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ABSTRACT 

The electromagnetic boundary-value problem of the dielectric-coated conducting 
sphere excited by delta-function electric and magnetic sources applied normally 
across an arbitrary plane, has been solved. The possibility of symmetric as well as 
unsymmetric TE, TM and hybrid modes have been investigated. 

Key worth: Electromagnetic scattering, Dielectric coated conducting sphere, Boundary 
value problem. 

1. INTRODUCTION 

Scattering of electromagnetic waves from conducting, dielectric and 
dielectric-coated conducting spheres have been studied by several authors 
[1-7]. The problem of forced oscillations of a conducting sphere which is 
excited in an infinite number of symmetric TM modes by a delta-function 
electric source field applied normally across the equatorial plane, has been 
considered by Stratton and Chu [8] in 1941. In an earlier paper [9] the present 
author has studied the electromagnetic boundary-value problem of the 
dielectric sphere excited by delta-function electric and magnetic sources 
applied normally across an arbitrary plane, and discussed the possibility 
of exciting TM, TE and hybrid modes. The present author with others 
has also studied the problem of radiation from a dielectric-coated metal 
spherical antenna excited in the unsymmetric hybrid mode [10]. 

In this paper, the electromagnetic boundary-value problem of a dielec- 
tric-coated conducting sphere excited by delta function electric and magnetic 
sources applied normally across an arbitrary plane has been solved. The 
possibility of exciting both symmetric and unsymxnetric TM, TE and hybrid 
modes have been investigated. 
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2. STATEMENT OF THE PROBLEM 

The geometry of the structure is given in Fig. 1. Spherical co-ordi- 
nates r, 0, $rk are used. A perfectly conducting sphere of radius ' a ' and 
constants c o, it o, a = oo, coated by a dielectric of constants c i, pi , (71  and of 
thickness ' b — a', is embedded in another dielectric medium of constants 

co, ii o , 0'0 . The dielectric-coated conducting sphere is excited by delta- 
function electric and magnetic field sources in a direction normal to the 
plane z= z 1 = b cos 0 1 . 

The object of this paper is to solve the electromagnetic boundary-value 
problem and to discuss the possibility of the existence of hybrid, TM and 
TE modes. 

3. HYBRID MODES 

Let the excitation of the dielectric-coated conducting 
combination of an electric field E' e-P" and a magnetic 
applied uniformly over the plane z = z i  -= b cos 91, and 
normal to this plane. 

Let 

E' =7.-- Eo  cos mcb 

H' ;---- Ho  cos m0  

sphere be a 
field H' es-jwt 
in a direction 

(2) 

Both E' and H' have components Er, Ea • and He, He ,  in the r and 0 direc- 
tions respectively. These components of the applied electric and magnetic 
fields can be expanded in series of spherical harmonies as follows: 

Er ' (r, 0, 0) 
00 	00 

= — n(n  + 1) z IT  Ann  (r) cos (m9) p len (cos  g) e-iet 

(3) 

co 

Ef  Cmn  (r) cos (mcb) Pe' (cos 0) rig" 	(4) 
ma II 

00 

LI  D',,,n  (r) sin (mil) Pu nt  (cos 0) rico 	(5) 

se• 

sin 0 Eel (r, 0, 0) 
00 

I 
amiMaN1 

sat) 

Hr ' (r, 0, 0) 
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=-- -at 	 (kob) 	 (58) 

1 Wm, mi-sim+1 (kid) 	, mi-LY ra-o (kiti)) = 	 (59) 

Equations (48)-(59) are twelve equations 
coefficients L mm, Mmm, Nffi rn, Limn, 

Ai m, m+1, Lf rnp 171+1 ,  ArM, M+ I 	m+1 • 
can be solved for. 

in. the twelve unknown amplitude 
Mtmmo N'mm, Lm,777/1-19 ArM, M4-1 I 
Hence these -unknown coefficients 

Putting a = in + 1, m ± 2, m 	3,• - • , etc., in equations (39)-(47), the 
other higher order coefficients Lm, m+27 Mm, m+21 Nm, m+2, 	m+2, 	114+2, 

N i gt, 7714-2, • • • ,etc., can be solved for. Since equations (39)-(47) contain the 
amplitude Coefficients Li mn, Almn, N mit) 	mn, M r  trill., 	 1-1M2 11-1, 

"Vim, n-4.3 Arm, 	m, n-15 Wm, n-i) N', 	Lm, n+13 Mm, 	Nm, n-1-1) 
71-4, 	n4a) N'm,n+1, it is not possible to separate out only the 

coefficients Lmn , Mmn) Nines ilmn, Winn, and N'mn  for the same value 
of n. 

