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ABSTRACT 

The electromagnetic boundury value problem of the dielectric sphere excited 
by delta-function electric and magnetic sources applied normally across an arbitrary 
plane, has been solved. The possibility of symmetric as well as uns)'mmetric TE, 
TM and hvbrid modes have been investigated. 

I. INTRODUCTION 

There has been some work done on dielectric resonators of different 
shapes, including spheres, during previous years". 	These resonators 
made of materials of high dielectric constant and low loss factor lend them- 
selves to a number of different applications. In 1941, Startton and Chu7  
considered the problem of forced oscillations of a conducting sphere which 
is excited in an infinite number of TM modes by a delta-function electric 
source field normally across the equatorial plane. But, as far as the author 
is aware of, there has been very little work done on the forced oscillations of 
a dielectric sphere. 

In this paper, the electromagnetic boundary value problem of the 
dielectric sphere excited by delta function electric and magnetic sources applied 
normally across an arbitrary plane has been solved. The possibility of 
exciting both symmetric and unsymmetric TE, TM and hybrid modes have 

been investigated. 

2. STATEMENT OF THE PROBLEM 

The geometry of the structure is given in Fig. 1. Spherical 
eoordinates (r, 0, (k) are used, A dielectric sphere of radius 'a' and constants 

c l , tu l , a t , 
is embedded in another dielectric medium of contants c o , m o , c o . 

The dielectric sphere is excited by delta-function electric and magnetic field 
sources in a direction normal to the plane z z a cos Or  
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re  

FIG. 1 
Geometry of the structure 

The object of this paper is to solve the electromagnetic boundary-value 
problem and discuss the possibility of the existence of hybrid, TE and TM 
modes. 

3. HYBRID MODES 

Let the excitation of the dielectric sphere be a combination of an electric 
field E'riwe and a magnetic field H' et" applied uniformly over the plane 
z=zi -r-a cos 0, and in a direction normal to this plane. 

Let 
E' --- 4 cos mo ili 

H' = He  sin mo 121 

Both E' and H' have components Er' E; and 11,.' 11;, in the r and 9 directions 
respectively. These components of the applied electric and magnetic fields 
can be expanded in series of spherical harmonics as follows : 

k 	or--0 

sin 0E;, k (r, 0, 0) = 	
1 

k1 n=0 

D„,„ (r) cos (mii) P.'" (cos 0)e -)we 	
[3] 

tun0 

YA(r)cos (mo) P." (cos 0) eiws 	 [4] 
Nt=o 
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a 	 °I  
7 (r, 0, 0) 	

n (ti + 1) 	
D„,' „(r) sin (m0) P,,'" (cos 0) e -1" 1  

nt-ci n-0 

sin 

 [5 1 

I 	,e 	, 

	

0H (r, 0, 0) — 7— zo 	C (r) sin (mo) p,r (cos 0) e 1  pom i  nr0 m-0 
[61 

where 
2.n 

Dona  0.) 	k 1 (211 + 1) (n m)! 
n (n l) 2n (n i-m)! 

-0 0=0 

E', P.'" (cos 0) cos (rno) sin 0 dodo 

[ 71 

2n lT  

( Di 	r)— 	 
— 	m i  (2n + 1)(n --_m)! 

„, „  
n (n + l) 2n.  (n + m)! 

8 "O 

P: (cos 0) sin (mo)x 

sin 0 de do (81 
2-rs dri 

T " 2"t +1) (n  m)! 
C„,„ (r)— 

24n (n 
4 =0 0 = 0 

E; Pani  (cos 0) sin 0 cos (tni6) x 

2 71 en 

Cc in  (0— —jwitti  (2n+ 1) (n—m)! 
2-n (n m ! 

#=0 0 ,-0 

sin 0 d0 d# 

sin 0 H' 8  P„'"(cos 0)x 

sin (m0) dO dçb 

[91 

[10] 

Let E0  and Ho  be 3—function sources at the plane zits r a cos 0 1  for all 
r and for all 0, i.e., 

6,0v 	 AO 
	 - for 0 1  — 	<0 <01 + 
a6,0sin0" 	2 	2 

Hor-a—A-0- s in 01 	 7 , 

I. 

