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The use of the multiple Fourier method to analyze the stress distribution in the
end regions of a post-tensioned prestressed concrete beam has been shown.
The multiple Fourier method demonstrated here is a relatively new method for
solving those problems for which the ‘“‘Saint Venant principle” is not-applicable.

The actual three-dimensional problem and a two-dimensional simplified
representation of it are treated. The two-dimensional case is treated first and
rather completely to gain further experience with multiple Fourier procedures.
The appropriate Galerkin Vector for the three-dimensional case is found and
the required relations between the arbitrary functions are stated.

1. INTRODUOTION

In post-tensioned prestressed concrete beams the tension steel applies
longitudinal compressive forces to the concrete. In general the resultant of
the forces will be an axial force and a moment. The determination of concrete
stresses at a considerable distance from either end of the beam is a simple
problem in elementary mechanics but the critical stresses are in the end
regions where elementary theory is not applicable.

No doubt the method of finite differences is the simiplest from theoretical
considerations for such problems and a start was made using this method.
But the labour of computations became so great that the method wasnot
considered feasible until one of the large digital computers became available.
The multiple Fourier method used by the senior author on the problem of
compression of a cylinder [Pickett (1944)] and on other problems has also
been applied in this paper.

The first simplification was to treat the beam as infinite in length. This
introduces only a negligible error for stresses in the end region if the length-
depth and length-width ratios are, say, ten or more. The next simplification
Wwas to consider the problem as two-dimensional. Since this would probably
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ecause considerable error it was done primarily to gain experience with multiple
Fourier methods on a relatively simple problem preliminary to attacking the
three-dimensional problem. The general procedure for the two-dimensional
case will now be given.

2. ANAvLys1s

Two-dimensional Case
The differential equation for the case is
Vﬂ V’ ¢ =0, (1)
Expressions for stresses are

g @l il o oo DO )

s 2’ v’ W M:By

The boundary conditions are
o, = — f(y), Toy =0 i
s=0 z=0
o, = 0, fwl =0
y= b y= b
8 _ P 3My - (3)
d =TT
[- -]
where
b b
P=[" fway, M=[ ra)ydy. ;

It may be verified by substitution that the following expression satisfies
the differential equation and the boundary conditions for 7, .

A coamry g

+f a?c?s?:b[aymhay-— (1+ ab coth ab) cosh ay ] da

D
+.f s(:;;wb[aycoah ay — (1 + ab tanh ab) sinhay] da @
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It will be observed that the first and third lines of the expression are even
functions of y and are for the symmetrical part of the loading. The second
and fourth lines of the expression are odd functions of y and are for the anti-
symmetrical part of the loading. These two parts can be treated separately
gince this is a linear problem and superposition can be applied. Detail
results for symmetrical loading have been reported by the junior author in a
recent paper. [Iyengar (1955).]

The two series [the A-series in line 1 and the B-series in line 2 of Equation (4)]
are for the purpose of expressing the difference in o, at 2 =0 and at z->w
by Fourier series. Unfortunately both these series give a boundary stress
oy at y = 4-b. The two integrals (lines 3 and 4) are for the purpose of removing
any o, stress that appears at y = 4 b; the integral with the C-function
removes the boundary stress produced by the A-series and the .D-function
removes those produced by the B-series. This is done by arbitrarily setting

ay=0 at y= 4 b giving the following equations :

Z( 1) 4 [1__ "“_:::—f:Ocoaaa: [1+Tm%]h=0 (5)

o0

Z(—-l) T 5 [1— “""-f D ocos aa:[l— da=0 (6)

1,85

Expressions for the C and D functions are obtained by taking the Fourier
cosine transforms of these equations

[1 + Hah 235 Blnh 2ab ] 0= 2 Z ( 1) [(ab(;?l_(?:z:)a]s (7)
B Ly e 5] () 3
[ "~ ginh 2ab] 7 L ( ) [( ) (n_?) a]z ®

If the ¢ and D functions are given by these expressions then the boundary
conditions at y = 4+ b will be satisfied but the integrals with
these functions give a contribution to o, at 2 =0 making it necessary for the
4 and B series to remove this difference as well as provide the required
difference between ¢, at z =0 and z- co.

Setting o, = — f(y) at 2 = 0 gives

ZA"OOS'_"'ZB sm—"=f(y)———§-b'r

1,2,3 1,35
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+ fo [ay sinh ay + (1 — ab coth ab) cosh ay] .Gsiaab
Dda
+ fo [a!lcoshay+(1—abta.nha,b)mnhay]mnhab ©)

Expressions for 4, and B,, are found by taking the finite Fourior cosine
and sine transforms respectively of this equation. The result is

PR v
5 1 1, " s () il
T e T .
where
I, = —f [f(y) ] eosn—%rgdy (12)
I,= 37{: [16) —2E2] sin 7Y 2y (13)

Equation (7) expressing C' in terms of the 4’s and equation (10) expressing
4, in terms of O and the loading f(y) are theoretically sufficient for the evalua-
tion of each A4, and the complete determination of the C-function. The
method has been explained more fully by Iyengar (1955). In like manner
equations (8) and (11) are sufficient for the evaluation of each B, and the
determination of the D-function. The detailed results of this evaluation
will be reported in a later paper. However, a few more steps in the procedure
will be given here.

