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ABSTRACT

The electromagnetic boundury value problem of the dielectric sphere excited
by delta-function electric and magnetic sources applied normally across an arbitrary

plane, has been solved. The possibility of symmetric as well as unsymmetric TE,
TM and hybrid modes have been investigated.

l. INTRODUCTION

There has been some work done on dielectric resonators of different
shapes, including spheres, during previous years!"®. These resonators
made of materials of high dielectric constant and low loss factor lend them-
selves to a number of different applications. In 1941, Startton and Chu’
considered the problem of forced oscillations of a conducting sphere which
is excited in an infinite number of TM modes by a delta-function electric
source field normally across the equatorial plane. But, as far as the author
is aware of, there has been very little work done on the forced oscillations of
a dielectric sphere.

In this paper, the electromagnetic boundary value problem of the
dielectric sphere excited by delta function electric and magnetic sources applied
normally across an arbitrary plane has been solved. The possibility of
exciting both symmetric and unsymmetric TE, TM and hybrid modes have
been investigated.

2. STATEMENT OF THE PROBLEM

The geometry of the structure is given in Fig. 1. Spherical
eoordinates (r, 0, ¢) are used, A dielectric sphere of radius ‘a’ and constants
€,, M, 0,, is embedded in another dielectric medium of contants €4, Mg, Ty,
The dielectric sphere is excited by delta-function electric and magnetic field
sources in a direction normal to the plane z=z,=a cos 6,.
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FiG. 1
Geometry of the structure

The object of this paper is to solve the electromagnetic boundary-value
problem and discuss the possibility of the existence of hybrid, TE and TM
modes.

3. HYBRID MODES

Let the excitation of the dielectric sphere be a combination of an electric
field E’e~* and a magnetic field H' e~)** applied uniformly over the plane
z=z,=a cos 8, and in a direction normal to this plane.

Let
E'=FE4 cos m¢ [1]

H' = H, sin m¢ 121

Both E’ and H’ have components E,’ E, and H,' H|, in the r and 8 directions

respectively. These components of the applied electric and magnetic fields
can be expanded in series of spherical harmonics as follows :

EMNr, 0, g)= =" i"* D 3 3 Db,.(r) cos (mp) P (cos 0),~I" (3]
1 m=0 n=0
sin 0E,, k, (r, 6, $) = ——— = 2C,,, (r)cos (mg) P (cos 8) e~Iv [4]

kl n=0m=90
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. _—n(n+l) " Y
H:(r, 0, ¢) oo MZD nzu D, (r) sin (m¢) P, (cos G) e~ int (5]
BH 9 R e e— § £ C - Jw
A N o vy oy TR Er Bl ™ W
where
2" 0w
- k I -m)! ;
D, (r)= e ) - J J E, P" (cos 8) cos (m¢) sin 0 d0d¢
n{int+l1) 2w (n+m)!
¢=0 §=0 (7]
'211 n
Loy —Jem Q) (-m L,
D (7) n(n+1)2x (n+m)! j J i L \EO B S Sy
¢=08-0
sin @ d0 d¢ (8]
2n 7
C_.(r)= —ky(2n+1) (= _m)'j I P,™ (cos 0) sin O cos (mg) x
" 27c (n- m!
$=-09=0

sin 8 df dp  [9]

2n .

C' ()= —lep; Ent ) - !J J sin @ H'y P,™(cos 0) x

27¢ (n+m!
é=0§=0

sin (m¢) d0 d¢ [10]

Let E, and H, be 8 —function sources at the plane z=a, =a cos 6, for all
r and for all 6, i.e.,

E° _V._. for 9 -._.&._9-(9 -C.'.B +&6

aABsinb 2 2 {11} B
- U
Hﬂ:aﬁﬂhsm 0, - "
Ey=0)for 6<8,—(A8/2) and for : (12
Hy=0 0>0,+(A0/2) "
and

E'~E' cos8;, Ej=—E'sin¥,

H'=H'cos0,, Hj=—H' sin@,
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im m
3 ki 2a+l)(n—m)! ' o
D, (=D, (a)= n(fl:+ D3 +-m) : J. j E_P™ (cos 8) cos (me) sin @ d6d¢
$=0 4=0

k (2n+1) (n— m)' 2V
n(n+l)2w(m+n)‘ a sin 0,

cos 0, P," (cos 8,) sin 8,

k,(2n+1) (n- m)'
nin+1)(n+m)!