E.-01 for 0 <0 1  —( A0/2) and for 
Ho r---01  

and 

E,' sc E l  cos Og, 	E;--t-- — E' sin 0 1  

H,=11 1  cos 0 1 , Hher —Hi sin& 

a. 
[1 21 
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27 It 

–ki  (2n + 1) (n  m) 
D„,„ (r)= D„,.(a) – 	 P: (cos 0) cos (ino) sin 0 dO n(n +1) 2.7c (n+m)! 

a0 6=0 

k (2n +1) (n m) 	27r 
COS O p  Pam  (cos 0 1 ) sin 01  

n(n + 1) 2ir (m + n)! a sin 0 t  

V k (2n + 1) (n m) 
PT ( 

a n(n+ 1) (n +m) 	
cos 0 1 	cos 0 1 ) 

 [13] 

2-rf 
as  —PO A t  (2n + I) (n m)! 

P:t (cos 0) cos (m0) sin Od d it, 
n(n + 1) 2 Tr (n m)! 

4=0 0=0 

	

j w At (2n 4- 1) (n –rn) 
	—

27"/ cos 0 
P7 (cos 0 1 ) sin O a  

	

n(n st 1) 247r (n +m) ! 	a sin Ot  

U 
	 cos 0 1  P: (cos 0 1 ) 

a 	n(n + 1) (n+ m) 
[14] 

Can  (r) = 	(a) 
..; 

k 1 (2n + 1) (n rn) 

2.7c(n +rn) 
4=0 

sin 0 E; P: (cos 0) cos (m0) sin Od Od d# 

267c V sin 3  0 /  PT (cos  so lc, (2n 4 1) (n—n:) 
elflar 	 •a■s. 

a sin 0 1 	2w (n + m) 
• 

V 	2 	 (2n + 1) (n–m) 	 [15) 6=-- sin 8, Pin" (cos 0 t ) k 
a 	 (n + in) ! 

, 
(r) C„,„ (a) 

21T IT 

--j to At i  (2n +1j (n—M) !fis  
sin 0 u; P: (cos 0) cos (nse) sine dO dcf) 

Lin (n +m) 
4=0 0=0 

27c (I sin3  0 1  D 
 k

t 
COS vii

j CO itt 1 2n + 1) (n m) 
 

a sin O t 	n 	 2tr (n + m) 

co A l  (2n +1)  (n– m)! 
un --a- sin2  0 1  P: (cos 0 1 )/ 	 1'16) 

(n + m) 
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The field components inside the dielectric sphere are [8] 

co  
E 	2: 	n(n I) A,„,, cos (mck) P.m (cos 0) -11(k-

1r)
--= r + -sr 	[17] 

n=0 m=0 	 k r 

Da  A 	 I 	b  
E 	 —{i nni  ISM 141 n oon  cos (tn#)-- 

k r 
n.1  

n-0 	
r j„ ‘ rt 1  1 • 	ehn 	E; 

	

no 	dt 

I " • 
-- 	 A M COS (m0) P,, (cos 0) j„(k i r) 	 [18] 

sin On-' O en 11 

le  I E 1 -re: 	)1 	P.m (cos 0) in s:It (mip) 	[1; 1  r11  (A rif einn
sin 0- nior) mail) 	 A r 

ad f 
+ 	2: if 	.; Pani(cos 0) I sin (m#)  j„(k r)e -11" 	 [19j 

	

n=0 mr0 	mit  do k 

11 ri  - 	E A',,, sin (m11) 
 n(n F I 

	(cos 0).--j„ (k i  r) e—iwt 4- lir' 	[20] 

	

n=0 1,1=0 	 Poi"' 

	

1 	° 

	

k 
_ 	A 	(cos 0) m san (mo.t, U 1  r)e - P" 

° Jot)/.L 1  sin 6 n=0 en=0 

• aii 	ais 	 1 	d , 	 I 
— 2 2 ?Cm, sem (mO) 

	

n=0 en-0 	 Po i42 1  de 
-- 	1 P„'",ccs 0 )  }__ [k i r ta i r)1 1  e" j" 

1. 
PI] 

k " 	 ,„ 	) 
Hqi-s- — 1 	2: A 	

d 
 ,P„ (cos O) } cos (m# j„(k i r)e - ba 

hum s  Nso 	de 

1 	di 	a 
/1',,,,, rn cos (in ip) pm (cos 0) -- 	k i r.in  (k 1 F) 

	

