draw the following conclusions: 

( 1 ) When the motor starts on no load and draws its supply from a small 
capacity line, the motor has to be started on a high frequoicy. 
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(2) When the motor starts on load and draws its supply from a large 
capacity line, it has to be started on a low frequency. 

(3) When the starting current as well as the starting torque has to be 
considered, the motor has to start on its normal frequency. 

The above discussions are based on the consideration of a single-fre- 
quency voltage applied to the motor. It is, however, known that in the 
commercial supply there are harmonics present in the voltage wave. There 
are also harmonics generated due to slots in machines. 6, 7. 8  

A distorted voltage wave can be analysed and seen to be the resultant 
of two or more sine waves of different frequencies superimposed over each 
other,. 10  The performance of a motor subjected simultaneously to voltages 
of different frequencies can therefore be studied by using a voltage with 
distorted wave form, whose components are known. in the following 
investigations it is assumed that there is no appreciable saturation of the 
core material. 

in the general expression for the rotor current, equation (1), slip for the 
/nth harmonic 

sm  = 
inNs-  N 

inNs  

in -I- 	— 1 
(3) In 

Let the supply voltage E consist of a voltage E 1  at the fundamental frequency, 
a third harmonic voltage of E3, a fifth' harmonic voltage of E5, etc. 

Let 
E3 E5 = E1  = 	E0  (say) 
y3 	Ys 	y7 	y1 

Then 
	 I 

E= (Ei 2 	E3 2 	E5 2  ± • • • 4 ) 1  

= 	t  2 + y2  2 + y32 4. • • • • yr 

Hencif! 

= En 	.Y2T 

	

- 	a. 5,-- 

E 	ER Es 

	

= 	 . . 4 . . • • • 4 

Y1 	Y3 	Y5 

E 
(E) 2)1  

(4) 

(5)  

As the percentage of the harmonic voltages in the wave form are varied, 
keeping the effective voltage E constant, the corresponding variations in the 

several currents are obtained as follows:— 
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1 1 = current due to E t = ErilZi 

13 == current due to E 3 =E3/Z3  
1 5 --= current due to E5 = E5R5 

where 
r2  Zm  = [r, 	sm.] + ill? (x1  + x2) 

assuming that the resistances remain unchanged. 
Then the total current flowing==  1, (1 1 2 + 1 32 + 	)i 

Substituting for I. 1 3, 1 5, etc. 

. E 	r y12 	ya2 	3,52 

IZY2P L Z1 2 4-  Z3-2  + Zt52  + • • • • 	
(6) 

If there is only one harmonic of considerable magnitude besides the 
fundamental, as is very often the case, the expression is considerably simplified. 

Expression (6) then simplifies to 

=-
- v/1 	ym2  [ZI12 	1};,711m2di 	 (7) 

Considering voltages of two waveforms, one containing Y m, P.U., and 
the other Yrn , P.U., respectively, of the nith harmonic, referred to the funda- 
mental, the slip referred to the fundamental at which the motor will draw 
the same current from both the voltages is 

+= 	

nt22 

	

\7lymi2 zi2 	zm2 	+ jtm,22 zi2 	zn; 	(8)2 .1 

Whence 

Z
1
12 
(1 
Alt 	yrirs2) = zn12 (Y7n1 2 	Y1711 2) 	 (9) 

	

Zm 	 (10) 

The slip at which the currents are equal is, therefore, given by the relation 

(r1+ 
r 2 )2  + M2  (A4  +  (X1 + x22) = (ri 	r 	 1 x 2 	(11)  sm  

Which is independent of 
•Hence, all curves relE 

pass through a common 
proportions of harmonic 
Speed. 

Yin , the harmonic content of the voltage wave. 

ail% I with s, for different harmonic contents, will 
point indicating that the net current for different 
voltage content will be the same at a particular 
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Neglecting 

From (Ii) 

\ 2 

(ri + „ m  
as < < m 2x 2  

s, 
	r2 	

(12) 

The value of s, is found to be 0.05 in the case or the 11 H.P. motor discussed 
later. 

It may therefore be concluded that the harmonic voltage, if artificially 
applied during starting, can be cut off when the motor has attained a speed 
of (1 — s i ) Ns  without affecting the current of the motor. The presence of 
impurities in the commercial supply tends to reduce the current drawn by 
the motor white starting only. 

A similar relation can be derived for the torque at standstill. 