w cos 8, P7 (cos 6,) [13]
a

Dynn= Dimy ()
21 =

_—jou, 2n+1) (n-m)! o o _
n(n+1)2m (ntm)! J Hy P’ teos ) s Gaip) &in Gt 4

¢=0 #=0

_Jw My (2n+1) (n—=m)! 2x Ucos®

P (cos 8,) sin 6,

nn+1)2r (n+m)! a sin 6,
. Y | ;
U e kank L) trem) cos 8, P™ (cos 6,) [14]
a nin+1)(n+m)!
C"" (f)"—“ 2n T
| e ElEnE ) J J sin 8 E; P (cos 0) cos (m¢) sin 04 0dd¢
2 (n+m)!
$=0 9-0

2V sin® 0, P7(cos 6,) k, (2n+1) (n—m)!

I

a sinf, 2% (n+m) !
=L il B, P sy e LT N ) [15)
a (n+m)!
Co(r) = Co (@) .
_—jw My (2n.+1} (n—m)! j J sin@ H} P™ (cos 8) cos (m¢) sin @ 40 d¢
PR AY (H'!'Iﬂ)! '
$=0 §=0
=2_'£-U Sin! 6! P: (COS 9') j{l} M| 12n + I) (:l""M) !
a sin 8, 2r (n+m)!
w B b8, P g O L B E R ) (16)

a , (n+m)!
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The field components inside the dielectric sphere are [§]

E!= — £ > nn+l) A . COS (me) P (cos B)J"(k‘r) gt +E,' [17]
n=0 m=0 i
E; - — S . i{P:’ (0059}} ; COS (rmp)—- kyrj,(k, r)l e~ 4 Ea'
n=0 m=0 di kyr
-_l.- F: 2 A,,mcos (m¢) P, (cos @), (k,r)e «! [18]
sin @a-0m-0
E‘J-—:—_l-‘.-_" 2 A, PM(cos 8) msin (mc{:)—-—[k ri,(k,r)] e”
$in 6 n=0 m=0 hyr
: : [} d : 4 R !
+2 3 A, L lpmcos 9)}sm (mg) j,(ky e~ (19]
n=0 m=0 dﬁ\

: . S : nin + 1
Hi=-2 Z A'_, sin(m¢)

P;" (cos 6,.'_ jn (I.'I r) o LN My [:0]
r

Ha’=_——k‘ _;-1_- Z 2 A, Pe(coesO)ym s'n (m¢p) j, (k, r)e ™
jwu, sin @ p-om=o0

-2 2 A, sn(mp) L L {P=cvs0) }_.l_. [k,r intk,)) e ™« H,
n=0 m=0 Jwp, do r
(1]
i_ ks 5 d [ m - |
He'=_-1 2 Z Amn.— (cos 9) cos (me¢p j, (ky rye™’
jm#l n=0m=0 f 1 l.
2 , l I o ind
e 2 A, mcos{mp)P" (cos 0) —— —Lkrj, (k)
SN eniﬁm = Jwd, 7
[22]
The field components outside the dielectric sphere ure :
(1) ¢}
= — Z 2. n(n+1) B,, cos(m¢p) P,” (cos ) _ & (Aur)e"“' J
n=0m=0 kor [2‘]
= -2 X — {P"' (cos 8)} B, cos (m¢" .l_:knr RV (kor)) "e ™1
"'ﬂﬂlﬂ[‘l(! ,\.or