S ain On'OM-A0 	 ft° .12 % 

The field components outside the dielectric sphere are : 

a 	a 	 h (1)  (k r) 
— 2: 2: rs(n 4-1) 13„,„ cos (m0) P„'" (cos 0) n 	°  

n=0 arsto 	 kor 
[23]  

t  
={P m  (coS 0)} Bon, COS (nup% 	ki• (kor-)l'eeis s  

n -0 en =0 de n 	 or 

I 	° 
— 	20' 	8:,„ cos (m0) in P' (cos 6) ir,i1)  (k0  r) es's' 

SM OntO m - 0 [24]  
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1 

	

E'= 	
- c; E 	P,'," (cos 0) m sin (m0) ±-[ko r h () )  (ko  Ore -  itut 

r sin 0 n=0 ng=0 	 4.0 r 

. . 	 d 
± E Ei Bt.„ sin (m0)-1P„m(cos 0)} h„ (1) (ko  r)esiwg 

n=om •O 	 do 	 [25] 

ID 	444 	 n(n is 1) 	 1 Hy * .. --I' E 13' mn sin(mO) ---- Pln(cos 0) ---h,P ) (k 0  r)e -  Jws 
sr:Ong-TO 	 j W  MO 	 r 	 [26] i 

Hit u=-
10 — M M B,,,,, P;(cos 0) m sin (m0) h. (1) (k0  tlee -  Pin 

boa°  sin 0 ntrOmr0 

40 	 d 
— 	

1 
I If sin(mO) 	

e
{P 	

1 
,r(cos 8) 	fro  r 11.41) (kor)I'r frt 

n=0 m=0 	 3(0 /to  d 
[27] 

k" 

	

= 	MO n,
d 

(PT (cos 0)} cos (mik) 14? )  (k e  r) eejia 
ho AO ni=0 m=0 n  de 

"  E 	ft,: a m cos (m0) Pa. (cos 0) 
1 	1 

—[ko r h,(4 1)  (ko  rif 	' 
sin 0 ato  m=0 	 he' mo r 

[28] 
where 

wil[m i  (c i  ja i lea)] 

k0r-7  "V[ma (co +Prol °I)) 

w r. angular frequency 

A„, 	 B,,„ are amplitude constants. 

Applying the boundary conditions that 

E;.= E;;, 	E,1, 7-- Egi, , 	Hj= 11; , H1 --.: Eli 

E l  El 2= co  E: , 	tu t  II') --v.- m o  Hre  

at rico, and making use of equitions [3], [4], [5], [6] and the following 
relation [29] : 

d 	(cos 0) = 1 — m +1) n P: 14. 1  (cos 0) —(n + tn) (n +1) P,7. 1  (cos 0} 
d 0 	sin 0 

[29] 
(2n —1) 
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and remembering that P: (cos 0)=0 for n =-- m, the following six equations 
[30] to [35] are obtained for each value of m. 

a 	1 . E _.- .1(n - not + 1) n P„n+  a  - (n + m) (n +1) IT_ i l 

	

(2n 
- 11--''—'A 	--I  Ek 1  a Mk, a)1 

n .t m sin 0 	 + 1) ki  a 

- l c 
 nIn— 	

a (a) )-11P  - --1 	A mn ' Pm  n n 
in 	m i (k l a)  —k i  n-rny sin 0 sin enem 	 . 

a 1  
 i  	x 

nr-tnisin 0 	 j (2n+ I) 

I 	1 	a  
X Ban  — 1  [k 0  a 141) (k 01 - =— I B,,, n  PT h;,I )  (k0  a) 

ko  a 	 sin 0 n=m 

	

a 	 1 m 

	

I 	A.. Pm-- [lc 1  a j „ (k I  a)]' 
sivem simg 	n  lc, a 

a ) 	I + Z A „,' „ —1 0 {(n - m + 1) n P."÷i  - (n +m) (n + 1) P:1. 1 1.
O  Amon 	sin 	 n+1 

a 
= 2  Bmn 

mPirm 1 
 —7—   
sin 

, 

	

nzrm 	 V k 
0 

a 	 1 
+1 111  ,,,,, 	

1  {(n - m + On P :41. 1  --(n+ in) (n +1) P„'", 	14: ) (kaa) 
sin 0 	 1 2n+ I 	" 