Hence the boundary conditions are satisfied not for a single value of 
n but for n — I, n, and a ± 1 combined together. This shows that for a 
hybcid mode, for any particular value of m, the electric and magnetic field 
components consist of an infinite number of terms for values of a varying 
from in to co. 

Since for each value of m, the infinite number of amplitude coefficients 
Linn, _Limn, Mnin, Afmn , Nmn , N'Tnn , can be solved for n = in to 00, it 
can be concluded that for each value of rn, there exists a corresponding 
hybrid mode. 

4. UNSYMMETRIC TM AND TE MOMS 

For an, unsymmetric TM mode On A. 0), let the excitation be S e-iw t  
applied uniformly over the plane z = z = a cos 01 , and in a direction normal 
to this plane. 

Let 

E' = Eo cos (m0 
	

(60) 

E' has components Er' and E0 ' in the r and 0 directions. These components 
ET ' and E9' can be expanded in series of spherical harmonies as given by 
equations (3), (4), (7), (9), (13) and (15). 
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The field components inside the dielectric coating are: 
00 	00 

Eri (n 4-  A )  cos (m0) Pn m  (cos 0) ILmnin (k ir) k 
NE0 	NI= 0 

MmnYn (kir)} rejec t  + Er ' 	 (61) 

Eoi = 	Eal  ddi {P„m (cos 0)) cos (un(k) k-;;. {limn [k 1r jn  °GAF 
n •20 	m=0 

Mm n  ikirY n  Ocinn riwt  Eo ' 	 (62) 

	

00 	00 

1 
27 p

nm (cos 9) in sin (inch) k-ir 
n=0 	inn 0 

	

{Linn [kir in 	4- Mmn [key ?, (ke)]') erhot 	(63) 
117 1  -= 0 	 (64) 

	

00 	00 
k 

	

. 1 9 

	
pm (cos 9) M Sill (710) {Lmni n (k ir) v 	jcwh i  sinu 

	

neo 	'n=0 

M tnnYn(kir)} et -het 	 (65) 

	

00 	00 

== kJ. 	 d 

	

.4-1 	de {pm (cos 0)) cos (rich) {Linn j n (kir) 
le 0 	ma 

M innYtt JO} tea wt (66) 

The field components outside the dielectric coating are 
00 	00 

Ere = 	 n (n ± I) Nmn  cos (mc6) Pnm (cos 9)  7 27 
n =0 	m=e 

hn (1)  (k or) e—jcot (67) k or 
00 	00 

1 E ge 
=- 27 27 d tpnm (cos 9)3 W cos on0) k or 

n=0 	Moo 

x [keh n (1)  (ke)]' emit” 
00 	Do 

1 F e =-- • I  Li 	NmnPn m  (cos 0) m sin (nfrig kor  sin 0 
neo 	= 6 

X [k orhr ") (k or)]' era' 

(68) 

(69) 
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fire  == 0 	 (70) 
00 	to 

N
p m ( cos  0) s in  ono hn o.) (k or) riot 

i 
e re  _ 	0 	 n n cw.t o  sin 0 Ergn   

niwo 	matt 

(71) 
00 00 

Hoe = .k--- °  EL NmTh 	n 
{P m (cos 0)}cos (mck) hno) (Ic or) e—iwt de  J041 0 

st=0 tn=u 

(72) 
Applying the boundary conditions that 

iTt E o i  = E o e  £sØ  i =-- 

and 

(ii) Egi= 0, El a-- 0 

we obtain 

Eoe ,  Hei =. Hee , 	== H 	at r  == b 

at is = a 

1  
kb In 	1  {L n  jk bj 	b)r + Minn [k n (ki b)i t  

	

Cmn (b)  
j 	n  

(73) N mn R obhno) ob)i f  k ob 
1 

k; {Limn [k ibjn 'EH M mn [k ibYn (kib)}'} 

N mn [k obhn (1)  0b)]' 	 (74) k 0  
ki  

{Lmnjn  (k1b) M mnyn  R ib)} = Nninhn (1)  (kob) 	(75) 
acci 	 foto 

(Lintin(k1b) MmnYn(kib)} = Nmnhn (1)  (kob) 	 (76) 
tto 

1 
kya  L m n  [k iaj n  (kia)]' Mmn[klayn (k1a)1/} ± CT  (a)  — 0 (77) 

1 	 , 	, 	, 
[kiain (kia)1

„  
. 	mmn Lkiayn (k 1a)]'} ---= 0. 	 (78) 

Equations (75) and (76) are the same and equations (77) and (78) are the same. 
Equations (73), (74), (75) and (77) are four equations in the thee unknowns 
Lmn, Mmin, and Nmn . Hence there is no unique solution for Linn) Mmn arid 
Nmit • 

This shows that forced unsymmetric TM modes are not possible on the 
dielectric coated metal sphere. 

