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ABSTRACT 

Stress field due to circular inhomogeneity in an infinite strip has been 

investigated in this paper. 	Stresses which are given in terms of infinite integrals 

have been calculated numerically for some particular cases. When the ratio of 

the radius of circular inclusion to the semi-width of the strip is.) , the stress 

distribution at the equilibrium boundary in the strip is approximately the same as 

the stress distribution due to circular inclusion in the infinite medium. 

INTRODUCTION 

fwo-dimensional inclusion problems have been mainly investigated by 
using point-force technique coupled with complex variable methods", 
strain-energy method', and theory of Hilbert problem's. The above methods 
are found unsuitable for the present problem. Point-force technique requires 
the knowledge of complex potentials which give the elastic field due to a 
point force in an infinite strip containing inhomogeneity and strain energy 
method needs considerable guessing of the equilibrinm boundary. However 
theory of Hilbert problem coupled with the superposition principle could be 
applied to obtain the stress field everywhere. 

The solution is obtained by the superposition of two stress systems. 
The first system corresponds to the inhomogeneity in an infinite medium. 
The second stress system is obtained by applying on the edges of the strip, 
normal and shearing tractions opposite to those obtained in the first system. 

FIRST STRESS SYSTEM 

The problem of circular inhomogeneity in an infinite medium may be 
solved as follows: 

Consider a circular region (I zl 	; z sx + iy ) situated in an infinite 
elastic plane. 	This circular region will be called inhomogeneity if its 
elastic constants are different from those of the outer region and inclusion 
if the elastic constants are the same as those of outer region. The outer 
region will be called matrix. The elastic constants of inhornogeneity are 
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taken as A i  and kt  and those of matrix A2  and k2, where itiat is the rigidity 
modulus and 	a for plane strain case and ke(3— o)/(1+er) for 
generalized plane stress, a being Poisson's ratio. We shall denote the 
inhonlogeneity and matrix by S+ and S regions respectively. 

Let the inhomogeneity in the absence of matrix undergo a prescribed 
deformation (E t  x, c 2  y) which in the presence of the matrix will attain a 
different-equilibrium configuration. 	The following conditions must be 
satisfied at the boundary z 1 	: 

v4.  — vs= --E 2y=g2(t) 

04  (:) ± ot +(t)+0 +  (I) =0"( 1 )+ 1  01—  (0+0- (t) 	 [2] 

and 	,u 2k 1 4+(t)—A2  t O f+ 	—iu2 F(t) 
_ 

m1k20 - ( 1 ) —  mit f a(t) 	 214 1)22 g1 (1)+i g2  (t) 	[3] 

where the +and—supercripts stand for the S+ and .5" regions respectively, t is 
the boundary point, 1)(t) and tb(t) ate analytie functions as used by 
Muskhelishvi I is. 

If we put 

f2(z)=-- 	(z) — z#' (r' 21z) —'ta ".  (r 1 21z), z c s + 

and 	S-2(z)=--1) - (z) - z#'+ (r' 21z) — 0+ (r' 21z), z c s " 

then, n(z) is holomorphic in the whole plane except possibly at the origin 
and infinity. 

Further. if 

oi(z) = iti 2k i s6+ (z) 	i z-0 1  V 21z) + 	irs 21z), z c s + 

and 	0)(z) m 1 k2st• - (z) + tu 2z0— '+ (r' 2  z) ,u2t,i+(rs 2/z), z E s 

then it may be seen from (3) that 0) (z) satisfies the equation 

0)+(t)-0) — (t)=--2/202 2 g 1 (1) 	g2 (t) on Uzi= r' 	 [4] 

The function to(z) is sectionally holomorphic everywhere except at the 
point of infinity where it has pole of order one. 

Using the fact that the stresses should vanish at infinity and are bounded 
at the origin, I? (z) and 0) (z) can be determined. The analytic functions 
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(z) and its (z) for S+ and S —  can be easily found from Q (r) 

and are given by 

I C 2)z 

2 — 

	

/42 	-I- A- 02 2  

12 1 fiA2r'  2  (€1 - 

Z04.2 + M 1 
k2) 

42 + MI k 2 

çlr (z) 	 I  2m m 2  r t2 (€ 1 +c 2) + tut 122 (E t  -CO 

and to (r) 

(51 

If the center of inhomogeneity is taken as (0, y o), the corresponding stresses 
for inhomogeneity and matrix can be found out and are given by 

A I  m2  (E l  —€ 2) 
{(Txx)11 + 	LL 	 ' 

as g■-• 1 	M 2 4- AL2 kit 	iti2 1-  AI "2 

{(Tyy)1} 
=a. as 2 121 M2 

 (ci c2) 	1122  (EI —c2) 