[311 

k ° 	P m ...L 	m A I . Z 	nn`n  iA(k l a) 
M i riam 	sine 

1 
- I  ± A' ,,n 	i  AI 	_,„...... 

sin 0
1 

	x 

Pnin  1  if 	1 1 i■ 11 	1  ; r X --- [rs 1  a j„, fi I an' -  
a 	A 	 Mint- 0 	sin 0 

r  ko is  

1120 n = on 

1 a, 
— -- 1 

IA  0 IP"' 

par B,,,,, — It (k 0a) 
sin() " 

: , 
1. I 	1 

(in-m+l)nP,7+1 1 -(n+ m)(n + 1) Pati 4 1  
sine 	 (2ii 4:1) a 

x 

x Ikea h.(1) (k0a)) 1  (321 
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k °  -1-; A mn  -- 
1 
— {(n - m 4- 1)nP,741. 1 . (n + m)(n+1)P.T i l .. 1....4,(k i a) 

ELI 1  nn, 	sine 	 2n +1 

I s 	1 	 i• Pin  - _ 2 X „,„ m -- [k i a jn  (kiah — 

	

m t ":,' 	a 	 sine 

k Bin. —1
{(n m + 1)n P nn+' (n + m)(n + 1)P,:" 1 } x 

	

M 0 Fres 	sine 

1 1 	a 
x 	 m 	 P „m h aw(k oa) - --- X, B' ni. ..[koo h„(1) (koa)]

, 
 -7— 	[33] 

	

(2n+1) 	 M on uz m 	a 	 sin0 

2:  e A. P"(cos 0) in  (kt a) 4. C' I  D„,„ (a) P,,'" (cos 0) I' 	 
k k I  a 	 n r m l n .r. en 

e  
== 	

Pan  (COS 0) h,t 1)  (ko a) €0 	 [34]  Y B„,„ 	 
k 	 € 1  

	

Arm 	 o  a  

- 	1 	 a 	1 
X ie.,„ -- P: i cos 0) j„ (I: I  a) + r., --- D„,' . (a) P;',` (cos 0) 

a=nt 	iti  l 	 aam EU  1 

	

e 	
i 	„, cos it

) 
 I it 

r•--  ■ :‘ B',,,„ 	r -- -,-,- k 	u bwi (k0 a) Lato 	 (35) 

	

in = n 	M0 	 141 

[For brevity, PT (cos 0) is put 

Equating the coefficients of [PT (cos 0)/sin 0] on either side of equations 
[30] to [33] and those of 11 (cos 0) on either side of cquations [34] and (35] 
the following six equations [36] to [41] are obtained 

	

(n-m) (ts - 	 1 

	

—
1) 
	[k i  a j„_, (k Of 

(2n-1) 	k I  a 

(n+2)(n+m+1) [1( a j„.„(k i  a)]' 
(2n 3) 	 k a 

4 I C
mn 

 (a) + A m j,,(k i  a) 
k  

a (n rn) (n -1) B
Ita 	

[ 0  ah(r,'1 1 (ko  a)1' 
(2n— 0 	* " ko  a 

(n+2)(n+m+1) 	 r 	Li 	f 	11  
---- Int 	-- L A 0  a 	vs. 0  a i l 

(2n +3) 	 ko  

+ B,'„„ rn 14" (Ic e  a) 	 [36] 
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1 
rn A „, ___Ek a j (k a)1 1  + 	0-0  0-no . 

k a 	1  s 	 -1 	(2n - 1) 	is -1 "PR°  

4 , 	(n 2) (n+m-F) I 	. 
nm,n+1    .1.+1(eta) 

(2n-3) 

1 I 	 (n- I) (nem) 
= Ann  m 	Ekoah$3 1)  (koa) + 	n _  	-  

koa 	 (2n 1) 

(1+2) (n + +  1) (1)  
- Bm% .3„  	 hn+1  (koa) 

(2n + 3) (37) 

1 A n% _ 1 in 4_ m  
-L m A nnie& (ka) 	 ) (n -1) k a in _ (k l a) 

1 °  Ai 	 au (2n -1 

I se n-1-1 	 I 
	(n + m +1) 	[k 	(k la)]

P  
eA I  (2n + 3) 	 a 

Bn% 
B „Al )  (koa) 	