=
= 2 2 B’nCl\S 1"l ni P"(cos G }“) ko r e-jul’
SN Bntﬂm'ﬂ o ( ‘;’) 'n ( , 'n l 9 ) [24]
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| I & - o
_ E;=sin 6,.30".2;08 Py (cos 0) msin (mg) _o_[ko,. Y (kg r)] o108
N d
+2 ZB,,sin (w)—{ﬂr(cos 0) }h.,“’(ka ROy
n=0m=0 a’@ _ [25]
;‘ "; ¢ . "(ﬂ"" I) l'rl 2 _
He¢=-X 2 B, sin(m¢) P."(cos 6) hn (ke rye”1**
: u=0m=0 J&JHO [26]
Hy =- Ko i > B m(cos ) m sin (m¢) h Mk r)e Jwi
jwmg sin @ p-om-0
- bl 2 . l d » l (1 b oo
-2 2 B, sin(mp) —— —11’" (cos 8) }_ ko r B,V (kyr) e~ 1
n=0m=0 j""-u'ﬂ d9 r
[27]
H= > 3 B_. 4 — {P™ (cos 0)} cos(mep) hV (kg r) e
jm ‘u'{l n=0 m=0 6 -_ :
— 'l ' :2 i B! .m cos(m¢) P, (cos 0) - . : [kor hiV (ko r)} e=f@!
sin @ =0 m=0 Ja Mg T
[28]
where

K, =m\/[#1 (€, -l—jcrlfm)]
ko= wV[ry (€g +joo/w)]

w = angular frequency

Apns Arvs Bons Bmn are amplitude constants.
Applying the boundary conditions that

El Er’=€0 Er‘, #l Hr‘::l“‘lo Hrr

at r=a, and making use of equations [3], [4], [5], [6] and the following
relation [29):

dPy(cosd) _ 1 o {(n=m+1)n Pl (005 0) —(ntm) (n+1) Py, (cos 0}
d @ sin 6
l

{29]
(2n—1)
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and remembering that P” (cos 8)=0 for n=m, the following six equations
[30] to [35] are obtained for each value of m.

= ] A l
- D i (n—m+D)n P’ —(n+m)(n+i) pr | __mn k,aj '
a=m S10 1 ) b ( )( ) l} (2H+l) kla[ laj"(kla)]
2 ]
- -—-2 A P mj
k — Cr s:nﬁ sin 0 gam " " Jn Uf'a)
1 1
-—2 - +1)n Pr + +1) pm
e msmﬁ{(n et LAC - "_l}(2n+l) g
| ' =
B —— |kga hV(ky,) EB P™ hY (k
X Dy kuﬂ[ 09 My ( Oa] . il mn ° n (Oa) [30]
S M o4 Ptk aj, (k)
u:mSIITIe mn nkla[ Ia.’n( Ia)]
+ 2- A 1 {(n—m+l) nPr,—(n+m)(n+1) P:'_,] __I_j_(kla)x
R=m sin v, - I2H+I
o= Pm l )
=2 B, 2n |k h V(K
_ mn Siﬂe koa[ ﬂu » ( Oa)]
+3p, L {(n —m+n PM —(n+m) (n+1) P,:,} (ke
n=m sin 2n+1
[31]
,.(Lim,d f_)m],(ka]
Fln=m SI 9
I & |
-_—— 2Z A ., —m+Dn P7%, -(n+ +1) P~ X
Myn=m  sin {(H i L Fady sl -ty (k1) l}(2%‘”
x__[k a Lk = 5o @b
My n=0 sin
ko "oy B an fr,f”(k a)
#nﬂ‘ m S‘ng ,
W e pamen
LS g l)n P, — ety Pt L
_:A_o.,:m '""siné?{(ﬂ_m-{- m P, —(n+m) “'}(2!1-!-1) .
x [kya ) (kga)) T g [32]
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L.

3 smG{(" m+DnP 7, - (n+m)y(n+1)P ™ 1}-—-—-—-——](ka)
lllﬂ'lﬂ

LA A, m-— k,a Py
My n=m_ K1 smB
0 - l m
;:,E' B_. m{(.!'1--».1*?1 +Dn P2, —(n+m)(n+ l)Pn“_‘l} X
1 <
X hi(koa)— — 2 B ._.[k a h "k
(2n+1) o) Mor=m ’ ( smB el
5 Ama Pr(cos 01, (ky a) s 31 D (a) P™ (cos 0)
n=m kl a R=m "1
S B P™ (cos 8) h\" (kga) €, (34]
n=m kﬁa €y
& A 2 Pm(cos 8) j,(k, a) + Z Ly D, (a) PT (cos 6)
n=m My n=m M1
= S B L pmcos 8) Y (ky a) o (35)
m=n Mo My