T1 	_fL1-2Z42   PU 
3.1  [(ri 	r2)2 	-x2] 

• . 
 

Em2r. 
Tm 	 P.U. 

sm  [(r i 	+01,0 2] 

(13) 

(14) 

If the mth harmonic is switched off at a slip of s m  so as not to result 
in any jump in torque 

Tm  
If 

--= Em, 
r2 	 r2 	 (15) - 

Si  [(r, + 1.2)2  + x2 ] 	sm. Rr1  + r0 2 + in 2.1-2] 
s, 	 sm 

i.e., 
., 	 1 

r1 2- 4/  L. sno + x2 Cs. ]  __, m2sm) + r22 (_ . i ) =.... 0 	(16) 
si 	sm 

Neglecting ( 4r, 	and re-arranging sm  

5.1 2  [P1 2  + 	m) x2 ] -I- xi  [2rir2 m (in 	1) X2] r22 = 	(17) 

Neglecting r1 2  and r1  r2  as < < (I 	m) ,C2  and in (nt — 1) x2 
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MX in I 	2r22  

	

2 	2 	m  
But 

2r 22  
M 	 x2 is very small. 

r22  
2(n 	1)x2 ° 	 (19) 

For the II H.P. motor considered the value of s, works out to be 0.0045. 

STARTING OF INDUCTION MOTORS 

in considering the problem of starting of an induction motor, one has 
first to determine how a motor of standard design will behave at different 
frequencies and secondly to find out how the design can be altered to take 
advantage of variable frequency starting. 

From standard design procedures actually followed by motor manu- 
facturers, one can deduce that for a double-cage induction motor, the equiva- 
lent cage reactance 

x3   x2 	(x4 —x5) 2  +x4  (x3 — 	 -x5)2  2x5  (x3 —x5) r3 2x4  r42x3  2r3r,x5 (20) 
(x3  + x4  — 2x5) 2 	+ r4) 2  

and the equivalent cage resistance 

r3  (x4  — x5)2  + r4  (x3  — x5)2  + r3r4  (r3  r4) 
r2  = - - —7- 	-- 	

(21) 

where 

r3 = Top cage resistance 

r4  =-- Bottom cage resistance 

x3  Top cage reactance 

x4  =-- Bottom cage reactance 

X5 =7- mutual reactance. 

Hence using the usual equivalent circuit of Fig. 4, one obtains an expres- 

ston for, the stator current 

I s  -------  	
(22) 

(r2  --1-J.X2  PC rf 	+ix/ r •  
r2  j(x21-1-- x7n) 
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RXm 

FIG. 4. 

By use of the Equation 
described in the appendix, 
Fig. 7. 

(22) the locked current for the 11 H.P. motor, 
was calculated and the results are plotted in 

DOUBLE CAGE INDUCTION MOTORS 

Double cage induction motors present a curious problem in that the 
way, in which the two cages share the currents and combine the torques, 
is very uncertain and depends on a large number of factors such as con- 
ductor sizes, their location, leakage of flux at the ends, saturation of core, 
laminar thickness, speed, voltage impressed, etc.ni 12  

However, a simple expression has been derived below to obtain an 
equivalent single cage rotor. While the values obtained by the use of this 
expression cannot be very accurate during normal running, they have been 
found to be surprisingly close enough at starting and under locked condition 
when the slip is nearly unity. 

If the phase angle between the currents drawn by top cage and bottom 
cage be a, Fig. 5, 

I t 2 	Ib 2 	2ItIb cos a = I e 2 	 (23) 

At starting all the losses are in the top cage. 

i t 2Rt 	le 2R e  

S 
and 	 (24) 

It zXt = le 2Xe  

The voltage drop along the vector of the bottom cage voltage is 

	

ItRt cos a — IX t sin a = I b Rb 	itXm, sin a 	 (25) 

But ibR b  is very small. 

Hence 
(26) 

ItRt cos a — ItXt  sin a= — ItX m, sin a 



Starting of Induction Motors 	 137 

AH = IbbRb 
HG = IbXb 
FE = Ian 
A) = leRe 
AK = Iti9t 
KF = lat 
GE = leAlr) 
if =x. 

a. 

Fio. 5. 