2 m 1 — M2+ M2ki 	A2 + k 2 

0 , 

)  
-

4 A x2  {x2  — 3 (y sy0) 2 }  + B fx2 — CY — y(0 2 1  
{(Txx)tt 	{x2  (y — Y0)2 } 3 	{(x2  (y—y 0) 4 1 2  

3C fx4  -F (y —y0)4  — 6 x2  (y —y0)2 } , 	 1 ).2 (y  __9,,o) 214 

4 A (y —y0) 2  {3x2 — -- Y0) 2 } 
 a 

Blx2-(y-y0)9 

ix2  + (Y — Y0) 2 1 3 	{ 42 4-  (y — Y0) 2 1 2  

± 3 Cif'  + (y —yo)4  — 6 x2  (.9 —y0) 2 } 
ix2 +07-110 . 1 4  

S AX (y  —yo ) 	2 8 x(Y — yo)  
{( er )(Ars  ix2  + — Y093 	

+ 0, y01 2} 2 

12 C x (y — Yo){(Y 	—x2 } 
{x2 +(Y —Yo5-2 1 4  

(61 

''here the subscript 1 refers to the first system of stresses ; 
and — refer to the inhomogeneity and matrix respectively and 
A, B. and C have following values 

— 	ith 2 1.12  (El - E2) 

P1 2+ MI k 2 

subscripts + 
the constants 
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2 p. ,(1 2  r' 2  (E l  + C 2) B 	 , 
2 12 1 --,42 2  +lc, 12 2  

- 	 M2  T.'  4 (C 1 -E 2 )  

g1 ±k1 /12 

INFIOMOGENEITY IN AN INFINITE STRIP 

We shall now consider inhomogeneity in 'a two-dimensionol infinite 
elastic strip (Fig. 1). The edges of the strip are given by Y= ±a. The centre 
of inhomogeneity is taken at (0, Y 0 ) and as before the inhomogeneity in the 
absence of matrix undergoes a prescribed deformation (cos, e 2y). The 
elastic constants of inhomogeneity and matrix are the same as in the previous 
section. On the edges of the strip normal and shearing tractions should be 
zero. In order to satisfy the edge conditions, we superimpose on the first 
stress system a second stress system which is obtained by solving a strip 
problem (containing no inhomogeneity) in which the edges yr-- ±a are 
subjected to the surface tractions— f(T) 1 } and— {(T.„.) 1 } -  

FIG. 	1 
Infinite Strip with Circular Hole and the Coorninate System. 

The second system may be obtained as .  follows : 

The solution of the equations of equilibrium in two-dimensional case in 

terms of biharmonic function 0 is known 5. The exponential Fourier transform 

of a function f(x,y), denoted by Ay, e) is defined as 

TRy,e)= fa  f (x, y) dx 
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Assuming that eit (o'OThx') (r=40, 1, 2, 3) vanish as x-•±00 and 
exponetial Fourier transform of the biharmonic equation in 
corresponding stresses in terms of 0, we get 

taking the 
0 and the 

r (P+Qy)e -1&+(R+Sy)e l tLY 

(7„);n (Pe i  + Q,V62-2Qe)e -litY  +(Re-I-45)V 25e)e Y  

(Tyy)2 	ei lo) Qnr i t lY  +(R+Sy)elti 

and 

(T.  ad2 = let{— eP —Q(ye —1)}e"ItlY {Re + 	+ ye)} 0 1 1 
	

[71 
where bar denotes the 	Fourier transform ; subscript 2 refers to the second 
system 	of stresses and P, Q, R, and S are functions of 6 and are to be deter- 
mined with the help of boundary conditions. 

The boundary conditions are 

{cry)2},=ear-- 	l(revy)i ly er.ta I {(Tx)2}ytttta 	[ {(Tx)1} 	a- 

It may be seen that 

[ lerythi n  iy=a 	 yo -a)+ Be +1 ce3 1 

f( ;9), - y 	= nea (a+")4 [ —2Ae 2(a + yo)+ Be + +eel 

[{(7",,,) 1 }' 17=0 	net"..a)t i2A e I + e(yo -a)} +Be + 

[1(12)111y= -a r1ne"°4[2Ae{e(Y0+ a)-1} — Be - tee] 

The constants P, Q, R and S come out to be 

P-r-- - —47T (2B+ Ce 2 ) fe -2't et" {sin 11 2ea+2ae (1+24) enq 
11 (e) 

47cA e— 0° {sin h2ea +2ae cos h2ea}l — 	[ -2u? et" ley°  sin h 2ea 
ite) 