(For brevity, P7 (cos 8) is put = P}

Equating the coefficients of [P™ (cos 8)/sinf] on either side of equations
[30] to [33] and those of PJ (cos @) on either side of cquations [34] and [35]
the following six equations [36] to [41] are obtained

(n m) (n—l) b X
(2’:_") mn Ikl [k nju-l( a)]

(n+2)(n+m+1] | . ’

+ _’:— C,,(a)+A,,mj, (ks a)
\

_(n (;’” (':)‘“) - .ﬁ[ko ah® (ko @)Y
n-— 0
- +2()2("+:;n o B, ne1 kl a (ko a Il (kg @)]'
n 0

+ B! mh (k, a) [36)

mn
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(n—1) (n—m)

k,
(hﬂ)’”(ﬂ

mA L [k. ). (k,a)] F A
k.a

, +2) (n+m+1
_Am,n-l-l(n ()25:1 :;; ).’n-!-l (k ﬂ)

=B, m;{——&— kah‘”(k a)] + B! nhl(n—l) (=] A (kqa)
0

y (n+2)(n+m+1)
—B .. Zh (k
m,n+1l (2n+3) -H( ﬂa) (37)
’.‘Lm A,.J, (ka)- : A‘"" '(n —m) (n-1) [k Bl (k a),
My My (2"—'
_Amnt I("Jf‘m'l‘ ) (n+2) l[klajn-l (kla)] - L'C:nn(a)
My (2n+3) a My
ko (1) 1 B U .-
S B P (ko) =~ (n=m) (1= 1) =g K22, (kg
+ l . B:""‘” (n+m+l)(n+2)-1- koa hf,'fl (koa) J
us (214 3) 2 HE S (38)
k'A (n- m)(n—l) (k, a)-—-A_‘A (n+m+l)(n+2) (k, a)
L T T my TN (2n+3) Jasi
1, ] : '
+— A m — [k, aj, (k, a)}
My a
ko (n m) (n l) [l)
B_ __ / k
Ko m,n-1 (2”—]) 'n ( Oa)
ko (n+m+1)(n+2) | S I ’
~-2B_ .. Y (kya)— — B, m —[kah{V (k
% B T 1) (k, a) ™ om a[ 0@ hY (kg a)l
(39)
Amn jn (kl a) ¥ Dmn (ﬂ) - €o an h:‘;” (_{(P a) [40]
ky k, €, ko
Amnjn (kl a)+ _l__ D:'nn (G) = Mo an hi:”(kﬂ a) [4]]

My My My Mg
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For the lowest value of n, i.e, for n=m, equations [36] 10 [41] become

_ (m+2)y(2m+1)

(2m + 3)

_(m+2)y(m+1)

(2m 1 3)

+B'

m h (k,

m, m+1 Lk

B

a)

m. m+ 1

m Amm k_ [kl ajm ”( {?)]

‘ﬂmB

_k
My

Al.'l'll'l

mm
kg a

- B'

A

k
Mo

1

¢
il Bmm

Mo

jm(kla)
ky

m m+1{

m, m+1

-0 Bm.m+l

4

¥ .ﬁ_ Cron (@) + Als 11 o (ky @)

koa

(m-+2) 2Zm+1) .

[y sy (kg @)

(kg a Y, (kg a))

m.,m'H

_‘_ [ko a M) (kg a)]’

i (ky @)+

I

(2m + 3)

Af

k1 (ko @)

My (2m+3

h“’(k a) 4

B

f

(2:1 Ml Qm+ D +2) — [ko a B, (kg @)Y

1+ 3)

(2m +1) (m +2) . I

(2m +3)

2m-+1) (m+2)

m+l (k a)

ty d

+ Dam(a)

hQ,y (kg )

(2m + 3)

Ky

€o Bmm m

2 kg a hY (ko @)]
a

(”(k a)

€y

Ko

(2m + 3)

Af

Ja sy (k4 @)

B i (2m+1)(m+2)—-[k Qg+ (kg Q)]

2 tkyaj (ky D))
a

25

{42)

[43]

[44]

[45]

(461
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(kg ) + D'y (@) = 20 B p 040
My My M [47)

mm lm

For n=m+ 1, equations (40) and (41) become

ij (kla) ‘D'm m+1 (d) €o ASY (k G)
A, B Cmmb T _Cop o TmitWed)
,mt k. k, - +1 k. [48]
Arm.mH JmH({‘_ i) _l_D'm m+l(a - Mo B,m.m-!-lh (1) (k a)
k : m+1\"0
My 1 i My Mo [49]

Equations (42)-(49) are eight equations in the eight unknown amplitude
coeflicients Amm* Bmmf Am;m-!-ll Bm.m-l-li Amm' Bl:itﬂ’ l:'l m+1e B::l,m-H* and hence

these unknown coefficients can be solved for.