Roiefiminz at right angles to Ib 

ibXb ItXm, COS a = IbXm, IX t COs a + ItRt sin a 

Frant C26) 
I tRt cos 0, 

sin a t (Xt 	Xin) 

Erwin •(247.) 
Ib ()Cb Xm) — It 	Xm) Cosa 

Sin a 	=-- 	_ 	
It% 

EquIgn.• mg (28) and (29) 

142R4 cos a =-Atib (xt x m)(xb xr) It (Xt X0 2  Cos a 

dr 	
COs a lb (Xt xm) (xb Xim) 

=1--  
lt 	Rt 2  (Xt xin)2  

Sikw..ituting for cos a from Equation (30) in Equation 29. 

Ib (Xt —_Xm) (xb xin) 
lb (xb 	Xnt) 	It (Xt 	Xm)  • It 	tit.? (Xt  Xm) 2)  

	

*Me =   	

(27) 

(28) 

(29) 

(30) 
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which reduces to 

.1bRt  (xb 	xtni) sin a = - 
It [Re (Xt Xn) 21 

From (30) and (31) 

pb (Xt• X7n)(X b :Tin)] 2  ± 1 ib 	Rt 	xni) 1 2  
L I t 	Re (xt — 	 L It Rt 2  

1 b 2 	b 	X771) 2  
6  • 

t? • 
{Rt  2 -4_ (xt 	xm) 2 }

2 • [Rt 2 	(xtxinY2J I 

(31) 

(32) 

or 
002 Rt2 (xt _7 xn )2 

rt 	 • - 
(32) 

Substituting in (23) 
T 

	
1 b (Xt 	Xnt) (-X-b 	 f b 2  1 e 2  = 	21t b It 	• kt2--Rxt XmY 

Neglecting 1b 2, since lb is very small at start, and using equation (32) 

11_ 2 t  2 , Rt_2  +. ç;37102 • (Xt XM.  OCb  XaM) 4. 2 =_- I t  2 
(Xb Xin) 	Rt 2  (Xt 

1 e 2  It2  [I ± 	xt  xml 
xb — 

In virtue of (24) 

(33) 

Re = Rt rXib XmX )1)' +4...12X1n(Xt 	t'arn;") 
(34) 

Xb xm, Xe  === Xf - 
(Xb Xin) + (5cTL:  rn) 

(35)  

Equations (34) and (35) give the values of equivalent resistance and 
equivalent reactance, for a double cage rotor which can be used as a single 
cage rotor. 

Hence it is evident that a double cage winding can be replaced during 
starting by a single cage winding such that the impedance of the single cage 
is the impedance of the top cage shunted with an impedance squat 

Xb 	m  X to A 	, times the impedance of the top cage. z vct 	ocim) 

The equivalent circuit is shown in Fig. 6 a. 
I. 
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FIG. 6h. 

The above rigorous circuit with the 
cages has been replaced by a single cage in 
deduced above. 

mutual reactance x m  between 
Fig. 6 h in terms of the results 

EXPERIMENTAL RESULTS 

A 11 H.P., 3 phase, double cage, 4-pole, 420 V, 50 cycles induction 
motor with data as given in the appendix was tested in the laboratory from 
a frequency of 8.33 cycles to 100-00 cycles in steps of 8-33 cycles. 

The readings obtained at 25, 50, 75 and 100 cycles are shown by the 

curves In Figs. 9-12. The same data are given in a different form 

in Figs. 13-45. 

It will be noticed that the reactance of the winding and power factor 
are not constant. Hence the usual method of drawing the circle diagram 
by conducting short circuit test at lower voltages and linearly increasing the 
current at constant power factor for normal voltage is a very erroneous 
procedure, tending to destroy what little merit the circle diagram has. 

The results of open circuit test conducted are drawn in Fig. 8. 

The rise of current 
at lower voltages extends to as high as 400 volts 

at 100 cycles. At low 
voltages, the core loss is small. But the friction 
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FIG. 7. Current in Locked Motor-Frequency. 

and windage losses are almost constant. Hence the motor begins to draw 
an increased current to react with the decreased flux to produce the almost 
constant loss. 

The increase in short circuit impedance so strikingly brought out at 
- 	lower currents in Fig. 13 is because of the increased leakage reactance, due 

to the desaturation of the teeth. The parasitic losses are increased and 
hence the resistance must rise with decrease of current, which we do not 
observe. Further readings at very low current densities with low scale instru- 
ments is required before this contradiction is established. 
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APPENDIX I 

LIST OF SYMBOLS USED 

B = flux density : suffix g- gap, in 	r- remnant, s— 
saturated. 

