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ABSTRACT

Following the work of Bondi and McCrea, we have considered a point
stationary star surrounded by an infinitely extending cloud of gas. The material
in the cloud moves towards the star due to its gravitational force 'so that a

spherically symmetrical steady motion is established in the cloud and matter
continually falls in the star.

The main contribution in this paper is the-inclusion of radiation effects
through the adiabatic coefficient introduced by Klimshin.

INTRODUCTION

1. The phenomenon of accretion of interstellar gas by stars i1s of
considerable importance in astrophysics. Bondi' considered this problem in
the following form. A point stationary star is assumed to be surrounded by
an infinitely extending cloud of gas, having uniform density and pressure at
infinity and at rest there. The motion of the gas is assumed to be steady and
spherically symmetrical. The star acts as a sink and the gravitational force
on the gas is due entirely to the star of unchanging mass. The gas is
assumed to be perfect and the motion of the gas is taken to be isentropic.

Under these conditions, he considered the accretion of this iaward
moving gas by the star and dealt with three different cases: when the rate of
accretion is less, equal to and greater than a critical value determined by the
maximum rate of accretion. Only this critical value of rate of accretion gave
a solution which satisfied boundary conditions at infinity, but a finite jump in
acceleration would appear at a point, where Mach number is unity, which,
though physically possible, was not given meaning to by Bondi. '

McCrea® reconsidersd essentially the same problem and corroborated It
by introducing the existence of a stationary shock wave in the flow. This
made all the solutions of Bondi for the maximum rate of accretion plausible
and his type I and 11 solutions appeared as extreme cases of the general flow,
including a standing shock wave.

The gas surrounding the star is generally at a very high temperature and the
neglect of radiation effects is not valid in general. We¢ have incorporated fhe
effcct of radiation pressure and radiation energy, but have neglected radiation
76
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flux. In the discussion we have used the adiabatic coefficient, introduced by
Klimshin® that renders the whole treatment quite analogus to ordinary gas
dynamics. Finally, we have given a numerical example which satisfies boundary .
conditions at infinity and which allows a standing shock wave in the physically

meaningful region.

2. EQUATIONS OF THE PROBLEM

The following equations govern the problem:

Equation of continuity .
dnripo=A, [2.1]

where A is a constant flux across any spherical surface surrounding the origin
and so is the rate of flow into the sink at O.

Since p—> pa# 0 as r oo, 1t follows that

v=0 (r"?) as r—>co. [2.2]

Bernoulli’s equation .

L% + [ (dp/p) —(GM[r) = constant. [2.3]

Here r is the distance from the origin, where the point star of mass M is
situated, p is the density, v is the radial velocity, p is the sum of the gas
pressure and radiation pressure, ie. p =p, +pr, and G is the gravitational
constant.

Equation of energy :

or Ar\p
where the total energy E is given by
E=E, + Eg. [2 5]
For a perfect gas,
Ly = Pg/('}’ —1) P [2-6]
and Py = J-'EPT-- )

Where T is the absolute temperature, y the ratio of specific heats and R the
gas constant,

Assuming local thermodynamic equilibrium
pEg =3pg =aT?*, 2 8]
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where g is Stefan’s constant.

If we set Pg =™ Bp: Pr =(l —ﬁ)p:
th E= : h
en k-1 p ’ [2_9]

(y=1D(4-381+8
k_B+3(l—ﬁ)(y-1) [2.10]

where

This adiabatic coefficient & has been introduced by Klimshin and is
different from y and I'y, I';, I'y, the three adiabatic coefficients associated
with a system consisting of matter and radiation®. This is equal to y when
8 =1 and 4/3 when 8 = 0so that it coincides with the three adiabatic coefficients
Iy, I'; and I'; in these extreme cases of pure gas and pure radiation.

Thus, the energy equation now becomes

1 d/({p a(l
——— Y — — -I- =0 2-1]
k-1 Eﬂr(p) p&“&r p) =

\

k

of pp ¥ = constant, [2.12]

and Bernoulli’s equation becomes
2

LA kB _OM _ constant, [2.13]

2 k-1 p 1

3. Snock CONDITIONS

The shock conditions with the inclusion of radiation pressure and
radiation energy are

P1LUy = P2 Uy, [3- ]:
P14+ p10f =pa+ pavi, [3'2:
014wy =T03 +wy, [3.3]
where w is the heat function
oo W-3Ry-1D+8 p __k P [3.4]
y — 1 p k-1 »p

and suffixes 1 and 2 denote the conditions just before and after the shock front.
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The equation [3.3] can be written as

k p

1 2 2 2
- HTUZ+ -
ki—1 p; ky —1 ps

f ky P

1
5 U+

19

[3.5]

No doubt, we have taken k, and k, to be constants for the entire flow
in front and behind the shock front, k; =k, as k depends on B which takes

different values on the two sides of the shock front.