I 	 (n - m) (n - I) 1  [lc a 14,1_)  (k a)] a  o 	o 
gue 	 itto  (2n - 1) 

1 	B' 	 1 
_Ln2. 7111.(n  

1  au o  (2n +3) 	 a 	' 	1  
k i 

 (38) 

__ (n--m)(n-1) 	 kl 	(n+m+1)(n+2) 
4.7 nit 	 Jae! kn., 	am, n+1 

out 	 (2 n 1) 	 (2 n + 3) 
inn  (k 1  a) 

1 	, 	1 -4-- kin  m 	[k t  a jy, (k t  an' 
tu t 	a 

ko n 	(n m) (n -1) 
h" )  (k a) — 	--- n-1 0 • 

PO 	 (2n 1) 

ko 	(n+m+1)(n+2) 1(
1 

) 
ri m  n+1  	 n+1 

Mo 	 (2n + 3) 
1 	1 

(k 0  a) - 	B:.‘n  m 	a kip (k a)r 
tuo 	a 

(39j 
Am. kV('  a) + D.(a) = c o  B,„„ 	(ko  a) 	 [40] 

le t 	k i 	e l 	ko  

	

Amt  a  in  (ki  a) 4.  I gm  (a)  = itt 0 Am% mop  (ke 	 [41) 
14.1 	 m 	mo 
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For the lowest value of n, i.e , for n=-- m, equations (36) to [41) become 

+ 2) (2m + 1) A 	1 [k i  ajn, ÷1 	Or (2m +3) 	ma  c t  a 

+ 	(a) + Cr, m (k t  a) 
k t  

1 —  (m + 2) ( n+1) 
Bm. +1  — fko  a 11W+1  (ko  a)Y 

(2m +3) 	 ko  a 

+ Bzm  in h2 )  (ko  a) 	 j42] 

1, 	(m +2) (2m + 1) . 
In Am.— Ekt  aj,,,(kt  a)r — 	 Jon (ki a) kt  a 	 (2m +3) 

1 
ktm 13. 	[ a 14! )  (ko a)]' 

m  ko  a 

	

en4-i 
(rn + 2) (2m 4.1) 

/a( ' 	(k a) intit . 	 [43) 
(2m 1 .  3) 

m A 	(k i  a) + 
m 

1 
kb.  MM ‘al  

m 

' A 
m.  m+ 1  (2m + 1) (nt 	

1
aja+1  (kg  QV 

(2m -I- 3 	 a 

' 
m B hg) (ko  a) 	

B
"ism' (2m +1)(m + 2) 	[ko  a h2 )÷1  (ko  Or [44) mm  a 

k A (2m +1) On  +2) . 	IL 	 I 	 m rL 	IL xi  
••••-•-•-- elms in +I  	 Jrn 4 1 trt i  ay -- 	mm 	EK1 aim 	a n' 

m 	 (2/n +3) 	 ta t  a 	a 

a 	ko B 	(2m  +  1) (rn +2) 
	 h(„ii ift  (k0  a) 

mo 	m  +I 

_ 

 (2m + 3) 

1 	I ..jko  a h(r,l )  (ko 	 [45] 
mo  min  a 

lo 	h ( I ) (k a) A inn  m 	+ Mm 	_0 	m 0 

k 	 ko 	 1461 
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atio B I 	1 (1) A tmm rn (k i a) 	
1

__ 1Y nIm  (a) = 	 (Afroa) 
th 	 Al i 	120 [47] 

For ,,,n+ l, equations (40) and (41) become 

jrn. „ (p i a).+  Di man + i  (a) ,  c o  8  
A rn,m4-1 	 m.m 4- 1 

E l 	 ko  
[48] 

	

A t m,m+i  	+ —D imirn+I (a) 	Ilima H hinu4.1 1 (koa) 
AL I P 1 mo  [49] 

Equations (42)-(49) are eight equations in the eight 
coefficients A mm, Brum , A rnim ", Bmprn +i, A rni 	Brn' 
these unknown coefficients can be solved for. , 

unknown 
B' m t m+it 

amplitude 
and hence 

Putting n=m+1, in +2, m +3, • • • etc. in equat'ons (36)-(40, the 
other higher order coefficients A nhm -2, 	m+ 2, A' in*  m+2 , B' m m+2 , • • - etc. 
can be solved for. 