+ 2ae (ey0 -2a2 e 2 -1- 2ayu 9) e2., • e 	{2ayoez cos h 2ea 

-}-(2a2  e 2  eyo) sinh 2ea}] 

- 	-(2B + Cel) pthe et"— 2e- t" sin 11 2] 
Me) 

htneA [e - a t et" {(4ayo  f2ae-4a2e2) e2a t — sin h2ea} 
4(e) 

+ ea gY° 1(2eyo  - 1) sin Is 2ea + 2ae cos h 2eal j 
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(211+ CV) i‘etY°(sin h 2ea +The cos h *1) 
4 (e) 

tv°{ (1 +2de) sin h 2ea+41a2 e 2e2at +The cos h 2ea}) 

± 
414e 

[etY° i(y 0 -2a2 ) sin h 2ea+2aey0  cos h 2eal 
Mel 

+e -24e - tita {yo  sin h 2ea+2aee 2 a(v0 + 2aey0 +2a2 e)}] 

—
21ve 

(2B+CeNegn sin h 2ea -24e-0cl 	[81 
A(e) 

47v 
 Ae 

tegn{(2ey 0 + I) sin h 2ea -The cos h 2ea} 
A(e) 

+e -m ge - gnIsin h 2ea+ 2aee 2° 4 (2ae +2ey0 - DI] 

where A (e)=- 4e {sin 2  h 2ea-4a2 e 2 } . On substituting these values of P, Q, R 
and S in (7) and using inversion formula, we get 

I 
(Tyy) 2 = 	62 {(P - Qy)e -  t Y  (R Sy)egY} cos(ex)de, 

ai (-r etc) I = H I { (pe2 Qye2 — 2Qe)e - 4Y + (Re2 + Syr +25e)etYlcos(ex)d f, 
in 0 

e  (Txy ) 2 	--f e[ — {Pe ± Q(ye--1)}e - tY + {Re + 	+ ye)} egY sin (ex)de. [91 
o 

Resultant stresses in the strip for inhomogeneity and matrix are given by 

( Tyyr = 1 ( Ty)! 1 "' + ( 'ryy)2 and Cr y yr Ltt  {(T y y) 1} + + (ry)2 and similarly for 

(Txxr, (Tx xr , (Txyr and ('T,,) 4 . [101 

It may be seen that on substituting y= ±a in (10), (Txy) 4  come out to 
be zero. Also as a -4 cic , (Tyy )2 7--- (T tOi = (T xy ) 2 = 0 and we get the results of 
circular inhomogeneity in an infinite medium. Continuity of normal and 
shearing stresses at the equilibrium boundary and discontinuity in displace- 
ments can also be verified. 

The problem of arbitrary distribution of loads on the edges of the strip 
can also be solved by the above method. 

NUMERICAL EVALUATION OF INTEGRALS AND DISCUSSION 

It may be noted that the infinite integrals in (9) are all convergent. The 
singularities of integrands in (9) can arise from the zeros of 	(e) which are 

at e -=-0. However in the limit as 6-'0, the integrands tend to some finite 

limit. 
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The order of convergence of the integrands in (9) is given by 

e Yla I  ÷ I Ma  I' 2) g) as e-400 	 [I ll  

The upper limit of infinite integrals in (9) may be taken as some finite 
vnlue of e which is not arbitrary and depends upon the resuli in (11). The 
integrals can be evaluated by using Filon's method 6  which is more suitable 
because of the presence of oscillatory functions sin (ex) and cos (ex). 

Graphs of 1„, 796  and 'T 9r (r, 0 are the polar co-ordinates) versus 0 at 
the equilibrium boundary have been drawn in Figs. 2, 3, and 4 respectively 
for the case c i --r--€ 2 =--€ and ity=m2 ----iu and K i r- K2 =-- K. 	Centre of the 
inclusion is taken at the origin. From symmetry considerations 0 has been 
given values from 0 to ir/2 only. When the ratio rt la is 0.1, stresses in 
the strip due to circular inclusion are almost the same as for circular 
inclusion in the infinite medium. 
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FIG. 3 

t ee )matrix Versus B on the Equilibrium Boundary for the Case et =etn. Dotted Line is the 
Graph of Circular Inclusion in an Infinite Melium. 



0 0 

-0. 

-a.: 
I 

-0.24L 

FIG. 4 

40 
	

S. C. GUPTA 

in  Versus e1 on the Equilibrium Boundary for the Case e) ser=e. Dotted Line is the Graph 
for Circular Inclusion in an Infinite Medium. 
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