Putting n=m+1, m+2, m+3, - -+ etc. in equations (36)-(4}),
other higher order coefficients A, n_ 2 B m+2r A'm me2s B'm, me2s * + = etc.
can be solved for.

B

mn?

Since equations (36)+(41) contain the amplitude coefficients A4,

fqr[nn' B’mn‘ Am. n-~1J* Bm.- n-1» A’m.n-v B'm.n—l* Am. n+l=_ Bm, n+1° Afm, n=1- B’m, n+1»
it is not possible to separate out only the coefficients 4_,. B, A'..,.. B
for the same valuc of n.

mn?* mn?

Hence the boundary conditions are satisfied not for a single value of n
but for (n—1), n, and (n+1) combined togethér. This shows that for a
hybrid mode, for any particular value of m, the electric and magnetic field
components consists of an infinite number of terms for values of n varying
from m to oo.

Since for each value of m, the infinite number of amplitude coefficients
Apnr AL, B... Bl can be solved for n=m to oo, it can be concluded that
for each value of m, there exists a corresponding hybrid mode.

4. UNSYMMEIRIC TM AND TE MODES

For unsymmetric TM mode (m«0), let the excitation be E’e~* applied
uniformly over the plane z=z,=a cos 6,, and in a direction normal to this
plane.

Let E' = E, cos m¢ [50]

E’' has components E; and E, in the r and 6 directions. These components
E; and E, can be expanded in series of spherical harmonics as given by

equation [3], [4], [7], [9), [I3] and [15.]
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The field components inside the dielectric sphere are

Ej;.-_- .-nim_Eo n(n+1) A, cos(mg) P™ (cos ) J“lik;r).c‘f”' +E:
= |

- -2 X .i{an(cos 9)} A, COS (mqb)_l_._[klr fn(klr)]'e""' + E.
n=0m=0 de klr 0
. = = et ] 'I - ’
Eé: e 6 nzumEoA P™ (cos 6) nt sIn (mgb)k_lr_[ klrjn (klr) ] g~ vt
H! =0
H, . — i E Ay P™ (cos 0) m sin (me) j (kr) e 1!
jwm,sin 8 a=om=0
H = oad LY 3 A : {PE(cos 6)] cos (me) j, (k,r) e” 1«
é jw u, I LF J-

The field components outside the sphere are
Y (kyr) ~Jor

0 kur

E; = — }E 2- n(n+) B, cos (m¢) P™ (cos 0)-=2

n=0

Eoe— 3> 3 2 (pm(cos)}B,, cos (mg) — [ker b (ko 1) ™1™
* n=0 m=0 d ‘ kor

1

Ef = > B._ P™ (cos 0) m sin (m¢) —— [kor bV (ko)) e~/®*
S|n9n =0 m=0 kﬂ

Hf=0

H; = ko i 2- an P:,“ (Cos 9) m sin (m 94,) };E‘l) (ko r) e-let

jw tg Sin@ a=0om=0

i

HE kg 2 Z B .. G{P'T (cos 9)} cos (m ¢) Y (kgr) e~ «*

¢ jmuun=0m0

Applying the boundary conditions that at r=a,

Eg=E;, E;[=E{, Hy=H;

and

Hy=H;,

2

[>1]

[52]

53]
[54]

[55]

[56]

[57]

[58])

(591
[60]

[61]

[62]
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we obtain
A mn (a) B t J.
mo (kor jo (kyr))aa + " [k r B (kg 1)), 6
k,a s A, koa [63)
A . ’ an h{l)
Ky ko
ky ()
A j(ka)=— B ~h i (kga)
My Mo [65]
Ky g pntkyay= 20B, B (k)
My Mo [66]

Equations (65) and (66) are the same. [Equations (63), (64) and (65) are three
independent equations in two unknowns A4,. and B_.. Hence there is no

unique solution for A __ and B,,,.