Since equations (36)441) contain the amplitude coefficients A mn , B mn , 

At mn , 	my  A mp 	 A t  mi n-11 81m, n-11 A m, ri-1-11 8m, n+1' 	m, n+1P B' 
it is not possible to separate out only the coefficients A rnro  Bmn , Al nm , Br inn , 

for the same valuc of n. 

Hence the boundary conditions are satisfied not for a single value of n 
but for (n—I), n, and (n+1) combined together. This shows that for a 
hybrid mode, for any particular value of m, the electric and magnetic field 
components consists of an infinite number of terms for values of n varying 
from m to CO . 

Since for each value of in, the infinite number of amplitude coefficients 
A mn , A m' n ,Bmn 	can be solved for n=m to CO it can be concluded that 
for each value of m, there exists a corresponding hybrid mode. 

4. UNSYMME fRIC TM AND TE MODES 

For unsymmetric TM mode (mx0), let the excitation be Eici" applied 
uniformly over the plane zcz i  =a cos 0 1 , and in a direction normal to this 
plane. 

Let E 	 [50] 	Eo  cos mq5 

E' has components E; and E 	the r and 0 directions. These components 
.E; and E; can be expanded in series of spherical harmonics as given by 
equation [3], [4], [7], [9], [13] and [15.] 
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The field components inside the dielectric sphere are 
OP 	CS 

n(n + 1) A. cos (mo) Punt (cos e)a.e"I" -F E: 	[51] sr 
n=0m=0 	 k ir 

CO 	CO 

E cga —X X 	n frnm(cos 00. cos (m0) 	[k ir Mk tr)1 1  eh" + L' o ' [52) 

	

n=0 m=0 du 	 kir 

I co 	a) 	
1 

sin a ne0m=0 	 kir 
t 

Etsi 	 A u  PT (cos 0) rfri sin (mO)—[ K i rk (k r) 	I"' 	[53] 

n- 	 [54] 

to H; .21 I

— 	
E A. IT (cos 0) m sin (m0) j. (kr) e -  it" 	 [551 

pop., sine n=Ommt0 

A' - X X Am ;A  {Ptir(cos 0)} cos (m0) in (k i r) e -14" 	 1 561 
_ROM !  na0 m=J 	n  WC' 

The field components outside the sphere are 
I )  (k 

E: - 	 E n(n +) B. cos (m0) P: (cos 0)M 	°r) 
 eel" 	 [57] 

n=0 m=0 	 kor 

S d 	 1 
E; 	X 	IP; (cos 0)1 B. cos (m 0) — [ic o r 	(k9  r)]' el" [58] 

nao m=o d 0 	 ko r 

1 " 1 
Fe 	pm' (cos 0) m sin (m0) 	[ko  r Wan (ko r)r r1 '" [59] 

	

- sine naO m=0 	 ko r 

H,e -- 0 	 [60] 

ko  
H; ---z 	 E B. PiT (cos 0) m sin (m (11) 14," (ko r) ea)" 	[61] 

w mo  sin 0 n=0 rar0 

OPP 	41{ k° 	X Bra
n 	

IP: (cos 0)1 cos (m IV (Ice  r) es I" 	[62] 
J yo  n=0 rn=0 	dO 

Applying the boundary conditions that at r=a, 

Ej= , 	 1-11rH; 

and 
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we obtain 

+ Cum  (a) r: 	[k0  r 	(k0  r)]:=9 	 1631 
Am  (k i r  in  (k 1  r) Jr-a  
k i  a 	

k 	ko  a 

L 
Anin 	

I r j (k 1  r) 	 [k0  r h." )  (k0  r)]: =. [64]n 	7 " 
k 	 1(0  

k i  A 	 k0 pt  h 
---;-11 mn  in kit 1"/ 	 nn 	0-6/ 

[65] AI 	 M0 

-1 	hn" ) (kga) mn 
1120 	 [66] 

Equations (65) and (66) are the same. Equations (63),(64) and (65) are three 
independent equations in two unknowns A m. and Ann . Hence there is no 
unique solution for A rm  and Bmn . 

This shows that unsymmetric TM modes are not possible on the 
dielectric sphere. 

It can be shown in a similar manner that unsymetric TE modes are also 
not possible on the dielectric sphere. 

