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ABSTRACT

The electromagnetic boundary-value problem of the dielectric-coated conducting
sphere excited by delta-function electric and magnetic sources applied normally
across an arbitrary plane, has been solved. The possibility of symmetric as well as
unsymmetric TE, TM and hybrid modes have been investigated.
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1. INTRODUCTION

Scattering of electromagnetic waves from conducting, dielectric and
dielectric-coated conducting spheres have been studied by several authors
[1-7]. The problem of forced oscillations of a conducting sphere which is
excited in an infinite number of symmetric 7M modes by a delta-function
electric source field applied normally across the equatorial plane, has been
considered by Stratton and Chu [8] in 1941. In an earlier paper [9] the present
author has studied the electromagnetic boundary-value problem of the
dielectric sphere excited by delta-function electric and magnetic sources
applied normally across an arbitrary plane, and discussed the possibility
of exciting TM, TE and hybrid modes. The present author with others
has also studied the problem of radiation from a dielectric-coated metal
spherical antenna excited in the unsymmetric hybrid mode [10].

In this paper, the electromagnetic boundary-value problem of a dielec-
tric-coated conducting sphere excited by delta function electric and magnetic
sources applied normally across an arbitrary plane has been solved. The
possibility of exciting both symmetric and unsymmetric TM, TE and hybrid
modes have been investigated.
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2. STATEMENT OF THE PROBLEM

The geometry of the structure is given in Fig. 1. Spherical co-ordi-
nates r, 8, ¢ are used. A perfectly conducting sphere of radius ‘a’ and
constants g, pq, ¢ = 00, coated by a dielectric of constants ¢, y;, o3 and of
thickness ‘b — a’, is embedded in another dielectric medium of constants
€ss Mo, To. The dielectric-coated conducting sphere is excited by delta-
function electric and magnetic field sources m a direction normal to the

plane z = z, = bcos 8,.

The object of this paper is to solve the electromagnetic boundary-value
problem and to discuss the possibility of the existence of hybrid, TM and

TE modes.

3. HYBRID MODES

Let the excitation of the dielectric-coated conducting sphere be a
combination of an electric field E’' et and a magnetic field H’e-ot
applied uniformly over the plane z =2z, = bcos8,, and in a direction
normal to this plane,

Let
E' = E,cos m¢ (1)
H' = H,cos m¢ (2
Both E’ and H’ have components E;. Ey and Hy, Hy in the r and 6 direc-

tions respectively. These components of the applied electric and magnetic
fields can be expanded in series of spherical harmonies as follows:

ET' (r: 9: 96)
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- f;%; N’m. ﬂHIhm-f-I{l) (kob) I (58)
;:- {L'm, majma (k1@ + M'm mYmp (k@)} = 0. (59)
1

Equations (48)—(59) are twelve equations in the twelve unknown amplitude

. ’ 4 ’
COGfﬁCle’ﬂtS me: Mmm: Nmma me! Mmm: Nmm: Lm,ml, Nm' m+1
.f L]
M m,mi> L'm, mi1s M'm,mtl, N'm, mp- Hence these unknown eoefficients

can be solved for.

Puttingn=m-+1,m+ 2, m+ 3, -+, etc., in equations (39)<47), the

other higher order coefficients Ly, mi2, Mm, mizs Nm, mie, L'm, mizs M 'm, m2,
N'm, mses' * *s€tC., can be solved for. Since equations (39)-(47) contain the

amplitude Coefficients Lpn, Mmn, Nmps L'mns M'mp, N'mn L, n-1,
Mm, n-1 Nom, n-1, er,‘n-—la M’m,n—-m N'm, n-1s Lm,n-t-l: M, ni1s Nm,n+n
L'm,n+1 M'm i1y N'm,nss it 1S Dot possible to separate out only the
coefficients Lmn, Mmn, Nmn. L'mn, M'myn, and N'py, for the same value
of n.

Hence the boundary conditions are satisfied not for a single value of
n but for n — 1, n, and n 4+ 1 combined together. This shows that for a
hybrid mode, for any particular value of m, the electric and magnetic field
components consist of an infinite number of terms for values of n varying
from m to oo. ’

Since for each value of m, the infinite number of amplitude coefficients
Lmn, L,mn, Mmn, Mrmn, Nmn, N’mn, can be solved for n=m to o0, it
can be concluded that for each value of m, there exists a corresponding
hybrid mode.

