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ABSTRACT

Deflection of an elliptic plate with clamped edges under stationary temperatire
distriburion and subjected to a uniform load has been obtained in terms of Mathiey
Jfunctions of the first kind of order zero.
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INTRODUCTION

The problems of determination of thermal stresses and deflections in
plates have got wide practical applications in air-craft and machine struc-
tures. Forray and Newmann [I] have obtained the thermal stresses in
circular plate with different edge conditions for a particular temperature
distribution. Forray and Zaid [2] have introduced stress functions
and obtained the stresses. Quasi-static thermal deflection in a solid circular
plate in the axisvmmetric case has been investigaied by Sarkar, S. K. [3].

In this paper the deflection of 2 heated elliptic plate with clamped
edges under stationary temperature distribution and subjected to uniform
load has been obtained in terms of Mathieu functions of the first kind of
order zero and with usual limiting process the corresponding result for a
circular plate has been deduced.

NoTaTIONS

« = Deflection in the normal direction of the plate ;
v == Poisson’s ratio;
a; = co-efficient of thermal expansion ;
D= ﬂ—o = flexual rigidity;
=7 ;
E = Young’s modulus;
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2d = Interfocal distance of the elliptic plate;
p == Intensity of load per unit area;
A,'®, A, = Fourier co-eificients in the expansion of Ce (4, — ¢)
22 , az
Ve = <T\~’+ o d(cosh2§~—cos,277)(u¢~ 2
= {wo-dimensional Laplacian operator in ellipitic
co-ordinates,
(&, m) = elliptic co-ordinates;
Coms Co, C1, Cp, K = constants.
Governing equation.—An elliptic plate of thicikness /# is taken with the
centre of the plate in the middle surface as origin and z-axis downwards.
The equilibrium equation for the deflection of a heated plate is given
by
s 1 -~ _ P
Tl + U+ Ve VT =] o
Analysis.~If there is no source of heat inside the plate the (emperature
distribution given by
T'(x, 3, 2) = To(x, 3} + 2T (x y), )
satisties the following differential equations (Nowacki [5] p. 439)

VT~ Ty=— 5 (6 + 0 &)
s 12(1 -+ 12
veo- 20 o 16 gy @

in which 6, and &, denoie temperatures at the lower and upper media of
the plate respectively.

if 6, — 0, == constant, the general solution of equation (4) in elliptic co-
ordinates defined by x - iy = dcosh (§ + i) is given by

v 5 by .
(& 1) = Z Com Ceam (&~ ¢) Ceam (1, — g) — 'Xi )

m=0

in which the summation of terms is the complimentary function and Ay /A,
is the particular integral, Cesn (£, — g) and Cegyy (3, — g) being the modi-
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fied Mathieu function and ordinary Mathieu function of the first kind of
order 2m, and

¢ = )de (6}

. 2+ Py

2 bl L4 H

N e <
12

A o= /j (6, — 6y). (8}

While solving a problem of bending of a plate with elliptic hole, instead of
taking Mathieu functions of all orders, taking a single Mathieu function
of the second order, Naghdi [6] has shown that the results are satisfactory
for larger elliptic hole. In this present problem also, similar approzimation
is made by taking Mathieu functions of order zero. Therefore (5) reduces
to

T (£ n) = Co Ceo (€, — q) ceq(n, — ¢) — ‘:1 9}
If T= K on £ =&, then (9) results into

K’"——Cocen(fo» —@eeg(n.— ¢ (10
Multiplying the equation (10) by Ce, (7, — g) and integrating with respect

10 7 from O to 2 and using orthogonality relation and normalisation (Macla-
chlan [4] one gets

Cn == ZAn(‘” K s “)/Ceo (‘fi)a - q) “ U

Using T (& n) given by (9), equation (1) can be written as

Vo= 72+ ) — (L4 Var Co Cea(é, — @) Col, ~ )
(1 v 2} (12

The complementary of equation (12} is given by
w = Cy + C:{cosh 2£ -+ cos 27). (13)
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Now the particular integral of
V2o = f5(x* + ) — (1 + ¥) ag CyCe4 (£, — g)Cey (1, — )
+ 0+ Ve %% 14)
is necessarily the particular solution of (12). Clearly the

particular integral is given by

& o
w = 52 (osh ¢ costy + sinhé £ sint) -+ 3 (1 + a

A d?

X 3z (cosh?¢ cos? n+4-sinh? £ sin2 )

1
— QD ¢ o, (¢, — ) Coo (7, — @), as
Therefore the general solution of equation (12) is given by
w = Cy 4 C, (cosh 2¢ -+ cos 2n) - %cosh“ écosty

12
)}‘: (cosh? §cos?y

+ sinht £ sint7) + 3 (1 + Var

+ sinh gsintn) — LEDCo gy (¢ — ) Coor, — 9.

16
If the outer boundary of the plate £ = £, be clamped, then
0=0=29 whn f—¢ ' an

Multiplying the two equations obtained by introducing the above boun-
dary conditions into (16) by Ce, (3, — g) and integrating with respect to
7 from 0 to 27 and using orthogonality relation and normalisation, one gets

1 A ©) d4 .
C = (cosh 2%+ 3 A—"iw)) {‘“1%8 75 (cosh? £ + sinh? &)
N& 1 Co Ce’y (£, — L

+ 51;‘(1 +Va —}f— —z0+ Ve A—‘zOA:wo) (sfrolh 25:?} C
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— TJ%) (sinh? &, + cosh?® &)

— é(l + Vag /\—1/‘%1: (sinh2 £, + cosh?® &)

LUt ")ﬁtz%\g gj(fq’,___, ) (18)

A o
= - 128[) (cosh? £, + sinh? £) — (1 - v) o A‘é da:

(1 4 V) C, Ce ov(foa - Q)

axr M T 4@ ginh &, 19

Thus the deflection w (£, %) is completely detcrmined.

Limiting case~—in the limiting case when d->0, ¢ > oo, the ellipse
degeaerates to a circle or radius a (say). In that case

Ceo(n, 0) »21% = 4g®, 4, 50,

Cen (&, — q) — Py 1y (Xr).  Cey (6, — q)— P, I, (Aa)
Cey' (€5 — q)— Py’ Aa Iy (Oa),

d* (cosh 2£ + cos N . .
& (co "2— cos 21) — % d®sinh 2§, > 2a%, sinh ~ cosh

where
Py = Ceq (0, — g) Cey (#/2, — AL

Therefore equation (i6) reduces to

wi) = F @) + Lo —

ae k+ 3 s
(1 4 Vgletu((ka) A){ K *“)MO (Aa)-+1, (Aa)—1, (Ar)}
(20)

which gives the corresponding thermal deflection for a clamped circular
plate.
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Numerical calculation.—Using the data £ =1, n=a/2, £,=3, d=1,
h=1 p=10, E=2x 1012 o =12 X 105 v=0-3, ¢=0-05 one
sets from equation (16)
8, — 8, = 200 (in absolute degrees)
K = 600 (in absolute degrees)

10w

- = 0-018 (approx.).
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