In view of the equation [3.5], the Bernoulli’s equation [2.13] holds every-

where, whether the shock is present or not.

Following McCrea, we also introduce pseudo-sound velocity squared

2 K

C = —,

p

in place of the actual sound velocity, given by

';i' =F1P
P
and the pseudo Mach number
U=

The word ¢ pseudo ’ will be dropped henceforth.
Introducing ¢ and #, equations [3.1], [3.2] and [3.5] become

P1UICy = P UCo,

(1 4 kd) = =2 (1 +kaid),
1 U Ky us

1 l 1 1
(e ) (bt )
. (2“'+k1-1) 2(2 V=1

[3 6]

[3.7]

[3.8]

[3.9]

[3.10]

[3.11]

Combining [3.10] and [3.11], we obtain an equation giving u; in terms of

kl, ty and kz:

(kl —1)(’(2_ 1)("% U; —k% u‘;)-— 2’(1 (kz—- 1) k% Hf H; +2k2 (kl — l)k% u? u%

+2[(ky = 1) K22 = (ky— 1) K2 u?) + 4 ky ky (Ky — ko) uf uz = 0.

Since
Pg ﬂT4
1-8 " 3(1-f)

p

[3.12]

[3.13]
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BaT?
3(1—-8)r [3.14]

() (5 -G G=5) o1

Solving [3.1], [3.2] and [3.5], we get

and p =

we have

pafpy =1 + a F{a), [3.16)
P2 ]
= B ? 3.17
P AT
where a = ky 1 [3-13] )
and

1 a—kg 2(k2+1)(k,_-k2)u _

The equatien [3.15) now becomes

[+« F(@P[1 - F(a)]* = (Bz) (’: ; gz) [3.20]

" *©-(3) (=5) b

This equation determines B, and k,, knowing By, k;, 4, but its exact
solution is difficult. We have solved it graphically (Fig. 1) for the special
case corresponding to k; = 1.585, B, =0.86 and y = 5/3.

4. EQUATIONS HOLDING ON THE 1WO SIDES OF THE SHOCK

Using the boundary conditions at infinity, the equation [2.13] which
holds on both sides of the shock becomes

, ;
a + K E_ﬂl_ kl ‘p". [4-']
2 k—Yp r k-1 p.
If we write r o= X GM(..‘;B, [4.2]
where
cz_ ...E_I..E..'.'_. , [4 3]
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FiG. 1
Solution of equation (3.20") with k1=1.585, £1=0.86 and y=5/3.

equation [4.1] becomes

2 21 1 2 {1 1 )
- =csl - + . [4.4
o (2+k—lu2) ‘ (x ki — 1 )

The equations [4.1] and [4.4] are true for the low domain in front of the
shock. If we assume that the shock is situated at r =r,, the conditions for
r>riand r <ry can be separately discussed.

Conditions on the front side of the Shock r>r,:

From the energy equation

plpa = (p/p)*", [4.5]
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We can show that
Making use of the equation of continuity and [4.6], we can write
c Aci

" ( )(krl-l)l(kl-l)
ul £ - =~ wi
= 4 GMZp., [47]

where A is a non-dimensional quantity of matter that falls into the star per
unit time.

Eliminating (¢/c.) from [4.4] specialised for r > r, and [4.7],

~(5-3k1)/(k1+1) 2 x
(k, -1

X

U - 2
U 2(ka-1)[{k1+1) (u2+

=2 (k1=1)/(k1+1)
ky—1

+ 2) +[4.8]

This equation gives the Mach number at any point distant x from the
centre on the front side of the shock, x and 7 being connected by [4.2],

Conditions on the back side of the Shock front, i.e. whenr <ry:

The Bernoulli’s equation becomes

0’ k, p GM ki pa [4.9]

——+" - — ——

2 kz--l p r kl—-l Pa

As before, it can be written as

- ) I 1 1 2 | 1
cC u s 3 - ol — + & & 4'10
(2 ky— 1 u’) c(x kl-l) 14.10]
The energy equation now becomes
\ 2{(ks~1)
_P_..(_‘:‘_ : [4.11]
P2 ¢2

In this case,

Xu(cfen) Fatita=n _ Azc::,.,2 puf ¢ |30
4nGM pa p\Ca

2/ (kg-1)
mAP"’ Pz( c c2) 3

3 P_(cz)zf(k:-l), [4.]2]

P2 \C=
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making use of [4.11].