5. SYMMETRIC TM AND TE MODES 

For a symmetric TM mode (m=0), let the excitation be E' e 'in applied 
uniformly over 	the plane z-azi -aa cos (9 ) , and in a direction normal to this 
plane. 	Let El = E0  and El has components E', 	E0  cos 0, =E,0  and E;= Eh= 
-E0  sin 0 1  in the r and 0 directions. 	These compenents E', and E' 8  can be 
expanded in series of spherical harmonics as given below : 

1 
E8 	— __Cole  (r) 13,t (cos 0) e 

A 1  n [67] 

1 e E 
r. 

k n-0 

where 

n(n + 1)D0. (r) P. (cos 0)eas 1" 
[68] 

— k ) (2n + 1) 
Co. (r) 	 

2-n w 

4=09=0 

Prii  (cos 0) sin 0 eta thif• [69] 

—ice, (2n + 1) Don  kr y 
n(n + 1) 2n- 

2w 17 

SI 
3=09.. 

Ero  P. (cos 0) sin 0 de el 4) [70] 
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If E0  is a 8—function source given by equations [11] and [121, then 

V k I  (2n + 1) 	a a  / C 	 sin 	%SOS, O s ) —  on a 2 n (n + 1) 

and 

	

,t 	V 	 k (2n + 1) ; 	Don (r)= Don  ka, 	cos 01  P„ (cos v i)  
a 	 2n(n+1) 

The field components inside the sphere are 

E l   r0 
n=0 	 k1 r 

d 	 1 
— 	-Th IP„ (cos 0)} A o 	[k r j, (k

I 
 r)1' e - 

nmoaci 	 " 	r  

— E P,1, (cos 0) 4, —I 1k i  r j„ (k i  r))' r ( " 
n 0 	 k i  r 

k  
jcom i  n=0 

'The field components outside the sphere are 

" 
Ef —E n (n + 1) Bo„ Ps  (cos 0) 

/IL(k  
-- 

r) 
 14" 

n=0 	 ko r 

[72] 

173J 

[741 

[731 

[ 76] 

Efr — 	Bon PRI (cos 0) 	r 	(ko 	es Pe's 
n=0 	 kor 

[77] 

Hoe 	
k 	Bo„ P„I  (cos 0) 111 1)  (ko  r) Pat 

	

j (t.) 	irstO 

Applying the boundary conditions that at r=a, E tfr Et, 
obtain 

A 	 , 	Co  (a) 	Bo  A0,, [k i  a j„(k i  a)] + 	 [ko  a h,1 1)  (ko  
k i  a 	 k i 	ko  a 

and 

Ao„j Oc t  a)= 	Rom  h(:) (ko  a) 
'-Li 	 M 

[78] 

and HS= HI, we 

[79] 

[80] 

Using equation [7.] in equation [79] and [80], the 	amplitude coefficient 	Ao„ 

and Bo„ can be uniquely determined for each value of n. 
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Com  (a) to mo 
[811 8" k 0  It4l )  (k o a) Z n  

A 	k°11n(1)(k°a)  Bo  
" k 1  j n  (I; l a) 

[821 

where 

j w itz t  [k 1  a jn  (k 1  a)Y 	,u [/c a h,(, 1)  (ko  afft 
[83] Z

* { ki a 	sin  (k i  a) 	14 a 	hl," (k o  a) 	j 

Z. is the difference between the radial wave impedances Es  I H3  inside and 
outside the sphere. 	Free oscillation of the sphere results when these 
impedances are matched, that is, when Za ttO, an equation whose roots 
determine the characteristic or resonant frequencies of the natural modes of 
oscillation. 

The field is thus determined unequely both inside and outside the 
dielectric sphere for each value of n. This shows that TMo. modes exist 
for n=0, I, 2, •• • for the dielectric sphere. 

It can similarly be shown 	that 	symmetric 	TE0„ modes also exist for 
n=0, I, 2, 	• 	• • 	for the dielectric sphere. 

6. CONNLUSION 

The following conclusions can be drawn from the above investigation 
on the dielectric sphere : 

(i) It is not possible to excite unsymmetric TM and TE modes on 

the dielectric sphere. 

00 It is possible to excite symmetric TM and TE modes, as well as 

symmetric and unsymmetric hybrid modes on the structrure. 

Numerical calculations and experimental verification of the results 
obtained will be reported in subsequent papers. 
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