4. UNSYMMETRIC TM AND TE MODES

For an unsymmetric 7M mode (m#0), let the excitation be E’,—Iwt
applied uniformly over the plane z = z, = a ¢os 8,, and in a direction normal
to this plane.

Let
E' = Eycos (m¢) (60)

E’ has components E,’ and E,” in the r and 8 directions. These components
E," and E,” can be expanded in series of spherical harmonies as given by

equations (3), (4), (7), 9), (13) and (15).
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The field components inside the dielectric coating are:

(== o0

E*ri s = Z‘ Z n (J;cj- )COS (mé) Pp™ (cos 6) {Lmnj n (k1)
+ Mmnyn (ki)} e73et + E,’ (61)
Ef = — Z Z’ i (Pa™ (05 0)} €05 (18) 7= {Lnn lrr s k)]
+ Mupn [karyn (kir))} €99t 4 E, (62)
sm [, Z Z Pyp™ (cos 8) m sin (mg¢) k1
Lmn [kar jn (kyr)) + Mmn, [kiryy (kyr)]'} e9t (63)
ﬂi _jwﬂl Slnﬂ Z Z Pp™ (cos &) m sin (né) {Lmnin (kyr)
+ Mmayn (k}." ).f ehj”t (65)
Hy = (’:m Z Z 4 (P (c0s 8)}cos (m$) {Ln j (kr?)
+ Mpmnyn (ki7)} e-Jot (66)

The field components outside the dielectric coating are

O o0

Eef = — Z Z n(n + 1) Ny cos (mg) Pp™ (cos 8)

n=0 m=@g

ha® (ko) i
X = k.Eror)e dul (67)

oD oD d
Ef = — 2 E , 46 {Pa™ (cos 0)} Nmn cos (mg) klol'
n=gQ0 W)

X [korhn™ (kor)] e-3wt (68)

o0 o0
3
Ef =g D > ' NypnPu™ (c0s ) sin () o
N m=0

X [korhe® (kor)] e-dor (69)
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Hre —— 0 (70)
Hee jw}‘u sm 0 5-’ 2 m NmnPn (COS 3) Sin (m¢) k (1) (kof') e-jwt
"-0 ) (7D
Hy® = }WF':} _S_ , 2 , Nmn 4o {an (cos 8)jcos (mg) fiy,™ (kyr) eTwt,
(72)
Applying the boundary conditions that
(l) Eﬂi = Eﬂe: E¢i = E e, Hﬂi e Hae: H¢i = H¢e a r==~
and
we obtain
k; b Lmn [nbjn (kD) + Minn [kybyn (k:0))'} + lez (6)
— Nmn e b -
ub 00/1n (kob)] ( )
1 ; - ’
E {Linn [kybin (k1)1 + Mo [kibyn (ki6)1'}
= %"f' {kobhn, V) (kob)] ’ (74)
k .
;i {Lmnjn (k:10) + Mmnyn (kib)} = f“; Nannhn® (kob) (75)
k ,
i Lnin () + Mnnyn (i)} = "2 Nonia (o) (76)

El;[z {Lmn [klajn (kla)]’ - Mrnn [kla}’n (kla)]!}"‘i‘ C,,;:(a) —0 (77)

Ii; {Lmn [k18/n (‘!‘71‘1)11r + Mupyn [kla)’n (k,a)]'} = 0. (78)

Equations (75) and (76) are the same and equations (77) and (78) are the same.
Equations (73), (74), (75) and (77) are four equations in the three unknowns
Lmn, Mpma, and Ny, Hence there is no unique solution for Lyun, Mmn and
Nm'u-

This shows that forced unsymmetric TM modes are not possible on the
dielectric coated metal sphere.

I.I.S‘C.—"z
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[t can be shown in a similar manner that forced unsymmetric 7F modes
are also not possible on the dielectric coated metal sphere.