We can easily show, on employing equations [3.9] and [4.6], that

P“( ¢, )2! (ka2-1) _ u (52)(kz+l)!(k:-l} (E)Z(k:-kl)ﬂkl-ll(h-l) ‘ [4 13]
P2 \C= W\ G ¢

Thus, the equation [4.12] can be written as

: c (Ra+1)/(ka~1) u, |y (ka+1)/(kzs=1) Co ks -k {k1=1Xka~-1)
x‘ul — = A —
C o u \ O €y

=} (say). [4-14]

Eliminating (¢/c.) from [4.10] and [4.14]

u 8(ka -l)ﬂk:-i-l)(uz 6 o

) - v-Z(kz-l)f(kz-i-lJ x = (5~3k2)/(k2+1) ( 2x s 2)-[4_15]

ky— 1 ky -1

This equation defines the Mach number at a point distant X from the
centre on the back side of the shock.

5. CALCULATION OF CRITICAL A.

Following Bondi, the equation [4.8] giving u as a function of x in
front of the shock can be written as

f(!!) _ A-—Z(h-l)ﬂkﬁ-l} g(x), [5.l]
where f(u) =u-2(k1-1)1(k:+l) (£+ __l_)' [5.2]
2 k-1
g(x) - x‘(5-3k1)!(k1+l) (}c__‘_x__i + 1)_ [5'3]
1 —

S (u) and g(x), each being sum of a positive and a negative power of
their argument have a minimum.

f(u) has its minimum at Uns =1 and is given by

Foin == [5.4]
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while g(x) has its minimum at X, = (5 - 3k,)/4 and is given by

. __l_kl+1(5"‘3kl)_{5‘3kl)i(kl+l).
min
*ki—1

My P N e——

4

[5.5]

Now x varies between infinity and the value corresponding to the surface
of the star, which will usually be very small so that x,, lies in the physically
significant interval.

The lowest value that the right hand side of [5.1] can take i

f(u) = 27200 g, [5.6]

should hold for some value of u, but f (u) cannot be less than f,;, so that
NTAGID g foin

(kr+1)/2(ky~1)
or A < gmin :
fmin

[5.7}

Thus, the maximum value of A is

(ler+1)/2(ka=1) [g -{1/2) (5=3k1)/(kr~1) )
Ar. = (—l—) (‘173_!(_1) . [3_8]

&

Hence the rate of accretion, given by [4.7] cannot exceed

4 )d. GEPM*e2? pa.

When A < ). on2 branch of the solution gives throughout supersonic
velocity and the other throughout subsonic so that in the first branch
boundary conditions at infinity is not satisfied and in the second, the shock
wave cannot exist. The solution A > ). does not give any meaningful solution,
showing the impossibility of a rate of accretion greater than that corresponding
to A=A, Thus, only A = A, gives physically realisable solution of the prest:ﬂl
problem i e. only this solution satisfies the boundary condition of zcro velocity
at infinity with the Mach pumber gradually rising inwards and having a value
unity at x = Xx,;, and gzreater than unity for all x<x,. We can, therefore,
assume the shock to be situated at any x < x,,;,, with the Mach number of the
flow greater than upity there. Using x=x; (say), A = A, and By, &y, cOITes”
ponding to the temperature conditions at infinity, we find from equation [4-3]
the value of u;,. The additional shock relation [3.20] determines K2
Substitution of u;, k; and k; in [3.12] gives u,. Equation [4.7] gives ¢ and €2
then is obtained from the shock condition [3.11]. Knowing u;, t, Ci. K1 kzs_)‘f’
we can find v from equation [4.14]. Finally, equation [4.15] gives the variation
of u with x for x < xy, that is behind the shock.
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6. NUMERICAL ILLUSTRATION

Let us consider a hypothetical situation for a star with mass and
radius given by

and for the following conditions at infinity :
T =(10*)° Kelvin, pa=10"2 gm/cm®,
By =0.86, k; =1.585.
Xgurr = 0.00013.
Ao = 0.3881, x,, =0.06125, v,, =1.

Forr>r;:

w0456 (42 4 3.4188) = (0.3881) 704576 x ‘0048 (3 4188 x + 2).

Assuming the shock to be at x; = 0.001, we find that u, =2.271. Behind the
shock, k; = 1.527 and u, is determined by

19.3710 u3 ~ 125.0085 u3 + 34.2574 =0,

admitting meaningful root u, =0.5357, also v = 0.9070,

SHOCK WAVE
SHOCK WAVE

togio X

Fi1G. 11
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The value of u behind the sbock is determined from
w07 (4 4 3.7951) = (0.9070) %47 x=016%8 (3 4188 x 4 2).

Figure II shows the graphs of x against x with shock at x =107 (curve A)
and x = 107% {curve B).
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