This shows that unsymmetric TM modes are not possible on the
dielectric sphere.

It can be shown in a similar manner that unsymetric TE modes are also
not possible on the dielectric sphere.

5. SYMMETRIC TM AND TE MODES

For a symmetric TM mode (m=0), let the excitation be E’ e~!™ applied
uniformly over the plane z=z,=a cos 0,, and in a direction normal to this
plane. Let E'=Ey and E’ has components E’', = E, cos 0, = 10 and E,=E,,=
—E, sin@, in the r and @ directions. These compenems E’, and E’, can be
expanded in series of spherical harmonics as given below :

| =
By e 2% P! (cos ) e~ I*!
e kl n=0 i (r) ( )e [67]
| .
E, = -.F;.. "E-Dn(n+ 1)Dq, (r) P, (cos B)e=I** (6]
where
In w
—k,
Con (r) == ;if-l- , Eg, P) (cos 8)sin 8 a8 dyp [69]
$=0 =0
v i G
—k, (2n+1) :
D = Er. P 70
=2 I I r, P, (cos 8) sin 8 46 d ¢ (70}

$=0 =0
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If Ey is a & —function source given by equations [11] and [12], then

V k,(2n+1) . .
Cy, (1) = Cop (a) = — — ) sin 6, P} (cos 6)) (71]
and
V k,(2n +1)
D, (r) = D,, (@) =— cos 6, P_ (cos 8,) !
on(7) = Dy, (@) - i X ) Ay (72)
The field components inside the sphere are
El= — 2 n(n+1) 4y, P, (cos 0) 20510 pmjur L g (73]
L n=0 kl r
Et= — i .i{P (cos 9)},40 __l_, [kl f’j (kl r)]' e~ lw?
. n=0 de " " kl r "
= — = PL(cos 0) Ao — lky 7y (ky 1)’ 71" (743
n 1
Hi= X1 S 4y, P (cos 0) ), (ky r) e (731
]&JHI n=0
The field components outside the sphere are
= ()
E¢=— 2 n(n+1) By, P,(cosB) A" (Ko e~ 1ot [76]
n=0 of
Ef=— > By Py (cos 0) L [ko r BV (ko 1)) e 1! [77)
n=0 kor
H{= ..EL > Bs,, P! (cos 0) hiV (kyr) eI« [78]
ji’.ﬂ}uu n=0

Applying the boundary conditions that at r=a, Ef=E} and Hg=Hg, we
obtain

Aon (ke ai (ko a)y + Con @D _ Bow x4 b0 (1, a)) [79)
kl o [kl G_}"( | a)] kl ko a [ 0 g ¢

and
k . K K (k [80]
My Mo

Using equation [7.] in equation [79] and [80), the amplitude coefficient A,
and B,, can be uniquely determined for each value of a.
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Fﬁn(a)jw‘uﬁ i

e " kyko bV (kga) Z, [81)

ko hu“’(koa)
e S g Bﬂu
k: Ja (ka) £2)

where

Zy= {j © My [kajn k@ o sy lkoah,” ke ﬂ)]'} [83)

Z,, is the difference between the radial wave impedances E, [ H, inside and
outside the sphere. Free oscillation of the sphere results when these
impedances are matched, that is, when Z_,=0, an equation whose roots
determine the characteristic or resonant frequencies of the natural modes of
oscillation.

The field is thus determined unequely both inside and outside the
dielectric sphere for each value of n. This shows that TM_, modes exist
for n=0,1, 2, « - - for the dielectric sphere.

It can similarly be shown that symmetric TE;, modes also exist for
n=0 1,2, . - . for the dielectric sphere,

6. CONNLUSION

The following conclusions can be drawn from the above investigation
on the dielectric sphere :

(i) It is not possible to excite unsymmetric TM and TE modes on
the dielectric sphere.

(ii) It is possible to excite symmetric TM and TE modes, as well as
symmetric and unsymmetric hybrid modes on the structrure.

Numerical calculations and experimental verification of the results
obtained will be reported in subsequent papers.
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