The substitution of C' from equation (7) into equation (10) gives

Ay = I, + 162% 1;3( —1) " sd,K(e.0) (14)
where
® 2% tanh zdz
K (sn)= (16)
I [+ o]’

In like manner substitution of D from equation (8) into equation (11)
gives

= tuioe (3)°S5 )

r+m—2

() 3.2 fron
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f‘” 23 coth z dz

L(r,m)= - _ (7
o P-msEl[+ETE+ET

The integrals K and L may be evaluated in the following way :

w

tanh z 2 dae

K (8n)= J(s,n)— l— : = P Te ATnPP (18)
" & mj

(r m) ao coth x 2% dz

Lirm)=dJd 23 - 2z rorl 272 T\ 2 ;119
o mz|l+E) T+ (F)]
where
= 2 dz

Toh = [ e eroT S
J (9:h) = 7 %_ P [g: i ’}:: log {_ - 1] (1)

The integrals in equations (18) and (19) are readily evaluated numerically
because of the rapid eonvergence of the fintegrands to zero with inorease of z.
However, for good accuracy in the final determination of stresses throughout
the end region of the prestressed beam a large number of these integrals may
be needed. If the number of terms used in the A-series is p then p(p + 1)/2
different combinations of s and # in equation (18) are required. With the
required number of K (s, n) evaluated from equation (18) then as many
equations as terms in the A-series are required, may be written from equation
(14). These may be readily solved. The B-series may be treated in like manner
using equation (16) after the required number of L (r, m) have been determined
from equation (19).

With the required number of A’s and B’s determined the stresses may be
evaluated for any point desired. For example from equations (2), (3), (7)
and (8) the stress o, is given by

P e nry naz\ =272 ]
R Z&aaa[m : (1+ : )e —a(=1pF,

—mrz m=1
3;";}’ ZB [sin%y(w%”g‘f)e"ﬁ"—(_’:_)(—n i G,,,] (22)

1,35
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where

F,=4b'/
a,.w-/

The integrands in equations (23) and (24) converge to zero sufficiently rapidly

0 .
[ay sinh ay + (1 — ab coth ab) cosh ay] a? cos g zda
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o L(@d)+ (nm)’]® [cosh ab + ab/sinh ab] (23)
% [ay cosh ay + (1 — ab tanh ¢b) sinh ay] o2 cos azda

272
o o]

for numerical integration to be possible, especially if ly] <b.

Three-dimensional Case

The differential equation is
ViV F =0 (25)
where
F=4F,+jFy,+kPF, (28)
Expressions for stresses are given by (Westergaard (1952))
s G — iy, L3
Oz 2(1 ©) M,V’ Fq +(l-" V"“')?)V-F (27)
oy =2(1 —p) > V2 F .
0y =2(1—p)>2 F 52
s ng s +\pV 37 V.F {29)
2
= = (2 E + 2w F) 2 v. (30)
. 1— 9 3 7 d 2 ot
w = ( k) E—V v+s§-V F, —ayan-F (31)
d 2
Tes = (1—#)(5;'V’ F;-i-%z—\?’ Fz)—‘a%a“;v--? (32)
The boundary conditions are
&'53=0, O'z=0 ""f (9’,9)’ fzyzo’ 7n=0
at y =40, o, =0, 7, =0 Ty =0 (33)
at z=4 ¢, o, =0, T, =0, 'rw=0
&2 o0 - — P _3My 3M;

860
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where

Py f tdya, M= [ fyayie, My=p f paya: @

It may be verified by substitution that the following expressions satisfy
the differential equation and the boundary conditions for the shear stresses :

_ mmz nwy -8 - x
Fs—ZZAMOOB?eos T[2F +?,m‘ x])’m e Vmn (35)

®
F,=2 / 5 OBy ﬂ_s cosm-f cos az cosk—Pd[By cosh By—(2u-+Bb coth Bd)

. Tosh A
sinh fy}da S (36)
® 8 nn
F'=2.'/° cCp v cos—l-’gcos az ocesk—ye[yz cosh yz— (2 + y¢ coth yc)
sinh yz)da Gash Y& (37)
where

=) () + ()
g =) e+ (Z)

r =Y (T

The foregoing takes care of only the variation of the symmetrical part of
the applied load. A function must be added which will satisfy the relation,
o = — P SMIy_ 3M,z
® 4be 2ch® 2b¢3
and will not contribute to the other stresses. Functions similar to equations
(35), (36) and (37) must be superimposed to take care of the unsymmetrical
part of the applied load.

It will be observed that F, is for the purpose of giving the proper value
of o5 at z=0,

Fy to make oy = 0 at y = + b and
F, to make o, = 0 at 2 = F ¢

3. CoNoLUsIONS

The necessary theoretical formulas have been obtained for the mathematical
solution for stresses in both the two-dimensional and the t:ree-dimensional
Problems of post-tensioned prestressed concrete,
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This is a part of the research work of the Junior Author at the Institute of
Science. Thanks are due to that Institution for encouraging him in the
work. Thanks are due to the Bengal Engineering College for permitting the
Senior Author to contribute.
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