E = voltage per phases 

q= number of phascs. 

1= frequency 

H =-- magnetising force : suffix e- coercive, In—maximum. 

= current/phase: suffix in—magnetising, r—rotor, s—stator. 

= — 1. 

k = constant 

in = number of phases. 

N = speed : suffix s-----synchronous speed 

P = number of poles. 

r, R =--- resistance/phase 

s •= slip : suffix indicates for which harmonic. 

torque. 

x, X = reactance/phase. 

= impedance/phase. 

IL= slope : suffix 0—initial, 1—final. 

flux 

W1 = turns x slots. 

Note.----(1) For r, x, Z suffix (s, 1) stator, (e, 2)—
equivalent rotor, 

1---top cage, b—bottom cage, in —mutual. 

(2) For 1, E, T, s suffix indicates the harmonic. 
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APPENDIX II 

The design data of a 3-phase, double cage, 
420 V, 50 cycles induction motor is given below 
frequencies other than 50 cycles is investigated. 

Stator : CK5--204. 

Mesh winding series delta. 

33 turns of 2/ • 056 DCC. 

Pitch 1-10. 

11 horse-power, 4-pole, 
and its performance at 

Rotor : Top cage: IT' long, 6 g. cu rods and 5" 	31" 3-2  is, 64- x 21ihs cu 

rings with outer diameter of 6.95' 

5" 	5" 
Bottom cage: 32  x 16  x 15M cu rings with outer diameter 

of 5.14*. 

Air gap: 0.02". 

Flux Area Primary tooth 

Primary core 

=- 13.40 sq. inch. 

-------. 	9.78 sq. inch. 

Secondary tooth = 48.02 sq. inch. 

Secondary core =-- 17-70 sq. inch. 

Air gap 	=3520 sq. inch. 

Length of Flux Path: Primary tooth length =1.375' 

Secondary tooth length 	1.113' 

Primary core length 	3.830' 

Secondary core length = 1.410" 

Effective gap length 	=0-02504" 

Distribution Factor DF for 3 phase, 60 degrees phase belt for two 
coils per group 	0-967. 

Chording Factor : CF = sin 
 th 	. 7r/2 =---. sin 9  . D12 =-- 0.924 
slots /pole   12 

PrGary Unchorded Slot Leakage Factor = 1C,=----- 1.782 

Secondary Unchorded Slot Leakage Factor = 
K2 

Primary Chording Leakage Factor 	
= Ks, =-- 0.856 
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Secondary Chording Leakage Factor 	= KS2 

Air Gap Flux 	= [(E I mxi) q 10142.22 f (DF) (CF) WI } 

	

El 	420 x 965 x 3 x 108 	50 
= 410 2 x 50 x -967 x -924 x (33 x 48) I 

7-75x 10
5 
 • 

Es 

where E  E 	1 
420 andfi =f/50. 

Total Ampere Turns : Since E is considerably 
is considerably greater 
higher frequency will be 
flux densities, the (AT) 
be negligible. 

smaller than one and f 
than one, the flux for 
far less and for the low 
for the iron path will 

erli 	IT 775xIO5  E Maximum Gap Density Bg = -A—g x — —3372—  f 
x

, 

= 	- 34600 lines/sq. in. 

2.22 (A1) P Magnetising current = im= w •  (OP) (CF) 

f-=-- 1-707 E' amp./phase. 

Primary Slot Leakage Reactance 

Primary End Leakage Reactance 

Zig Zag Leakage Reactance 

Primary Resistance per Phase 

Top Cage Slot Constant 

Bottom Cage Slot Constant 

Mutual Slot Constant 

Top Cage Reactance per Phase 

— xs, :---- 1-60 ji Q 

—xii =1-17fi  Q 

— xzi  = 2-62 ji S-2 

ri.  — 1-36 12 

1-803 

=-- K 4 = 16-479 

= K5 11--- 1-250 

= x3  2-85 f, Q 

Bottom Cage Reactance per Phase = 	13 • 11./i 

Mutual Reactance 	 =x5 = 2-14/1  is2 
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Turn Ratio =---: 24-8 

Top Cage Resistance per Phase r3 = 4-66 Q 

Bottom Cage Resistance per Phase =-- r 4 = 2.31 .Q. 
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