I.I.Sc.-2 
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It can be shown in a similar manner that forced unsymmetric TE modes 
are also not possible on the dielectric coated metal sphere. 

5. SYMMETRIC TM AND TE MODES 

For a symmetric TM mode (nr = 0), let the excitation be E' e-ja't applied 
uniformly over the plane : = zit  = a cos 01 , and in a direction normal to 
this plane. 	Let E' = Eo, and E' have components. 

Er' = E0  cos 0 1  = Er. and Ee ' = Es. = — Eo  sin 0, 

in the r and 0 directions. These components Er' and Eq ' can be expanded 
in series of spherical harmonies as given below: 

C on (r) Pni  (cos 0) r'" 

n ± 1) D en  (r) P n (cos 9) eei wt  

(77) 

(78) 

where 
2 r 

— k (2n + 1) f - 
27 

0=0 
air 

—ki(2n 	%I Amkr)= - n  4- 2.7T 

7r 

f 41721  (COS O) sin 9 (MO 
0=o 

EroPn  (cos 0) sin 0 OAS. 
0=0 

(79) 

(80) 

If E0  is a 8-function source given by equations (11) and (12), then 

C0  (r) = C 0  (a) = Con (b) 
— V ki( 211  ± I )  

= 	( -I- 1) sin 01 P/11  (cos 111) b 2n n  

D on  (r) = Don (a) = Don (b) 
V k (2n  +  1) a n  

Y b cos  u1rn (cos C 
2n (n 	1) 

• 

The field components inside the sphere are 

n (n 	1) Eri =-- 	-- 	Pn  (cos 0) {Lenin (k,r) 

(81) 

(82) 

MonYn (kir)) eri'd Ero 	 (83) 
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no 
d

O 	
1 

{pn  (Cos (9)) 	{L on  [kirfn (kir)r 
d 	 Kir 

"Co 

± Mon [kilYn(ktr)]') e-jait 

Piz' (cos 0) {Lon [kirin(kV)j I 	M on Rif IN V cir)il r jwi  

(84) 

co 
ki  

	

== 	- 	Pn' (cos 0) {Lonjn  (kir) 	M onyn  (ki r)) triwi. 
J 

71=0 

The field components outside the sphere are 
00 

riw t 

	

Ere =-- 	n(n± 1) NonPn (cos 10 
Icor 

p1=0 

(85) 

(86) 

Eoe --= Pn1  (cos 0) 1
- 

k or N
0  [kiho) rt  (kor)]' rata (87) 

Hoe 
00 

k 0 Zicott 
..0 

Pit ' (cos 0) N Onh(1)  (Ice) riwt. (88) 

Applying the boundary conditions that 

(i) Eg e 	Eel and Hoe 	114,i  at r :=--- b 

and 

(ii) Eel = 0 at r a, 

we obtain 

1
bj {L 	 + Mo 	 Con (b) - on fic 	Oc b)l t 	n [kbY n 00)11 + kik 	1  n 

Non ikobhn(1) (kobif 
a Fob k 

 ( 14  {Lon] (kib) 	onYn(14)} mo Nonh i)  
n Rob) 

and 

1 , 
k;Ta g•on 	(kia)i i  ± Mon [kiaYn (Icia)]'} + C7c-(a) 

 
=0. 

(89) 

(90) 

(91) 

Using equation (81) in equations (89), 	(90) and (91), the amplitude coeffi- 
cients L on, Mon  and Non  can be uniquely determined for each value of n. 
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The field is thus uniquely determined both inside and outside the dielectric 
coated conducting sphere for each value of n. This shows that Mon  modes 
exist for n = 0, 1, 2, for this structure. 

If 
11 

k- iklbj n JOT 	(kbhz, (k 	— 	obhn ii)  (Ic kb 	 kb 	 k ob 

Zn  — (kb), 
11 1 

1 
Uciajn(kia)i, kia 

kl 
— Yr. (kib), 

ka UciaYn (ic ia)]', 

— k° h n (1 ) (k ob) 
;to 

0 

then when Zrt  = 0, free oscillations of the dielectric coated conducting 
sphere results. Hence the roots of the equation Z„ = 0 determine the 
characteristic or resonant frequencies of the natural modes of oscillations. 

It can similarly be shown that symmetric M on  modes also exist for 
n = 0, 1, 2, ... for the dielectric coated conducting sphere. 

6. CoNcLustONs 

The following conclusions can be drawn from the above investigations 
on the dielectric-coated conducting sphere: 

(i) It is not possible to excite unsymmetric TM and TE modes on 
the dielectric coated conducting sphere. 

(ii) It is possible to excite symmetric TM and TE modes, as well as 
symmetric and unsymmetric hybrid modes on the structure. 

Numerical calculations and experimental verification of the results 
obtained will be reported in subsequent papers. 
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