5. SYMMETRIC TM AND TE MODES

For a symmetric TM mode (m1 = 0), let the excitation be E’ e72¢! applied
uniformly over the planc - =z, = acos 4,, and in a direction normal to
this plane. Let E’'= E,, and E’ have components.

— ED COS 01 == ET, a.Ild EH’ == Ea’ _—— Eo Sin 9,

in the r and @ directions. Thesc components E," and E," can be expanded
in series of spherical harmonies as given below:

En=—p D, Con(t) P’ (c0s §) i (77)
| .
En=—F. Z 1 (1 + 1) Don () Py (cos 0) e=ivt (78)
where

Con (r) = - ~ (22_,: L J f Eq Pyt (cos 0) sin 8 d8dy (79)
¢= =0

D)= 5@ [ Erpatcostysinodsas. (80
Pmo =0

If E,yis a 3-function source given by equations (11) and (12), then

Con (r) = Cyn (a) = Con ()

— Vk,@2n +1
== 2’;1(" - l)) sin 0, Pn! (cos 8,) (81)

Dyn (r) = Doy (a) = Dgp (b)

k,(2n +
2n(n+ 1)

The field components inside the sphere are

£ Z " + 1) Pr (€08 8) {Lonin (ki)

+ Monyn (kyr)} €3t + E,, (83)

A cos 8,Py (cos 8,) =1

~ b (82)




Dielectric-Coated Conducting Sphere

Eaé = — Z :;9 {Py (cos )} k-ll;‘ {Lon lkyrjn (k)Y

Mon [k17Vn (klr)]f} e-lut
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=R E Pyt (cos 8) {Lon [katin (ki)]) + Mg [karyn (ki)' gk

ne()

o0

(84)

gl B E'Pﬂf (cos 8) {Lonjn (ket) + Monyn (kyr)) eiet. (85)

¢ Jwpky

n=0

The field components outside the sphere are

= ey
By, E " 5@+ 1) NonPn (cos 8) '™ ng-""")

Eg® = — 2 , Py! (cos 9) kl[;;. Non ko hn® (kor)] e3¢t

Hf E Pyt (cos 6) N onh™® (kor) givt,
J“’Pu Lo

Applying the boundary conditions that

(i) E;°=E) and H2 =H, a1 r=b
and : :
(ii) E;f=0 at r=a,
we Obtain

kll:') {Lon [k1bjn (-iB)) + Moy [kibyn (&, 51’} + Cozl(b)

= 25 llobhn® (icob))

 (Lanjn (66) + Moy (kb)) = X0 Nonhn® (ko)
and

k%& {Lfm [k18jn (k10)])" + Mon [kiayn (kia)]'} + Cnn (a)

1

= (.

(86)

(87)

(88)

(89)

(90)

(91)

Using equation (81) in equations (89), (90) and (91), the amplitude coefli-
cients Loy, Myn and Ny can be uniquely determined for each value of .
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The field is thus uniquecly determined both inside and outside the dielectric
coated conducting sphere for each value of n. This shows that M,, modes
exist for n =0, 1, 2, for this structure.

If
l . 7 l ! ]' ’
kb [k1bjn (k10)] Jeib (kibyn (K10)), — K ob [kobhin™ (kob)]
. K — k
Ln = I% Jn (k1b), ;’i yn (k1b), i Yha™ (kob)
1 , y
k.a [klajﬂ (k;0)]’, ka 121328 (kla)] ’ 0 |

then when Z, =0, free oscillations of the dielectric coated conducting
sphere results. Hence the roots of the equation Z, = 0 determine the
characteristic or resonant frequencies of the natural modes of oscillations.

It can similarly be shown that symmetric TE,, modes also exist for
n=20,1, 2, ... for the dielectric coated conducting sphere.

6. CONCLUSIONS

The following conclusions can be drawn from the above investigations
on the dielectric-coated conducting sphere:

(1) It is not possible to excite unsymmetric 7M and TE modes on
the dielectric coated conducting sphere.

(11) It is possible to excite symmetric TM and TF modes, as well as
symmetric and unsymmetric hybrid modes on the structure.

Numerical calculations and experimental verification of the results
obtaimned will be reported in subsequent papers.
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